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The harmonic problem

@ In order to obtain the phonon spectra we need to diagonalize the dynamical matrix

Z Dabe = w“

@ In real space

with the dynamical matrix
O]

Dab — ¢ab
v M;My

@ In reciprocal space

Z Das(q)el(q) = whel(a)

with the dynamical matrix

(2
ab( T)

Dab(q) = \/W

@ In order to get phonon frequencies we need to calculate the second-order force
@
constants ¢,
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Force-constants from

@ The calculation of the force constants require the calculation of second-derivatives

of V(R
(R) o 1 R
¢ab( )_ |:8R;;(T)8Rb(0):|R—R0

@
@ There are two main approaches to obtain ¢ ,,(T) from DFT

o Finite displacements methods
Atoms are displaced from the equilibrium Ry position and the energies
and/or forces are obtained with DFT to later calculate the force-constants
taking numerical derivatives.
These methods are valid also for empirical potentials

o Perturbative methods
Quantum mechanical perturbation theory is used to the change in the
electronic density and wave functions, from which the force-constants can be
calculated.
Valid only for DFT approaches, not empirical potentials
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Finite-displacements methods: Frozen phonon

@ Let's assume we want to calculate the phonon frequency for phonon mode u
associated to a particular irrep for which we know the polarization vector e,

@ We can move all the atoms according to the normal mode associated to it

ea

us(Qu) = \/;\L/I—Q#

@ The potential will be then parametrized as

1—® 1
V(Q) = 5 3 65(Qu)us(Q,) + O(@)) = 53 @i + O(Q})
ab

@ Calculating the total energy as a function of Q, and taking the second derivative
the phonon frequency can be obtained

2 [dZV(Qu)}
Qu=0

wy, = 7dQ§
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Finite-displacements methods: Frozen phonon

@ In practice this is done in a supercell

@ Let's assume we want to calculate the phonon frequency for phonon mode u at g
with polarization vector e, (q)

@ The normal mode displacement in the is atoms of the crystal distort as

0s(T2)(Qu(a)) = Re [ﬁ] Qu(a)

@ The g vector will determine the periodicity of the displacement pattern. If a*, b",
and c¢” are reciprocal lattice vectors and
_ (m —1)a* + (m2 — 1)b" + (m3—-1)c*

m n m ) mj = {17 e 7ni}7

with ni, np, and n3 integers, then de displacement is commensurate in a
ny X np X n3 supercell
@ |t can be shown that the total energy as a function of the normal mode Q.(q) is

V(Qu(a)) = N3(9) @i (a),

thus,
d*[V(Qu(q))/N]
dQ.(q)?
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Finite-displacements methods: Frozen phonon

An example:
@ Let's calculate the phonon frequency 6 6
of the longitudinal (L) mode at X
point of simple cubic Ca:
qx = C*/2 Q Q
: v O
e(qx) = 0 tﬁf:

1
0.05 — ‘
@ We displace the atoms as O DFTcnergies
004 — 120°A+V A -
(e} L
—iax-T€L(9x) -
u“[Lqx](T) = "% A 3003 -
VM 3
z I
and calculate the DFT energies as a Sonp B
function of A I ®=32cm’
0.01 — -
@ A1l x1x2supercell is enough to H
reproduce the pattern = 5 5

Alau.]
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Which are the problems of the frozen
phonon approach? And benefits?



Finite-displacements methods: force-constants

@ It is possible to directly obtain the force-constants matrix by calculating with DFT
atomic forces in slightly distorted supercells

@ In the harmonic approximation the force of an atom can be obtained from the
force-constants as

(T == 3 0 (To, To)un(Ts)

bT,
@ Therefore, the force-constants are
@ Of(T
0.s(Tor Ts) = — 20lTa).

~ Qup(T»)

@ Due to symmetries force constants can be generated by

(2)B152 2)X102

¢sl/sé (-’-i7 T/2) _ Z ghiea ghaaz ¢5152 (le T2)7

[e5Re)]
which reduces the number of derivatives to be known
@ As the force-constant only depend on T = T; — T it is sufficient to know

() B 0f(T)
d)ab(T) - _3Ub(0)
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Finite-displacements methods: force-constants

@ The idea is to calculate these derivatives by finite differences
@ Take a supercell, displace one atom that belongs to the unit cell as Ryo(0) + us(0),
and calculate by DFT the forces on the atoms of the supercell. Then,
3y JOA(T) _ [A(TiRo(0) + us(0)) ~ (T Ros(0))
ab Aup(0) us(0)

@ Repeat the procedure for all the displacements needed to generate by symmetry all
the force-constants for T a lattice vector within the supercell

@ Due to periodic boundary boundary conditions set by the supercell, the dynamical
matrix can be calculated at any g € 1BZ by Fourier transform

ab TSC Iq Tsc

\/ M, M, ’

where the sum is limited to the N, Tsc vectors within the supercell

@ The obtained dynamical matrix is correct if for a n1 X ny X n3 supercell

_ (m171)b1 + (mzfl)bz + (m371)b3’ miZ{l,"' ,n;}.
m np n3

If not D(q) is approximated by the Fourier transform
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Finite-displacements methods: force-constants

An example:

@ Force-constants for graphene in a
4 x 4(x1) supercell

@ Only two force calculations are needed
to get the force-constants in the
4 x 4(x1) supercell

@ This method to calculate
force-constants is implemented in
many codes that can be used in
conjunction with any DFT code:

@ Calculate minimum distorsion
patterns in the supercell

@ Calculate the forces for these
distorted structures with a DFT
code

© Get the force-constants in the

supercell p L I PHONOPY
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Finite-displacements methods

Cons:
Pros:

@ Getting the exact dynamical matrix is
limited to the @'s commensurate with
the supercell size

@ Straightforwardly implemented in
conjunction with any DFT code

@ The frozen-phonon approach is very

s . @ If we want to calculate the phonon
intuitive physically

modes for a particular g point exactly,

@ From the force-constants the a huge (even infinite if the q is
dynamical matrix can be obtained at irrational) supercell might be needed
any q as long as the Fourier transform

.. @ Calculations using supercells in DFT
approximation works

are expensive
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s the choice of the displacement u(0)
relevant?



Perturbative me S

Perturbative methods offer the way to calculate D(q) for any g without creating
any supercell

The BOES energies are calculated as
V(R) = (W5(R)|H(R)[W5(R)),
where the wave-function and the Hamiltonian depend parametrically on R. We
need its second derivative
The first derivative (forces) can be calculated with the Hellmann-Feynman theorem

OV(R) (R) OVi_i(R) OVe_i(r)
R, =—fr= <“’0(R)| [WG(R)) = “OR, ‘*‘/d’"(’)TRb

The second derivative (force-constants)

<(2b> _[9?V(R) _ [9?Viei(R) N
7 |ORORs | g, | ORORs Jg_p,

Jorl5), P50 oo [
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Perturbative me S

@ [8?V(R) _ [9°Vi_i(R) N
7 |ORORs g, | OR:ORs Jp_p,

Jorl 5] [88)  omo [S

The calculation of the force-constants matrix requires:

@ The electroncic density at equilibrium n(r)
Calculated from |W§(R)) in DFT

an(r)

@ The derivative of the electronic density [TRQ

] R=R,

Needs the calculation of Bl\gS(R»

R, not obtained in a DFT run
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Linear response theory

@ A way to obtain the derivative of the density is through linear response theory and
the density response function x(r, r’)

@ In fact the change in the electronic density by a change in the external potential of
the system is

= / dr'x(r, r" )6 Ve (r")

@ Considering that the external potential is the electron-ion interaction in our case

8n(r)} / / / [8Ve_,-(r’)]
= [ dr'x(r,ry |20
[8Ra R=Rq IR, R=Rq
@ The force constants are
@ TOV(R) ~ [0*Viei(R) PVe_i(r)
P = [8R aRbL e [ 9R.0R, LRD */d’”(’){ OR.0Rs LRO
OVei(r)]  [OVeui(r)
/drdr X(r r ) [ OR, :|RR0 { ORs R=R,

dap + 050 ™ + 6%

_l’_

lon Errea Lecture 4 16 / 36



Linear response theory

@ The static density response function can be calculated from the non-interacting
density response function x°(r, r’) from a Dyson equation

x(r.r') = X(r,r)+ / dede’ x°(r,s)[ +f*°(££)] x(€',r)

€ - ¢

@ X%(r,r’) by definition is the change of the potential due to the change in the KS
potential itself

0 n_ on(r)
X (r,r)— 6VK5(r/)
@ It can be calculated as
(ror') = 3 Ll (Yo (st ()
ij j#i i

where 1i(r) is a KS state and f; the Fermi-Dirac occupation

@ Calculating x° requires a complex sum over excited states
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Linear response theory and dimensionality

@ Let's assume the free electron gas model, where ¢, (r) = %e’k" are simple plane
2,2
waves and Ex = hz—k
m

@ In this case x° = x

@ The Fourier transform of the non-interacting response function is analytic in 3D,
2D, and 1D: the Lindhard function

@ In this approch the contribution to the dispersive part of the force constants
coming from the electron-ion iteraction will give a following contribution to the
phonon frequency

wei(@) ~ ve(@)’x(a)q®
where v.(q) is the Fourier transformed Coulomb potential

@ The analytical dependence on g of the response fuction will determine the phonon
dispersion

@ Electrons affect phonons
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Linear response theory and dimensionality

@ x°(q) is pathological at g = 2kr

@ The pathologies are larger for 1D than y
for 2D, and for 2D than for 3D

@ The pathologies are associated to the =2k
Fermi surface nesting .

sk @120

Fermi surface of the 2D free electron gas
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Linear response theory and dimensionality

@ wZ(q) is consequently pathological at -

q = 2kf yielding to phonon softening 10

@ the softening is very pronounced for
1D, less for 2D, and barely appreciable

w?(q) (arb. units)
5

for 3D -25
@ Dimensionality plays a crucial role in -30 1
phonon instabilities 35 a=2k
2 4 6 8 10 12 14
q (arb. units)
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Have you ever heard of nesting and
phonon instabilities?



Have you ever heard of nesting and
phonon instabilities?




DFPT

Density functional perturbation theory (DFPT)

@ A more efficient (and equivalent) approach than calculating the response function
is offered by DFPT

@ In order to get the derivative of the density, a first order change due to atomic
displacements is assumed in the KS states, the KS Hamiltonian, and the energy

[Vnk) = |Pnk) + |6%nk)
Hks —  Hks + dVks
Enk — Enk + 6Enk

@ The linearized KS equation reads
(6 Vs — 0Eni)|¥nk) = —(Hks — Enk)|0%nk)

@ This is called the Sternheimer equation
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DFPT

@ Terms in the Sternherimer equation

(6 Vs — 0Eni)|¥nk) = —(Hks — Enk)|0%nk)

are

5VK5(I‘)

5Ve_;(r)+/dr’ [|r_1r,| + (e, )| on(r)
>[50 (P)nk(r) + D5 (r) 52 (r)]
nk

on(r)

where °(r,r') = %‘ff(cr(,’))

@ These three equations can be solved self-consistently

@ At the end of the self-consistent loop the change of the density can be calculated
due to the displacement of ions and, thus, the force constants
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DFPT

@ The advantage of this method is that we can take a first order change given by
any particular 4 mode at any q

(3uq Vs — SuqEnk) [bnk) = —(Hrks — Enk)|0pq¥nic)
@ This will give the density change due to the mode u©q, which can be used to

construct the contribution of this mode to the dynamical matrix at q

@ In order to build the full D(q) it is sufficient to repeat the self-consistent
calculation for all the irreps of the little co-group of g present in the crystal

@ Due to translational invariance states will be coupled with k and k + @, thus the
perturbed KS state will be |8,q%nk+q)

@ In practice this means that the DFPT self-consistent loop requires to calculate the
bands in k+ g

Baroni et al., RMP 73, 515 (2001)
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Pros:

@ The calculation can be performed at
any g without the need of a supercell 80

@ Implemented in several DFT codes

{ DUHHMUMW‘ ESSd
A )

—=binit
/‘O—’

lon Errea
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What is the step that we have to take in

a finite displacement approach to match
the DFPT result?



Effective charges and the LO-TO splitting

@ In polar semiconductors or insulators the long range character of the Coulomb
interaction gives rise to a macroscopic electric field for the longitudinal optic
phonons in the long wavelength (g — 0) limit

@ Let's take a cubic crystal with two atoms per unit cell. The most general quadratic
energy that we can write is

Q 2 *
- ~E°—eZ’u-E
87’[’N6 eL u

E(u,E) = %ngu2

where €~ is the electronic dielectric constant in the static limit, Z* are the
so-called Born effective charges, E is the electric field, and M is the reduced mass

@ The forces and the electrical induction vectors D, are then

£, = _9E = —Mwiu, + eZ*E,
Ou,
47N OE 47N

Da = - = —F Z* a ooEa
O 9, q < Tte
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Effective charges and the LO-TO splitting

@ The Maxwell equations in the absence of external charges give

VXxE ~ igqxE=0
V-D ~ iq-D=0

@ For the transverse optical (TO) mode (g L E) E =0 and, thus,
wWT = Wo

@ For the longitudinal optical (LO) mode (g || E) D = 0 and, thus,

wi = \wo + 4re2 72, MN/Q

@ The TO mode has a higher frequency than the LO mode, the LO-TO splitting

@ The magnitude of the LO-TO splitting depends on the effective charges on the
ions and the w — 0 limit of the electronid dielectric function, €
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Effective charges and the LO-TO splitting

@ The LO creates a dipole at linear order in u, the TO no, so there is an extra
electrostatic term form the LO

@ This problem occurs only at I and gives a non-analytic correction to the dynamical
matrix

Transverse optical (TO) mode

©:0:0;

q

>

Longitudinal optical (LO) mode

« ‘N.- ‘_N__
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Effective charges and the LO-TO splitting

@ The general procedure to calculate the force constants at I' for a polar material is
to calculate the analytic dynamical matrix from DFPT and add the non-analytic

part to it
@ an(z) non—an @
¢ab(q:O) = ¢ab(q: O)+ ¢ab(q:O)
nonfan(z)aﬂ 4rN 2 (q : Z*S)a(q : Z*t)B
(:bst (q_o) - Q € g €co-q

@ Note that the non-analytic correction depends on the direction of q

@ The effective charge tensor ZX% and the static limit of the electronic dielectric
function €2 can be obtained from DFPT once the derivatives of the KS states
with respect to displacements are known

Baroni et al., RMP 73, 515 (2001)

Giannozzi et al., PRB 43, 7231 (1991)
Gonze et al., PRB 55, 10355 (1997)
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LO-TO splitting in hexagonal BN monolayer

1254

100 1

75 1

Frequency (meV)

50 1

25
—— no LOTO
0 + LOTO
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The LO-TO splitting is direction dependent

1000

800

=Y
1=}
S

Frequency (em’™)

N
=)
S

200

- LOTO

LOTO
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Procedure to obtain phonon spectra in finite displacement

methods

@ In finite displacements methods once the force constants are known for a supercell
the force constants at any g point are obtained by Fourier interpolation
@) 1 (@) o7
(bab(q) = N Z (z)ab(TSC)elq sca
sC

Tsc

Here Ny is the supercell size and the sum extends to the Ny lattice vectors in the
supercell

@ Then, the phonon frequencies at any g point can later be extracted diagonalizing
the interpolated dynamical matrix

(2)
3 Dala)el(a) = 3 i ela) = i@l (@

@ This procedure may gives the exact frequencies at @ points commmensurate with
the supercell

@ For other g points the interpolation may not lead to good phononfrequencies
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Procedure to obtain phonon spectra in DFPT

@ Even if in principle the phonon spectra can be calculated point by point in DFPT,
doing so can be CPU expensive, and a Fourier interpolation method is usually
followed

@ Calculate with DFPT the dynamical matrices in a regular n1 X n x n3 grid of the
first BZ

@ Build the force-constants by Fourier transform in the commensurate n; X nz X n3

supercell
¢ 7"7‘7—5:
ab

qegrid

@
Gan(Tsc) =

S

@ Once the force constants are built we can proceed as in the finite displacements
case and obtain the dynamical matrix at a g point that was not originally in the
grid

Z ab(TSC i T
M;, M., ’

Tsc
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Convergence with respect to the g point grid or supercell

HsS (Im3m, S(2a), H(6b)) .,

— 2x2x2

2000

1500

1000

m(cm“)

@ Phonon frequencies
for the g points
present in all the
grids coincide:

0 r H, N

500
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Exercises

@ Show that the dipole created by the TO mode has no linear term on the
displacement and thus does not create any dipole

@ Show that the number of g points commensurate with a given supercell is exactly
the size of the supercell
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