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ABSTRACT: Plasmon-enhanced Raman scattering can push
single-molecule vibrational spectroscopy beyond a regime
addressable by classical electrodynamics. We employ a quantum
electrodynamics (QED) description of the coherent interaction
of plasmons and molecular vibrations that reveal the emergence
of nonlinearities in the inelastic response of the system. For
realistic situations, we predict the onset of phonon-stimulated
Raman scattering and a counterintuitive dependence of the antiStokes emission on the frequency of excitation. We further show
that this QED framework opens a venue to analyze the
correlations of photons emitted from a plasmonic cavity.
KEYWORDS: quantum electrodynamics, Raman scattering, SERS, Stokes emission, plasmonics, quantum nanooptics
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quantum-mechanical nature of both the molecular vibrations
and the plasmonic cavity emerges21 and call for an adequate
theoretical description that goes beyond the classical treatment
of the electric ﬁelds produced in plasmonic cavities.1,22,23
In this work, we address the underlying quantum-mechanical
nature of Raman scattering processes by quantizing as bosonic
excitations both the vibrations of the molecule and the
electromagnetic ﬁeld of a plasmonic cavity. The description
of the vibrations through bosonic operators can be justiﬁed by
considering the harmonic approximation to the energy
landscape of the molecule along a generalized atomic
coordinate (Figure 1b), such as the length of a molecular
bond, for example, CO.21,22 These vibrations interact with
the cavity photons through a nonlinear Hamiltonian,
reminiscent of that found in optomechanical systems.24 In
this description, the large enhancement of the Raman scattering
from a molecule in the plasmonic cavity occurs thanks to the
signiﬁcant shrinking of the eﬀective mode volume of a single
photon. On the other hand, such plasmonic systems experience

urface enhanced Raman scattering (SERS) is a
spectroscopic technique in which the inelastic scattering
from a molecule is increased by placing it in a hotspot of a
plasmonic cavity, where the electric ﬁelds associated with the
incident and the scattered photons are strongly enhanced (see
the schematic in Figure 1a).1 The diﬀerence between the
energy of those two photons provides a f ingerprint of the
molecule, that is, detailed chemical information about its
vibrational structure. Since the initial observation of Raman
scattering from single molecules,2,3 the use of a variety of
plasmonic structures that act as eﬀective optical nanoantennas
over the last decades has allowed a tremendous advance of this
molecular spectroscopy.4 Metallic particles such as nanoshells,5,6 nanorings,7 nanorods,8 nanowires,9 or nano stars,10
as well as plasmonic nanogap structures formed in particle
dimers,11−13 nanoparticle-on-a-mirror morphologies,14−17 or
nanoclusters18 are among the variety of structures that oﬀer
huge and controllable enhancements of the ﬁeld intensity in
their hotspots, boosting the inherently weak Raman scattering
intensity,1,19 and ultimately enabling the chemical identiﬁcation
and imaging of particular vibrational modes of a molecule with
subnanometer resolution.20 These results suggest that some
experiments might have reached the regime where the
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Veff, which can be expressed by the plasmon annihilation (â)
ℏ ωc
(a ̂ − a†̂ ), where ε is
and creation (â†) operators as E ̂ = i
2εVeff

the permittivity of the medium. Thus, the induced Raman
dipole p̂R = α̂ νÊ will be interacting with the cavity ﬁeld Ê ,
yielding the interaction Hamiltonian Ĥ I = −p̂RÊ , which, after
dropping the fast rotating terms ∝ (â†)2 and (â)2, and
redeﬁning the equilibrium position of the vibrations, yields the
nonlinear interaction Hamiltonian (ℏ = 1): Ĥ I = −gâ†â(b†̂ + b̂),
with the coupling coeﬃcient g = RνQν0ωc/(εVeff). This
deﬁnition can be related to the resonant emitter-plasmon
coupling parameter of the Jaynes−Cummings Hamiltonian gJC
and the Purcell factor FP ∝ Q/Veff (see the discussion in
Supporting Information). Interestingly, the interaction Hamiltonian Ĥ I is identical to the one used in optomechanical
systems, in which the quantized oscillations of a cavity mirror
modify the resonance frequency of the cavity.24,25
It should be noted that this approach is limited to the offresonant Raman scattering, for which the virtual state mediating
the Raman transition (Figure 1b) is strongly detuned from an
excited electronic state. Also, our Hamiltonian does not
consider Raman processes that involve the eﬀect of the
simultaneous excitation or emission of two or more phonons,
which may become important for very intense lasers.
Furthermore, our model assumes that the plasmonic system
can be approximated as a single cavity mode, and described
through the canonical quantization scheme. Although this
approach should yield an accurate description for many of the
plasmonic SERS setups, a more exact description could be
oﬀered by a rigorous quantization method which takes into
account the exact Green’s function of the system27,28 and would
allow consideration of complex plasmonic responses involving
many modes.
The coherent evolution of the system, including an
additional driving term (laser) at frequency ωl is then given
by the full Hamiltonian

Figure 1. (a) Schematic of a setup for observing the Raman
scattering from a molecule placed in a plasmonic cavity. (b)
Schematic of the two-photon nonresonant Stokes scattering
between two vibrational states of the molecule (n = 0 → 1)
mediated by a virtual state |v⟩. A harmonic potential (solid lines)
approximates the energy landscape of the ground electronic level
(dashed lines). (c) Typical plasmonic cavity mode centered at the
frequency ωc in the visible range, with the width associated with the
decay rate κ related to ωc through the quality factor Q = ωc/κ.

strong Ohmic lossesthat is, they are characterized by very
low quality factors (typically Q ≲ 10)placing these systems
deep in the bad cavity regime (see the sketch of a plasmon
mode in Figure 1c). This system was recently addressed using a
linearization scheme based on the classical Langevin equation
for the displacements of plasmon and phonon ﬁelds.25
In this work, we complement this approach by employing an
exact numerical solution of the quantum mechanical dynamics
of the nonresonant Raman scattering process in a plasmonic
cavity that fully describes the buildup of incoherent population
of vibrations in the molecule, addressing the eﬀect of phonon
stimulated Stokes scattering, and furthermore, allows to
account for the quantum and classical covariances between
the two bosonic ﬁelds. This formalism thus predicts a variety of
nonlinear quantum eﬀects in the scattered signal that might
have already been revealed in diﬀerent Raman measurements,
and opens the door for speciﬁc design of experimental
conﬁgurations that can test, and eventually control, the
underlying coherences within SERS.

†
†
Ĥ = ωmb ̂ b ̂ + ωca†̂ a ̂ − ga†̂ a(̂ b ̂ + b)̂

+ i Ω(a†̂ e−iωlt − aê iωlt )

(1)

Throughout the paper Ω will be referred to as a pumping power
proportional to the power density of the input laser and the
intrinsic parameters of the cavity mode (see the discussion in
Supporting Information).
The master equation for the dynamics of the density matrix
of the system ρ in the absence of pure dephasing29 reads
2

(nbth + 1)γm
κ
∂tρ = i[ρ , Ĥ ] + +a[̂ ρ] +
+ b[̂ ρ]
2
2
nbthγm
+
+ b†̂ [ρ]
2

RESULTS AND DISCUSSION
Theoretical Framework. The interaction between plasmons and vibrations that governs the dynamics of a SERS
process can be properly addressed by establishing the
Hamiltonian of the system. To derive this Hamiltonian, let us
consider the vibrational states of the ground electronic state of
the molecule. In a simpliﬁed one-dimensional model the
potential landscape of this state can be approximated as a
displaced harmonic potential. Therefore, the vibrational levels
separated by phonon frequency ωm26 can be quantized using the
creation and annihilation operators b̂ and b†̂ . We can thus
deﬁne a linear polarizability of the molecule along this
coordinate as α̂ ν = Rν Q0ν(b̂+ b†̂ ),1 where Rν is the element of
the Raman tensor and Q0ν is the zero-point amplitude of the
vibrations. The molecule is coupled to the quantized ﬁeld of the
cavity mode with resonant frequency ωc and eﬀective volume

(2)

where the last three terms on the right-hand side are
Lindblad‑Kossakowski terms deﬁned as30,31
†
†
†
+Ô[ρ] = 2Ô ρÔ − Ô Ô ρ − ρÔ Ô describing the decay of
the plasmons (+a ),
̂ and the thermal pumping
̂ phonons (+ b ),
(+ b†̂ ) of the phonons by the environment at temperature T,
ℏωm/kBT
with the thermal population nth
−1)−1.
b = (e
In the following, we take the phonon energy ωm = 0.1 eV and
the phonon decay rate γm = 1 meV,29 as representative values
that characterize vibrational ﬁngerprints, and consider a typical
plasmonic cavity with quality factor of Q = 10 resonant at ωc =
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2.5 eV, decaying with rate κ = 0.25 eV (see Supporting
Information). The coupling parameter is taken as g = 1 meV in
accordance with the characteristics of state-of-the-art resonant
plasmon-emitter systems (see Supporting Information).
To analyze the dynamics of the system, we follow three
complementary approaches. First, we solve directly the master
equation in eq 2 by means of numerical calculations,32 (taking
advantage of low excitation numbers to truncate the Hilbert
space). We complement this numerical solution by two other
approximate treatments that allow to obtain analytical results,
useful to identify the inﬂuence of the diﬀerent parameters in the
Raman signal and thus provide simpler expressions to interpret
experimental results. In the ﬁrst analytical approximation, we
linearize the Hamiltonian to a purely quadratic form which
applies to the weak coupling (g ≪ κ) regime we are interested
in, and allows for the analytical treatment (see Supporting
Information for details). We note that when solving the
linearized Hamiltonian, we do not map the quantum Langevin
equation to the classical dynamics equations, as is often done in
the analysis of optomechanical systems.24 Consequently, this
approach provides a complete characterization of the classical
and quantum correlations within the system. Finally, to develop
the second analytical approach, we apply the quantum noise
approach,33 in which the vibrations of the molecule are coupled
to a bath of ﬂuctuating population of the cavity plasmons.25
This last formalism allows us to describe the eﬀects of the static
and dynamical backaction, which arise when the vibrations of
the molecule modify the resonant frequency of the cavity and,
therefore, the population term in the Hamiltonian (eq 1).24,34
The static backaction describes the constant, coherent
displacement of the state of the vibrations and can be largely
neglected in the regime of parameters of interest (see the
Methods section for a further discussion). On the other hand,
the dynamical backaction (DBA), observed when the incident
laser is detuned from the cavity, leads to the heating or cooling
of the vibrations.24 The quantum noise approach captures those
eﬀects, at the price of losing the information about coherences
in the molecule-plasmon system.24,34 The spectra of emission
from the cavity are calculated following Glauber’s photodetection theory,35 as I(ω) = αdetS(ω), where the frequencyindependent parameter αdet describes the properties of the
−iω t †
detection system22 and S(ω) = ω4 ∫ ∞
⟨â (t)â(0)⟩ss dt in
−∞ e
the steady state (ss). The two-time correlator is calculated by
applying the quantum regression theorem (QRT).36
Let us ﬁrst focus on the numerical solution. Two spectra of
emission from the cavity, calculated for the weak (Ω2 = 10−2
eV2) and strong illuminations (Ω2 = 0.5 eV2) and for the laser
tuned to the cavity (Δ ≡ ωc−ωl = 0), are shown in Figure 2a
and b, respectively. In the inset of Figure 2a we zoom in on the
anti-Stokes emission calculated for the environment at T = 0 K
(dashed line) and T = 300 K (solid line; nth
b (T = 300 K) ≈
0.02). The diﬀerence between these plots illustrates the eﬀect
of thermal pumping of the vibrational levels by the environment.37,38
To further explore how the signal evolves with the pumping
power, we plot in Figure 2c the maxima of the Stokes (blue
solid line; in the region of interest this function is independent
of the temperature T) and anti-Stokes (orange dashed line for
T = 0 K and orange solid line for T = 300 K) emission lines for
an increasing Ω2. In the weak pumping regime (Ω2 ≲ 10−2 eV2)
for nonzero temperature (solid lines) both the Stokes S(ωS)
and anti-Stokes S(ωaS) emission depend linearly on Ω2,
indicating that the anti-Stokes transition originates from the

Figure 2. Dependence of the Raman scattering on the excitation
power and temperature: (a,b) emission spectra S(ω) of the
molecule in the plasmonic cavity for pumping (a) Ω2 = 10−2 eV2
and (b) Ω2 = 0.5 eV2 at T = 0 K (dashed lines) and T = 300 K (solid
lines); (c) emission intensities of the Stokes (S(ωS), blue lines,
calculated at T = 300 K) and anti-Stokes photons (S(ωaS), orange
dashed and solid lines for T = 0 K and T = 300 K, respectively) as a
function of the pumping power Ω2; (d) populations of plasmons
(red line) and phonons (green lines) in the steady state for T = 0 K
(dashed lines) or T = 300 K (solid lines). Vertical dashed lines in
(c,d) indicate the pumping powers for plots in (a) and (b). All the
cases assume Δ = 0.

thermally excited vibrational state. For higher driving powers
(10−2 eV2 ≲ Ω2 ≲ 0.5 eV2) the anti-Stokes intensities become
independent of the temperature, as the phonons are provided
primarily by the Stokes transitions (vibrational pumping).38 The
transition between the thermal and the vibrational pumping of
phonons38 is illustrated in Figure 2d, where we plot the
populations of the phonons (green line) and plasmons (red
line) for T = 0 K (dashes lines) and T = 300 K (solid lines).
Finally, for the highest considered pumping powers (Ω2 ≳
0.5 eV2) the Stokes intensity S(ωS) visibly surpasses the
expected linear dependence on Ω2 (marked with dotted gray
line in the top-right corner of Figure 2c). To address this eﬀect,
we develop the ﬁrst of the aforementioned analytical
approaches by considering the linearized Hamiltonian and
employing the QRT, which for the particular case of Δ = 0,
γm ≪ ωm, κ, and environment temperature T yields the
following expressions for the Stokes and anti-Stokes photons
S(ωS) =

⎛
4ωS4
κ⎞
s2 Ω2⎜⎜1 + nbth + s2 Ω2 ⎟⎟
γm
γm ⎠
⎝

(3)

⎛
4ωaS4
κ⎞
s2 Ω2⎜⎜nbth + s2 Ω2 ⎟⎟
γm
γm ⎠
⎝

(4)

and
S(ωaS) =

with s2 ≈ [4g/(κ|κ − 2iωm|) ] (see Supporting Information for
the complete derivation). The ﬁrst term in the brackets of eq 3
can be recognized as the conventional two-photon cavityassisted Stokes transition, linearly dependent on Ω2. As we
show in the Supporting Information, by considering the
2
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Figure 3. Dependence of the (a) Stokes and (b) anti-Stokes emission and (c) phonon population on the frequency of the incident laser ωl. In
the two left-most top panels, we show the numerically calculated intensities (a) at the Stokes S(ωS; Δ = ωc − ωl) and (b) at the anti-Stokes
S(ωaS; Δ) frequencies for the pumping power from Ω2 = 10−3 eV (red lines) to Ω2 = 0.25 eV (green lines) and environment temperature T = 0
K (dashed lines) and T = 300 K (solid lines). In bottom panels in (a, b) the dashed blue lines show the predictions of classical models (eq 5)
for (a) Sclass(ωS; Δ) and (b) Sclass(ωaS; Δ), whereas the cavity resonances are shown in (a−c) in gray. In (c), we plot the incoherent phonon
calculated within the quantum noise approach eq 14. Identical results are obtained with the exact numerical calculation. The
population nincoh
b
temperature and intensity for each situation are denoted with the same color code as in (a) and (b).

enhancement K = |E/E0| of the electric component of the
incident illumination E0 produced by the plasmonic cavity and
relating it through the reciprocity theorem to the Purcell factor
of the cavity,39,40 this term in eq 3 allows us to retrieve the
expected dependence of the Stokes emission S(ωS) ∝ K4.
The sum of the second and the third terms in brackets in eq
3, or the two terms in brackets in eq 4, represents the
incoherent population of the phonon mode (nbincoh =
⟨b̂†b̂⟩ss−⟨b̂†⟩ss⟨b̂⟩ss) arising from (i) the thermal pumping and
(ii) the coupling to the plasmon cavity, respectively. These two
terms together describe a process of phonon-stimulated Raman
scattering, in which the population of vibrations enhances the
rate of Stokes scattering. Therefore, the last term in eq 3
explains the nonlinearity of the Stokes signal for large Ω2. We
note that phonon-stimulated Raman scattering has been
reported in experiments on ensembles of Raman-active centers,
for example, hydrogen gas (see refs 41 and 42 and references
therein). However, to our knowledge, the criterion for the
onset of this eﬀect for single scatterers in a cavity (see the
Supporting Information for an explicit formulation) has not
been reported in the literature.
To further explore the eﬀects of the thermal and vibrational
pumping of phonons on Raman scattering, we consider the
dependence of the Raman scattering on the detuning
Δ = ωc − ωl of the incident laser. In the typical classical
models of SERS,43 the dependence of the Stokes (Sclass(ωS; Δ))
and the anti-Stokes (Sclass(ωaS; Δ)) emission is determined by
the enhancement of the electric ﬁeld of both the incoming
(|E(ωl)/E0(ωl)|2) and outgoing (|E(ωS/aS)/E0(ωS/aS)|2) photons at the position of the molecule
S

class

(ωS/aS; Δ) ∝

4
ωS/aS

E(ωl) E(ωS/aS)
E0(ωl) E0(ωS/aS)

bottom panels of Figure 3. In particular, the Stokes signal
should be strongest for the incident laser blue-tuned from the
cavity. This general result for the Stokes scattering is conﬁrmed
by our numerical calculations performed for various pumping
powers (Ω2 = 10−3 eV2 to 0.25 eV2, from red to green lines)
and diﬀerent temperatures (T = 0 K as dashed lines and 300 K
as solid lines), as shown in the upper panels of Figure 3a.
However, there are also marked diﬀerences: we note that
when the laser is blue-detuned from the cavity resonances
(Δ < 0), the proﬁle S(ωS; Δ) becomes narrower as we increase
the pumping intensity. This behavior results from the buildup
of the incoherent population of phonons due to the vibrational
pumping and to the dynamical backaction.34 The latter
phenomenon, triggered only when the laser is blue-detuned
from the cavity resonance (Δ < 0), has been observed in
optomechanical systems24 and was recently argued to occur in
Raman scattering from molecules.25 We discuss this concept in
more detail in the following paragraphs.
Interestingly, the classical eq 5 fails to explain the
dependence of the anti-Stokes scattering obtained in the full
quantum calculations (Figure 3b). For the weakest driving
powers (red lines, Ω2 = 10−3 eV2), the S(ωaS; Δ) intensity is
found to be the largest for the laser frequency ωl on resonance
with the cavity ωc in the absence of thermal pumping of
phonons (T = 0); however this maximum appears as red-tuned
from the cavity resonance when the thermal pumping of
phonons is produced (at T = 300 K). For stronger driving
powers, the intensity plots for T = 0 and 300 K start to merge
and peak at increasingly blue-shifted frequencies, notably
crossing the cavity resonance. As for the supra-linear increase
of the Stokes scattering, this surprising property stems from the
laser pumping of the vibrational levels. The classical eq 5 for the
anti-Stokes Sclass(ωaS; Δ) intensity does not account for the
origin of the vibrations of the molecule and, therefore, can only
be applied when these are provided by the heated reservoir (it
should be noted, however, that a suitable correction to
S(ωaS; Δ) introducing the vibrational pumping has been
proposed by Kneipp et al.37).

2

(5)

Assuming that the enhancement is given by a Lorentzian proﬁle
centered on the cavity resonance ωc with width κ (gray curves
in the bottom panels of Figure 3), we expect that the calculated
Raman emission spectra S(ωS/aS; Δ) will depend on the laser
frequency as depicted with the blue dashed curves in the
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To understand the dependencies of the Stokes and antiStokes emission on the detuning presented in Figure 3a and b,
we need to consider the vibrational state of the molecule in
detail. Since the linearized Hamiltonian cannot be easily solved
analytically for an arbitrary detuning Δ, we develop an
alternative analysis of the dynamics of the system based on
the quantum noise approach,24,34 which also allows to obtain
analytical expressions for the Stokes and anti-Stokes photon
emission. According to this approach, and similarly to the weak
coupling model of a two-level system in a cavity, the rates of
relaxation and excitation of vibrations are considered to be
proportional to the noise spectrum determined by the
characteristics of the plasmonic cavity. This coupling eﬀectively
modiﬁes the decay rate of the molecular vibrations to γm + γopt ,
where the optomechanical damping γopt is dependent on the
detuning Δ and the intensity of the incident laser (see eq 15).
Furthermore, γopt describes the exchange of energy between the
vibrations and ﬂuctuations of the cavity population about its
mean value. A description of the quantum noise approach with
the explicit expression of γopt [eq 15] is given in the Methods
section. As a result, the intensities of the Stokes and anti-Stokes
emissions for general detuning are given within the quantum
noise approach by
S(ωS) ∝

Figure 4. (a) Two-photon frequency-resolved Stokes-anti-Stokes
correlators g(2)
Γ,Γ(ωS,ωaS) and (b) physical spectra of emission
̂†
̂
S(1)
Γ (ω) = ⟨Aω,Γ(0)Aω,Γ(0)⟩ calculated for the temperatures T = 0 K
(dashed lines) and T = 300 K (solid lines), coupling parameters
chosen as multiples of g0 = κ/250: g = g0 (blue lines), g = 2 g0
(orange lines), g = 4g0 (green lines), and laser tuned to the cavity Δ
= 0.

Figure 3a and b. The Stokes and anti-Stokes peaks’ widths
exhibit also a narrowing from γm to γm + γopt24 which,
interestingly, is compensated for by the denominators in the
above equations, ensuring that the integrated intensity of the
inelastic scattering is only implicitly dependent on γopt through
nbincoh. Furthermore, we note that in analogy to other
optomechanical systems, we can deﬁne a cooperativity-like
parameter C̃ = γopt/γm of the Raman process. For the
parameters discussed throughout this work and for bluetuned laser, C̃ reaches the minimum value of −0.15 for
Δ ≈ −0.8ωm (see Figure S2 in the Supporting Information).
For C̃ ≤ −1 (in the case of laser blue-tuned from the cavity Δ <
0), the system would exhibit phonon lasing.25
On the other hand, for red-tuned laser (Δ > 0) we enter the
so-called cooling regime in optomechanics, in which the
vibrations can be suppressed below the thermal population
nth
b . However, because we are not in the sideband-resolved limit
(κ ≪ ωm), in a typical SERS conﬁguration this eﬀect is
suppressed, and nincoh
does not signiﬁcantly drop below nth
b
b , as
illustrated by the solid lines in Figure 3c.
Last, we focus on an important piece of information
regarding the characterization of Raman photon emission that
can be obtained from the time- and frequency-resolved
correlation44−46 between Stokes and anti-Stokes photons
emitted from the cavity. In the steady state, this magnitude
can be theoretically calculated through intensity−intensity
correlations of the ﬁltered output ﬁeld,

ωS4g 2nacohκ

nbincoh + 1
(Δ + ωm)2 + (κ /2)2 γopt + γm

(6)

and
S(ωaS) ∝

ωaS4 g 2nacohκ

nbincoh
(Δ − ωm) + (κ /2) γopt + γm
2

2

(7)

nincoh
b

respectively, where
denotes the incoherent phonon
population, and ncoh
is
the
coherent population of the cavity
a
(see the Methods section for the exact deﬁnition of these
parameters). The dependence of nincoh
as a function of detuning
b
and laser intensity, shown in Figure 3c and obtained from
application of eq 14, helps to understand the dependences of
the Stokes and anti-Stokes emission in Figure 3a and b. These
analytical results are indeed identical to those obtained with the
exact numerical solution.
For the laser blue-tuned from the plasmonic cavity (Δ < 0),
the optomechanical damping γopt becomes negative, resulting in
an increase of the incoherent phonon population nincoh
, as
b
observed in Figure 3c. Consequently, the Stokes and antiStokes emission reveal similar dependence on Δ, as shown in
†

g Γ(2), Γ (ω1 , ω2 ; τ ) = lim
1 2

t →∞

†

⟨: ;[Â ω1, Γ1 (t )Â ω2 , Γ2 (t + τ )Â ω2 , Γ2 (t + τ )Â ω1, Γ1 (t )]: ⟩
†

†

⟨(Â ω1, Γ1 Â ω1, Γ1 )(t )⟩⟨(Â ω2 , Γ2 Â ω2 , Γ2 )(t + τ )⟩

where ; and “:” denote the time and normal ordering
operators, respectively.47,48 Furthermore,
Â ωi,Γi(t) = ∫ t−∞ e(iωi−Γi/2) (t−t1) â(t1) dt1 is the ﬁeld detected at
frequency ωi , within a frequency window Γi , at time t. For
simplicity we consider Γ1 = Γ2 = Γ and place the Lorentzian
ﬁlters at ω 1 / 2 = ω S / a S . The photon correlations
g(2)
Γ,Γ(ωS,ωaS;τ = 0), calculated using a recently developed
method,49 are plotted in Figure 4a as a function of the driving
parameter Ω2 for an environment temperature of T = 0 K
(dashed lines) and T = 300 K (solid lines). The details of the
method of calculation of the correlation function are provided

(8)

in Supporting Information. The coupling parameters g are
considered as multiples of g0 = κ/250, namely g = g0 (blue
lines), g = 2g0 (orange lines), g = 4g0 (green lines), with the
ﬁlter line width Γ = 0.1 meV. As shown in Figure 4b, for these
parameters the physical spectrum of emission S(1)
Γ (ω) =
⟨Â †ω,Γ(0)Â ω,Γ(0)⟩ is formed by three peaks: the elastic Rayleigh
scattering and inelastic Stokes and anti-Stokes contributions
(note that S(1)
Γ does not include the explicit dependence on the
ω4 factor). We clearly observe in Figure 4a that for weak
coherent pumping and in the absence of thermal pumping
(dashed lines), the system exhibits strong bunching statistics,
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which is a signature of strongly correlated emission.50,51 The
physical origin of the strong correlation is discussed in detail in
the Supporting Information In short, in the absence of other
sources of excitations, the Raman photons are emitted by
exchanging a single phonon and are therefore strongly
(2)
correlated. This process should exhibit a gΓ,Γ
(ωS,ωaS) ∝
−2
1/S(ωS) ∝ Ω dependence, as the rate of coincidences in
the detection is determined by the anti-Stokes emission
S(ωaS).52,53 The results in Figure 4a show this evolution of
the correlation for large incident power. As the thermal
pumping (solid lines in Figure 4a) grows, the anti-Stokes
photons are increasingly created through the absorption of
phonons which originate from thermal excitation, leading to the
quenching of the correlation. Finally, the dependence of the
correlations on the coupling parameter stems from the fact that
for small g (and weak anti-Stokes emission), the ﬁlters detect
primarily the elastically scattered photons (see Figure 4b),
leading to a plateau in g(2)
Γ,Γ(ωS,ωaS) for small Ω. We note that
these results are consistent with those recently reported by
Kasperczyk et al.52 from measurements of the Stokes and antiStokes pairs emitted from a thin layer of diamond and by ParraMurillo et al.53 from the theoretical analysis of the Raman
scattering.

which yields a purely quadratic/Gaussian dynamics and linear
quantum Langevin equations. We will refer to Ĥ ′ as a linearized
Hamiltonian.
In this new Hamiltonian, the coherent driving of the cavity gives rise
(via the nonlinear interaction) to a linear coupling between phonons
and plasmons (the last term in eq 10) and an eﬀective coherent driving
g|αs|2 of the phonon mode. To remove this driving term, we displace
the phononic operators in the same way as for the plasmon and obtain
a new coherent driving of the cavity (and a renormalized detuning),
and so successively. We can capture all orders of this feedback by
deﬁning displacements αs′ and βs′ through the condition that in the
displaced basis the Hamiltonian does not contain any linear (driving)
terms. Such displaced Hamiltonian can be written as
†
†
Ĥ ″ = Δ′a†̂ a ̂ + ωmb ̂ b ̂ − g[αs′a†̂ + (αs′)*a](
̂ b̂ + b̂ )

where displacements α′s and β′s are deﬁned by
(12)

βs′ =

g |αs′|2
ωm − i(γm/2)

(13)

γm
γm + γopt

nbth −

γopt
γm + γopt

nrad
(14)

(see the previous section and the Supporting Information for details).
The second term in eq 14 describes the eﬀective heating of the
vibrations by the incoherent population of the cavity (associated with
the ﬂuctuations of its population) and dominates the population of
phonons in the vibrational pumping regime. It should be noted that
cannot be derived by assuming a
this important contribution to nincoh
b
classical form of the cavity ﬁeld.34,54 The optomechanical damping is
deﬁned as

Linearization of the Optomechanical Hamiltonian. Let us
consider the optomechanical Hamiltonian given in eq 1. If we
decouple the cavity from the molecule (putting g = 0), the plasmonic
system is driven into a steady coherent state with amplitude
κ
αs = Ω/ 2 + iΔ . The interaction with these steady-state plasmons
dominates the dynamics of the system in the weak-coupling regime as
can be seen by the transformation to a displaced basis (with |αs⟩ →
|0⟩) in the plasmonic system. By, correspondingly, replacing
â → â + αs, we can express the coherent dynamics of the system
through the Hamiltonian

γopt = g 2[S FF̂ (̂ ωm) − S FF̂ (̂ − ωm)] = g 2nacoh
⎧
⎫
1
1
⎬,
× κ⎨
−
2
2
2
2
(Δ + ωm) + (κ /2) ⎭
⎩ (Δ − ωm) + (κ /2)

)

(15)
2
with ncoh
a = |α′s | denoting the coherent population of the cavity. Here,
we simpliﬁed the F̂ operator by considering the displaced cavity
operators â → â + α s′ and dropping the quadratic term:
F ̂ ≈ nacoh (a ̂ + a†̂ ).34 The ﬁrst (second) term in the brackets of eq
15 corresponds to the transfer of energy from vibrations to the cavity
(from the cavity to the vibrations). The more general form of γopt
includes the static displacement of vibrations, which can be accounted
for by replacing the detuning Δ in eq 15 by Δ′ deﬁned earlier.
However, in the regime of parameters of interest in a typical Raman
conﬁguration, this correction is negligible. The second term in eq 14
the contribution to the population of vibrations originating from the
coupling to the optical cavityis proportional to nrad, with

†
†
†
Ĥ = Δa†̂ a ̂ + ωmb ̂ b ̂ − g |αs|2 (b ̂ + b ̂ ) − g (αsa†̂ + αs*a)(
̂ b̂ + b̂ )
†

Ω
(κ /2) + iΔ′

nbincoh =

METHODS

− ga†̂ a(̂ b ̂ + b ̂ )

αs′ =

and the renormalized Δ′ = Δ − 2gRe(β′s ).
Quantum Noise Approach. In the quantum noise approach, the
molecular vibrations are coupled to the plasmonic cavity described by
the quantum noise density of the plasmon population ﬂuctuations â†â
iω t ̂
⟨F(t)F̂(0)⟩ dt, where F̂= â†â − ⟨â†â⟩
deﬁned as SF̂ F̂(ω) = ∫ ∞
−∞ e
denotes the ﬂuctuations of the plasmon number around the
equilibrium, and the average is taken over the state of the uncoupled
cavity (g = 0). From SF̂ F̂ we can obtain the eﬀective relaxation and
excitation rates of the vibrations. As a result, the molecular vibrations
are in a displaced thermal state. The displacement is given by βs′, and
the incoherent population of the thermal state is

CONCLUSIONS
In summary, we have implemented a fully quantum-mechanical
model of the inelastic nonresonant Raman scattering from a
molecule placed in a lossy plasmonic cavity. Our analytical and
exact numerical calculations point to phenomena which go
beyond the standard description of Raman scattering such as
(i) the onset of stimulated Stokes emission and (ii) the
counterintuitive dependence of the anti-Stokes signal on the
detuning of the incident laser from the cavity resulting from the
pumping of the molecular vibrations. Furthermore, we
demonstrate the strong correlations of Stokes and anti-Stokes
pairs emitted from the cavity and analyze the origin of this
eﬀect. Finally, we note that our model can be readily applied to
a range of physical problems, that is, investigating the Raman
scattering of noncoherent light or the quantum correlations
induced in the system.

(

(11)

(9)

As we discuss in the Supporting Information in detail, in the regime of
parameters used throughout this work, characterized by weak coupling
g, the last nonlinear term can be neglected, allowing us to write the
simpliﬁed Hamiltonian
†
†
†
Ĥ ′ = Δa†̂ a ̂ + ωmb ̂ b ̂ − g |αs|2 (b ̂ + b ̂ ) − g (αsa†̂ + αs*a)(
̂ b̂ + b̂ )
(10)

nrad = −
6296

(Δ − ωm′ )2 + (κ /2)2
4Δωm′

(16)
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Here, ω′m is the mechanical frequency corrected for the optical spring
ef fect.24,34 This correction, however, can be neglected for the
parameters in the regime of interest in SERS.
Finally, we note that in the limit of laser tuned to the cavity
resonance Δ →0, there is no DBA mechanism and the optomechanical
damping γopt vanishes. In this case, and neglecting the static
displacement of vibrations (Δ ≈ Δ′), we reproduce within the
quantum noise approach the simple expression for the vibrationally
pumped incoherent population of vibrations derived earlier from the
full quantum-mechanical linearized treatment, thus making both
analytical derivations fully consistent

lim nbincoh = nbth +

Δ→ 0
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Similarly, the expressions for the photon emission intensities S(ωS)
and S(ωaS) obtained in eqs 6 and 7 with application of the quantum
noise approach, also match those obtained from the previous analytical
derivation (eqs 3 and 4).
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(48) Knöll, L.; Vogel, W.; Welsch, D.-G. Quantum Noise in Spectral
Filtering of Light. J. Opt. Soc. Am. B 1986, 3, 1315−1318.
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