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∥IKERBASQUE, Basque Foundation for Science, 48013 Bilbao, Spain

*S Supporting Information

ABSTRACT: The nonlinear response of metallic nanoparticles
is obtained from quantum time dependent density functional
theory calculations. Without any aprioristic assumption our
calculations allow us to identify high-order harmonic generation
in canonical plasmonic structures such as spherical single
particles and dimers. Furthermore, we demonstrate that under
currently available experimental conditions, the application of an
external polarizing field to the nanoparticles allows to actively
control even-order harmonic generation in otherwise symmetry
forbidden situations. Our quantum calculations provide
quantitative access to the high-order response of metallic
nanoantennas, which is of utmost importance in the design,
control, and exploitation of optoelectronic devices as well as in
the generation of extreme ultraviolet radiation.

KEYWORDS: plasmonics, nonlinear optics, nanoantennas

Coupling of light and collective electronic excitations in
metal nanoparticles (localized plasmons) allows to

manipulate optical fields well below the diffraction limit,
stimulating an active research activity in nanophotonics.1,2

Many theoretical and experimental studies have shown the
advantage of using plasmonic nanostructures in field-enhanced
spectroscopy and sensing,3,4 design of single photon sources,5,6

light harvesting and photochemistry,7−10 and nonlinear
optics.11−22 These and many other practical applications have
been driven by the technological progress that allows nowadays
to engineer nanostructures with desired optical properties.23,24

Along with a “passive” tailoring during the fabrication process,
the ability to actively modify the linear and nonlinear response
of plasmonic nanostructures opens new capabilities of para-
mount importance in nanophotonics. In particular, the
electrical control of the optical response of metallic building
nanoblocks, similar to that available in two-dimensional (2D)
materials,25 would allow their integration into optoelectronic
devices providing compact signal processing and information
transfer.
A variety of strategies of active control of the optical response

have been proposed in the linear regime,26−29 and the
possibility of electrical tuning of plasmon resonances by

means of different physical mechanisms has been recently
demonstrated.30−39 In this context, with the exception of
optical rectification,40−42 the nonlinear regime remains largely
unexplored. It is only recently that experimental evidence of
electrically controlled second harmonic generation has been
reported in planar metamaterials and plasmonic nanocavities
filled with nonlinear material.43,44

Here we use the time-dependent density functional theory
(TDDFT) to retrieve the generation of high-order harmonics
in small spherical plasmonic nanoparticles and nanoparticle
dimers. The quantum description of valence electrons in
TDDFT calculations allows us to go beyond traditional or
newly developed time-domain approaches based on classical
electrodynamic theories or on the hydrodynamic
model.11,12,22,45−50 Our work should thus provide a benchmark
for further theoretical developments. We study the high-order
harmonic generation and its dependence on applied electric
field and plasmon resonances. We also demonstrate the
advantage of using a nanoantenna geometry characterized by
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narrow plasmonic gaps. While some of these issues have been
discussed in numerous experimental and theoretical pa-
pers,13,14,16,19,20,22,45,51−55 to our knowledge, this is the first
time that full quantum calculations allow their quantitative
assessment. We find a robust field-induced second harmonic
generation,43,44,55−58 in centrosymmetric nanostructures, and
demonstrate the possibility of a controllable and efficient
generation of higher harmonics under achievable experimental
conditions. To this end, we consider aluminum nanoparticles,
which offer several advantages because of their strong
nonlinearity59,60 and the presence of a Mie plasmon resonance
in the ultraviolet,61−63 so that the nonlinear signal can be
resonantly enhanced using a pump laser in the visible or near-
infrared range of the spectrum. We also show that because of
the field enhancement in a narrow junction between nano-
particles, the dimer configuration allows to increase the
efficiency of electric field-induced even-order harmonic
generation (EFIEHG) by orders of magnitude compared to
that obtained in individual nanoparticles. The results of our
study establish a theoretical framework to develop electrically
controllable ultracompact nonlinear optical devices.

■ RESULTS AND DISCUSSION
Electrical Control of the Nonlinear Response. Let us

first recall the main principles of electrical control of high
harmonic generation. The optical response of a nanostructure
much smaller than the wavelength of light can be described by
means of the induced dipole p. Consider a nanostructure made
of centrosymmetric material, with a geometry characterized by
a reflection symmetry plane set as the (x,y)-plane. For a z-
polarized incident electromagnetic field, the induced dipole at
frequency ω is given by64

∑ α ω α ω ω ω ω= ̂ + +ω ω ω ω ωe E E E Ep [ ( ) ( ; , , ) ...]
i

i iz izzz o k m
(1) (3)

o k m

(1)

where the subindex i indicates the spatial direction i = {x, y, z},
and eî is the unit length vector in the corresponding direction.
The α(n+1) (n = 0, 2, 4, 6, ...) are the linear and nonlinear
polarizability tensors of the system, where only the odd orders
are nonzero because of the symmetry, and ω = ωo + ωk + ωm.
The different ω frequency components of the fields are denoted
as Eω. The combination of the different terms shows that only
odd-order harmonics can be generated in a centrosymmetric
system.
Even-order harmonics can be obtained if, along with the

incident electromagnetic wave, the nanostructure is subjected
to a polarizing static electric field Ep = eẑEp that breaks the
symmetry. For a spherical nanoparticle illuminated by
monochromatic light the corresponding nonlinear dipoles can
be obtained from eq 1 in a scalar form as
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Only lower order contributions to the nonlinear dipole are
considered here. Since the power radiated by the dipole is given

by = | |Ω
Ω
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3 (c is the speed of light), it follows from

eq 2 that the intensities of the even-order harmonics can be
actively controlled by means of the polarizing field Ep:
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where | |
π ΩEc

4
2 is the intensity of the excitation source.

In a practical situation, the metal nanoparticles are typically
deposited at the substrate and do not have the ideal geometry
so that the inversion symmetry is generally broken. Along with
the generation of the even-order harmonic signal controlled by
an applied electric field, the symmetry breaking would lead to
the “background” even-order harmonic signal, as has been
observed experimentally.43,44 In this work we address only the
former (EFIEHG) process assuming that both contributions
can be distinguished by varying the strength of the applied
electric field.43,44

Single Nanoparticle. Our calculations are performed
within the TDDFT framework well suited to describe the
nonlinear response of nanostructures at a quantum level.65 This
allows us to quantitatively determine the relevant physical
quantities and their dependence on the plasmon modes of the
system, as well as on the applied electric field. The Kohn−Sham
(KS) scheme of TDDFT is used, along with the adiabatic local
density approximation for the exchange-correlation potential.66

Retardation effects are neglected because of the small particle
sizes addressed in this work. In this section we study the
valence electron dynamics in individual Aluminum spherical
nanoparticles and discuss sphere dimers in the next section.
The particles are placed in vacuum. The effect of the
surrounding aluminum oxide shell typically formed in ambient
conditions63 is not considered here. Aluminum is a prototype
of a free-electron metal well described by the jellium model
(JM)67,68 that we adopt for our study. Despite its simplicity, the
JM correctly captures the collective behavior of the conduction
electrons and allows to address linear and nonlinear effects in
plasmonic structures.69−71 Within the JM, the lattice ions are
represented with a uniform positive background charge of the

density = π
+

−⎡⎣ ⎤⎦n rs
4
3

3 1
, where rs = 1.1 Å is the Wigner-Seitz

radius. Thus, the neutral spherical nanoparticle comprising Ne =
2018 electrons has a radius Rcl = 13.86 Å, where the sphere of
radius Rcl provides the position of the jellium edge separating
positive background charge from the vacuum. Further details
on the present numerical implementation can be found in
ref 69, and it is also provided in the Supporting Information.
The electron density dynamics in the system is triggered by

an incident electromagnetic pulse polarized along the direction
of the applied static field Ep. The total electric field acting on
the nanostructure is given by

= + Ω τ− −E t E E t e( ) cos( )p
t t

0
( ) /0

2 2

(5)

where the second term describes a Gaussian electromagnetic
pulse with duration 2τ. The latter is set large enough (typically
6 laser periods or 10−20 fs) so that well-resolved harmonics
can be observed in the spectrum of the induced dipole.49 We
use optical pulses of intensity = 10 W/cm11 2 and

= 10 W/cm12 2 so that E0 = 1.51 × 10−3 a.u. and E0 = 4.8
× 10−3 a.u., correspondingly. Here, “a.u.” stands for atomic
units (1 a.u. = 514 V/nm).

ACS Photonics Article

DOI: 10.1021/acsphotonics.6b00953
ACS Photonics 2017, 4, 613−620

614

http://pubs.acs.org/doi/suppl/10.1021/acsphotonics.6b00953/suppl_file/ph6b00953_si_001.pdf
http://dx.doi.org/10.1021/acsphotonics.6b00953


The effect of the polarizing field Ep on the nonlinear
response of the spherical Al nanoparticle is shown in Figure 1.
The intensity spectrum |p(ω)|2 of the dipole induced by the
electromagnetic pulse is presented for the cases with and
without polarizing field. The results are shown in atomic units
(a.u.). p(ω) is obtained by the time-to-frequency Fourier
transform of the induced dipole p(t) calculated with TDDFT
upon subtraction of the static polarization produced by Ep.
Without the polarizing field only the odd-order harmonics are
excited as expected from the symmetry of the system (blue
dots). We clearly distinguish up to the fifth harmonic in the
spectrum where the finite size of the harmonics peaks reflects
the Gaussian profile of the incident optical pulse49 (see eq 5).
When the static field is applied to the nanoparticle, even-order
harmonics at ω = 2Ω and 4Ω emerge (red lines). Observe that
also the static polarization is produced via α(3)(0;Ω,−Ω,0) type
processes. Calculations performed with different powers of the
electromagnetic pulse confirm that the intensities of harmonics
at nΩ vary as n.
The analysis of the electrical control of the even-order

harmonic generation using a spherical Al nanoparticle is
presented in Figure 2. We show the nonlinear dipole induced
at the second (|p2Ω|

2 ≡ |p(ω = 2Ω)|2), and the fourth (|p4Ω|
2 ≡

|p(ω = 4Ω)|2) harmonic of the incident optical pulse with
frequency Ω = 2.18 eV (wavelength 568.7 nm). The optical
frequency is set such that the fourth harmonic is at resonance
with the dipolar plasmon mode of the Al nanosphere, 4Ω = ΩD.
The energy of the dipolar plasmon ΩD = 8.72 eV (142.2 nm) is
defined as the position of the maximum of the optical
absorption cross section calculated here with TDDFT (see
Figure 3). The resonance condition results in the strong
increase of the nonlinear signal as we discuss below. In
agreement with eqs 2 and 4, the calculated nonlinearity
(symbols) shows the |pnΩ|

2 ∝ Ep
2 dependence with applied static

field Ep as follows from the comparison with the analytical fit
given by the dashed lines. Thus, the 104 increase in the
intensities of the emitted harmonics has been obtained within
the studied range of Ep. The 2 orders of magnitude difference in
the second harmonic intensity obtained with incidence pulses

of the intensity = 10 W/cm12 2 and = 10 W/cm11 2

reflects the ∝ 2 scaling of the nonlinear signal (see eq 4).
The TDDFT results in Figure 2 span the 0.02 V/nm ≤ Ep ≤

1 V/nm (4 × 10−5 a.u. ≤ Ep ≤ 2 × 10−3 a.u.) range, so that the
relative strength of the optical and applied static fields is 0.01 ≤
Ep/E0 ≤ 1. While one can a priori use eq 2 and extrapolate the
data to even smaller Ep, in the TDDFT calculations for our
nanoparticle, the even-order harmonics are resolved for applied
static fields above 0.02 V/nm. These values of the polarizing
field require that the nanostructure is placed in metallic
nanogaps such as break junction or gap of electrically
connected dimer antenna.40,42,72,73 In this case, an applied
bias of a few volts can create strong enough static fields across
the nanogap. An additional benefit of using an electrically
connected dimer antenna is that the incident optical field acting
on the Al nanostructure can be resonantly enhanced thus
increasing the frequency conversion efficiency.
The analytical fit of the TDDFT results with eq 2 allows to

extract the hyperpolarisabilities of the nanosphere |α(3)(2Ω)| =
2.62 × 107 a.u. (1.3 × 10−32 esu), and |α(5)(4Ω)| = 2.5 × 1012

a.u. (4.1 × 10−42 esu), as well as the respective effective
susceptibilities (polarizability per unit volume) |χ(3)(2Ω)| = 1.2
× 10−12 esu and |χ(5)(4Ω)| = 10−22 esu. We also obtained that
|α(3)(3Ω;Ω,Ω,Ω)| driving the third harmonic generation
process is of the same order of magnitude as |α(3)(2Ω)|. The
values above are given for Ω = 2.18 eV (568.7 nm) such that
the 4Ω frequency coincides with the plasmon resonance. The
third-order nonlinearity calculated here for an Al nanosphere is
typically 4 orders of magnitude lower than the theoretical
results reported for graphene nanostructures,74 and it is
comparable to the typical values for gold75−77 and silver.78

Note, however, that in this latter case, |χ(3)(3Ω)| = 2 × 10−9 esu
was reported for the fundamental frequency Ω = 2.95 eV (420
nm) at resonance with Ag nanoparticle plasmon.79

The possibility of strong enhancement of nonlinear signal
when the sought harmonic matches the plasmon resonance of
the nanostructure represents a major advantage when using

Figure 1. (a) Sketch of the spherical aluminum nanoparticle subjected
to an optical pulse of frequency Ω. Unpolarized/polarized case refers
to the situation without/with the presence of an applied static field Ep.
(b) Intensity spectrum of the induced dipole |pω|

2 (in atomic units,
a.u.) for a spherical aluminum nanoparticle of radius Rcl = 13.86 Å
excited by an optical pulse of intensity = 10 W/cm12 2, frequency Ω
= 2 eV (620 nm), and polarized along Ep. Blue and red colors indicate
results obtained for the “Unpolarized”, Ep = 0, and “Polarized”, Ep =
0.843 V/nm (0.0016 a.u.), case.

Figure 2. TDDFT results of the nonlinear response of a Rcl = 13.86 Å
spherical Al nanoparticle. The intensities of nonlinear dipoles at the
2nd (|p2Ω|

2) and 4th (|p4Ω|
2) harmonic frequencies are presented as

functions of the strength of the applied static field Ep. Symbols:
TDDFT results, dashed lines: fits by the quadratic dependence. The
incident optical pulse with frequency Ω = 2.18 eV (568.7 nm) is
polarized along the direction of Ep. Results are shown for two powers
of the incident pulse: = 10 W/cm12 2, and = 10 W/cm11 2. For
further details see the inset.
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plasmonic nanoparticles. This effect is usually discussed for the
2nd or 3rd harmonic generation.16,20,49,51−53,74,76−79 In this
respect, Al nanoparticles offer appealing possibilities because of
the high density of the conduction electrons which lead for
small nanoparticles to plasmon frequencies in the ultraviolet
allowing to reach resonance conditions for the 4th or higher
harmonics. We can link the linear and nonlinear response of Al
nanoparticles with help of the results shown in Figure 3. In this
figure we plot the optical absorption cross section σabs
calculated here with TDDFT as well as the intensity of the
nonlinear dipole at 2nd |p2Ω|

2 (panel a) and 4th |p4Ω|
2 (panel b)

harmonic produced by an incident electromagnetic pulse when
a static field with Ep = 0.843 V/nm is applied. The results are
shown as a function of the 2nd and 4th harmonic frequency,
2Ω and 4Ω, correspondingly. Since static and optical fields are
constant, the data in Figure 3 shows equivalently the frequency
evolution of the hyperpolarizabilities as follows from eq 4.
The absorption cross-section features the dipolar plasmon

resonance at ΩD = 8.72 eV (142.2 nm). Excitation of this mode
affects the nonlinear response of the nanosphere. Indeed,
within the studied frequency range 1.5 eV ≤ Ω ≤ 3 eV, the 2nd

harmonic frequency approaches ΩD from lower energies.
Consistently, the intensity of the 2nd harmonic increases
with increasing Ω, following the frequency dependence of the
absorption cross-section. The nonmonotonous behavior of the
intensity of the nonlinear dipole stems from the quantization of
the electronic states in the spherical cluster. As to the 4th
harmonic, its frequency range overlaps ΩD. In this case, the
intensity of the nonlinear dipole |p4Ω|

2 shows a resonance
profile with a 10-fold increase when the frequency of the
nonlinear polarization matches the dipolar plasmon mode of
the nanosphere (|p4Ω|

2 = 303 a.u. at maximum and |p4Ω|
2 = 28

a.u. for Ω = 1.5 eV). For the present system, the resonant
enhancement of the 4th harmonic is such that its intensity
becomes comparable to the 2nd harmonic intensity for Ω =
2.18 eV.

Nanosphere Dimer. Going beyond the single particle,
many applications in photonics, including nonlinear processes,
benefit from the strong field enhancement produced in the gaps
between metallic nanoparticles.11−16,43,53 In this respect, the
spherical dimer configuration has become a reference system in
the analysis of classical and quantum aspects of the optical
response in plasmonic nanogaps.69−71,80 In quest for an
increased efficiency of actively controlled EFIEHG, we consider
the dimer formed by two identical Al nanospheres of Rcl = 11 Å
radius each comprising 1000 electrons (see sketch in Figure 4).
The dimer contains then nearly the same total amount of
electrons as the individual Al nanoparticle discussed in the
previous section. We need to consider a smaller size of the
nanospheres forming the dimer because of computational
constraints as we further discuss in Supporting Information.
Because of the symmetry, only odd-order harmonic generation
is produced for optical fields polarized along the dimer axis (z-
axis).54 Application of the static field eẑEp allows controllable
generation of even-order harmonics, where eqs 2 and 4 can be
applied for analysis of the results upon assignment of nonlinear
polarizabilities to the entire dimer.
In order to characterize the linear optical properties of an Al

nanosphere dimer in vacuum, we show in Figure 4a the
absorption spectra calculated with TDDFT for varying width of
the gap dgap. Overall, the evolution of the plasmon resonances
upon closing of the gap reflects the change from capacitive to
conductive coupling between the nanoparticles, and it is similar
to that obtained in earlier quantum calculations for the dimer
system.69−71,81 The red shift of the bonding dipole (BDP) and
quadrupole (BQP) plasmon modes is followed by their
progressive attenuation and, for the nearly touching geometry,
the charge transfer plasmon modes (CTP and CTP′) emerge.
This change of the absorption spectra has been assigned to the
electron transfer across narrow gaps so that the nanoparticles
appear connected prior to the direct geometrical contact
between their surfaces.69,70 As a second effect of the electron
transfer across the gap, the plasmon-induced charges at facing
surfaces of the nanoparticles are partially neutralized, so that
the field enhancement in the gap is reduced.
The nonlinear response of the nanosphere dimer polarized

by the static field applied along the dimer axis is analyzed in
Figure 4b. The intensity of the second harmonic |p2Ω|

2 is shown
in this figure as a function of the width of the gap for two
different frequencies of the incident pulse, Ω = 1 eV and 2 eV.
The frequency range is chosen such that the analysis is not
complicated by the resonant excitations in the system. The
results obtained for the dimer are compared to the expected
second harmonic intensity of two noninteracting (NI) Al

Figure 3. TDDFT results for the linear and nonlinear responses of a
Rcl = 13.86 Å Al spherical nanoparticle. The data are shown as a
function of the 2nd harmonic frequency 2Ω (panel a), and 4th
harmonic frequency 4Ω (panel b). Green line with circles in panel (a):
intensity of the nonlinear dipole |p2Ω|

2; Blue line with circles in panel
(b): intensity of the nonlinear dipole |p4Ω|

2. An incident optical pulse
at frequency Ω has an intensity = 10 W/cm12 2 and the static field
Ep = 0.843 V/nm (0.0016 a.u.) is applied. Dashed red line: optical
absorption cross-section of the individual Al nanoparticle σabs(ω = 2Ω)
(panel a), and σabs(ω = 4Ω) (panel b).
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nanospheres of Rcl = 11 Å radius (4× single sphere result). It
follows from our calculations that the generation of even-order
harmonics in the dimer configuration is much more efficient
than in individual nanoparticles.
Already at large separations, dgap, the coupling between the

nanospheres in the dimer increases the nonlinear signal as
compared to the noninteracting system. As dgap is reduced, the
nonlinearity is increased by orders of magnitude. We attribute
this effect to the strong field enhancement in the gap region as
well as to the nonlinearity of the tunneling current between
nanoparticles.69,82 The |p2Ω|

2 reaches a maximum for dgap ≃ 1.5
Å. For the narrowest gaps, the junction acquires conductive
character,69,70,81 and the system evolves into the limit of a
continuous metal nanostructure. In this situation the effects of
the gap are reduced, with the field enhancement
quenched,69,70,81 thus, leading to less efficient second harmonic

generation. We leave for future report the detailed analysis of
the frequency and geometry evolution of the nonlinear
response, as well as its sensitivity to the electron tunneling
and plasmon modes of the dimer. It is worthwhile mentioning
here that we retrieve similar qualitative behavior of the
nonlinearity with gap size as was measured previously by
four-wave mixing and 3rd harmonic generation.14,19

■ CONCLUSIONS AND OUTLOOK
In conclusion, we used quantitative first-principles calculations
to study the nonlinear response of plasmonic nanoparticles.
Our quantum approach goes beyond the classical and
hydrodynamic descriptions of high harmonic generation. It
therefore allows quantitative assessment of the role of an
external applied field, the spectral matching with plasmon
resonances, and the presence of narrow plasmonic gaps. In
particular, we have revealed the possibility of developing active
electrical control of nonlinear processes in plasmonic nano-
particles in currently available experimental conditions.
We have shown that Al nanoparticles and nanoparticle

dimers are promising systems for the realization of controllable
even-order high-harmonic generation via an applied dc electric
field. The necessary conditions for frequency conversion can be
reached, for instance, by placing an Al nanosystem in a break
junction or in a gap of electrically driven plasmonic gold
nanoantenna.73 The latter should be particularly efficient as it
allows in principle to reach a double resonance condition,
where the fundamental frequency is resonant with the gold
nanoantenna and the high-order harmonic is at resonance with
the plasmon mode of the Al nanostructure. Indeed, for the
particle sizes considered here we have demonstrated that for
the fundamental frequency in the visible or infrared range, the
fourth or higher harmonics can be set into resonance with the
plasmon mode of the Al nanostructure, resulting in order of
magnitude enhancement of the nonlinear response. We have
also demonstrated that because of the field enhancement and
electron tunneling in narrow gaps between metallic nano-
objects, the dimer configuration allows to increase the intensity
of the second harmonic signal by up to 3 orders of magnitude
as compared to that of the individual nanoparticles. Our
quantitative study thus not only offers the appropriate quantum
theoretical treatment of nonlinear processes in plasmonic
systems induced by an applied electric field, but it also
establishes an effective platform to design and exploit
electrically controllable nonlinear devices for optoelectronics
and extreme ultraviolet generation.
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Ep = 0.843 V/nm (0.0016 a.u.) is applied along the z-axis. Dashed lines
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