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Entangled photon pairs are key elements in quantum communication and quantum cryptography. State-of-
the-art sources of entangled photons are mainly based on parametric down-conversion from nonlinear crystals,
which is probabilistic in nature, and on cascade emission from biexciton quantum dots, which finds difficulties
in generating entangled photons in the visible regime. Here, we use the Wigner-Weisskopf theory to provide a
demonstration that polarization-entangled photon pairs can be emitted from two interacting quantum emitters
with two-level-system behavior and perpendicular transition dipole moments. These emitters can represent a
large variety of systems (e.g., organic molecules, quantum dots, and diamond color centers) offering a large
technological versatility, for example, in the spectral regime of the emission. We show that a highly entangled
photon pair can be postselected from this system by including optical filters. Additionally, we verify that
the photon entanglement is not significantly affected by small changes in the detection directions and in the
orientation between the dipole moments.
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I. INTRODUCTION

Nonlocal quantum correlations between different systems
are one of the fundamental resources in quantum technologies.
These correlations are commonly referred to asentangle-
ment and find applications in quantum communication [1–3],
quantum cryptography [4–8], and quantum sensing and imag-
ing [9–15], among others. Photons are promising candidates
for processing and distributing entanglement because they
can travel long distances without being significantly affected
by decoherence. For example, polarization-entangled pho-
tons generated from the cascade emission from calcium and
mercury atomic beams were used in pioneering experiments
testing the violation of Bell inequalities [16–21]. However, the
radiative emission from these atomic beams is isotropic due to
the randomness of the orientations of the transition dipole mo-
ments of the atoms, which reduces their technological utility.
Strong efforts have thus been spent in the last few decades to
design practical sources of entangled photons [22,23].

Nowadays, the most popular sources of entangled-photon
pairs are based on parametric down-conversion (PDC) and
quantum dots (QDs). On the one hand, PDC is a nonlinear
optics process where a photon pumps a nonlinear crystal
giving rise to the scattering of two photons. The scattered
photons can be detected entangled in polarization by using a
postselection procedure [24–26] or by placing the detectors
at particular directions [27,28]. Even if the walkoff of the
entangled photons generated from PDC is avoided [29,30],
they suffer from several drawbacks, such as their probabilistic
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nature and their large spectral linewidth. On the other hand,
the cascade emission from a biexciton QD can also give rise
to the emission of polarization-entangled photons [31–33], in
a similar way to the cascade emission from atomic beams but
with a better control on the directions of emission. However,
the generation of entangled photons from biexciton QDs also
suffers from drawbacks, such as being typically limited to the
infrared range and the usual fine structure splitting that can
reduce the photon entanglement [34–36].

Notably, a source of entangled photons in the visible
range can find applications in different contexts. In quantum
communication, such a source would facilitate the interfac-
ing between light and quantum nodes with optical transition
frequencies [37,38], and it could also facilitate the quantum-
enhanced imaging of biological samples [39,40]. However,
only a few sources of entangled photons operating in the
visible regime have been proposed [41–43], aside from the
probabilistic PDC [24,44,45].

Here, we present a source of entangled-photon pairs based
on light emission from two interacting quantum emitters with
two-level-system behavior. These emitters can represent a
variety of systems, for instance, organic molecules, quantum
dots, trapped ions, atoms, and diamond color centers. This
variety of possible implementations offers large technolog-
ical versatility, such as in choosing the spectral emission
regime. For example, the application of our theoretical pro-
posal in state-of-the-art experiments with interacting organic
molecules at cryogenic temperatures would allow for the
emission of photons in the visible regime [46–49]. We show
that a highly entangled two-photon state can be postselected
when the transition dipole moments of the two interacting
quantum emitters are oriented perpendicularly to each other.
This postselection procedure consists in including optical
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FIG. 1. Schematic representation of the two-photon emission
from two initially inverted quantum emitters. The emitters (indexed
by j = 1, 2) behave as two-level systems, with transition dipole
momentμ j = μ(cosα j x̂ + sinα j ẑ), and they are located at positions
r j , with r12 = r1 − r2 oriented in thez direction (axis indicated at
left bottom). The relaxation of the emitters generates two photons in
electromagnetic modes (k, s) and (k′, s′) with probability amplitude
cgg

ks,k′s′ , wheres ands′ are the polarization modes andk andk′ are the
wave vectors. Additionally,θ andφ represent the polar and azimuthal
angles, respectively, of the wave vectork in spherical coordinates. In
Secs.III and IV we focus on the case of perpendicular transition
dipole moments, withα1 = −α2 = π/4.

filters and detecting light at the direction normal to the dipole
moments. Our calculations are based on the use of the Wigner-
Weisskopf approximation to obtain the quantum state of the
electromagnetic field, assuming that this field interacts with
two initially inverted quantum emitters.

II. SYSTEM AND MODEL

In this section, we introduce the two-photon state generated
from the relaxation of two quantum emitters with two-level-
system behavior. These emitters are indexed byj = 1, 2 and
have electronic ground state|g〉 j , excited state|e〉 j , and iden-
tical transition frequencyω0. We consider that the emitters
are located at positionsr j within a homogeneous medium
with refractive indexn. Without loss of generality, we as-
sumer12 = r1 − r2 = r12ẑ, with ẑ the unit vector along the
z axis. For simplicity, we also assume that the transition dipole
moments of the emitters are contained in thexz plane and
have identical normμ, such thatμ j = μ(cosα j x̂ + sinα j ẑ),
as schematically depicted in Fig.1. The Hamiltonian of the
quantum emitters can be written as

ĤQE =
∑

j

h̄ω0σ̂
†
j σ̂ j, (1)

with σ̂
†
j = |e〉 j 〈g| j andσ̂ j = |g〉 j 〈e| j the raising and lowering

operators of emitterj.
Moreover, the Hamiltonian of the electromagnetic field

in the homogeneous medium can be written as an infinite

summation of harmonic oscillators of frequencyωk [50]:

ĤEM =
∑
k,s

h̄ωk (â†
ksâks + 1/2), (2)

whereâ†
ks and âks are the creation and annihilation operators

of photons in mode (k, s). Here,

k = k(sinθ cosφx̂ + sinθ sinφŷ + cosθ ẑ) (3)

is the photon wave vector in the homogeneous medium, where
θ andφ are, respectively, the polar and azimuthal angles (see
Fig. 1) and k = ωk/c, with c the speed of light in the host
medium with refractive indexn. Additionally, s specifies one
of the two orthogonal polarization modes of the wave vectork,
with corresponding unit vector denoted byêks. Furthermore,
we consider that the interaction between the quantum emitters
and the electromagnetic field is described by the multipolar
interaction Hamiltonian [51–54]

ĤI = h̄
∑
k,s

∑
j

μ j · g( j)
ks σ̂

†
j âks + H.c., (4)

where H.c. denotes the Hermitian conjugate and the rotating-
wave approximation (RWA) is used (see AppendixA for a
further discussion on the RWA). Here, we have introduced the
coupling coefficient

g( j)
ks = −i

√
ωk

2ε0n2h̄V êkse
ik·r j , (5)

with V the normalization volume of the electromagnetic field
andε0 the vacuum permittivity.

The Wigner-Weisskopf approximation (WWA) allows us
to solve the dynamics of the quantum state of the total system,
starting from the initial state|ψ (0)〉 = |ee〉 |vac〉, in which the
two emitters are in the excited state (i.e., initially inverted) and
the electromagnetic field is in the vacuum state|vac〉 (i.e., no
photons are present in the field). Here, we have introduced the
notation |ee〉 = |e〉1 |e〉2, where the first and second indices
in |ee〉 label the state of emitterj = 1 and 2, respectively. In
contrast with previous works that assumed parallel transition
dipole moments [55,56] or a single initially inverted emitter
[57,58], we consider that the two emitters are initially inverted
and their transition dipole moments are oriented arbitrarily
within the samexz plane. We make the ansatz

|ψ (t )〉 = cee(t ) |ee〉 |vac〉
+

∑
k,s

(
ceg

ks(t ) |eg〉 + cge
ks(t ) |ge〉 )

â†
ks |vac〉

+
∑
k,s

∑
(k′,s′ )
�(k,s)

cgg
ks,k′s′ (t ) |gg〉 â†

ksâ
†
k′s′ |vac〉 , (6)

which only contains terms with two excitations in total (be-
tween photons and emitter excitations), as the RWA is used.
cee(t ) is the probability amplitude of finding the system at time
t still in the initial state|ee〉 |vac〉, which satisfiescee(0) = 1.
ceg

ks(t ) and cge
ks(t ) are the probability amplitudes of states in

which, respectively, the second or the first emitter have re-
laxed, leading to the generation of a photon in mode (k, s).
Finally, cgg

ks,k′s′ (t ) is the probability amplitude of a state in
which both emitters have relaxed, giving rise to two photons,

052434-2



GENERATION OF POLARIZATION-ENTANGLED PHOTON … PHYSICAL REVIEW A112, 052434 (2025)

one each in modes (k, s) and (k′, s′). We are mainly interested
in the analytical expression of this two-photon probability
amplitudecgg

ks,k′s′ (t ), as it contains all the information of the
two-photon emission. We remark that in the double summa-
tion in the last line of Eq. (6) each state appears and is counted
only once [55], which is indicated in the second summation of
the last line in Eq. (6) by the compact notation (k′, s′) � (k, s).
In other words, only one of the terms|gg〉 â†

ksâ
†
k′s′ |vac〉 and

|gg〉 â†
k′s′ â

†
ks |vac〉 appears in this summation because they rep-

resent the same physical state, as [ˆa†
ks, â†

k′s′ ] = 0.
Next, to obtain the analytical expressions of the probability

amplitudes in Eq. (6) we use the Schrödinger equation in
the interaction picture. In this way, we find a set of coupled
differential equations for these probability amplitudes, which
then we solve considering that the dynamics of the system is
Markovian (see AppendixA for the complete derivation). At
sufficiently long times (t → ∞), we find that both emitters
have relaxed [i.e.,cee(∞) = ceg

ks(∞) = cge
ks(∞) = 0] and the

two-photon state becomes

|ψ (∞)〉 =
∑
k,s

∑
(k′,s′ )
�(k,s)

cgg
ks,k′s′ (∞) |gg〉 â†

ksâ
†
k′s′ |vac〉 , (7)

with the two-photon probability amplitudes given by

cgg
ks,k′s′ (∞) = −S(−)

ks

[
S(+)

k′s′ − S(0)
k′s′k

] + S(−)
k′s′

[
S(+)

ks − S(0)
ksk′

]
2ε(ks, k′s′)

+ A(+)
ks

[
A(−)

k′s′ − A(0)
k′s′k

] + A(+)
k′s′

[
A(−)

ks − A(0)
ksk′

]
2ε(ks, k′s′)

.

(8)

These probability amplitudes carry all the information of
the two-photon emission: directions of emission, frequencies,
and polarizations. As a consequence, they encode as well
the information of the degree of two-photon entanglement.
ε(ks, k′s′) is the Einstein function [55], which is equal to 2 if
k = k′ ands = s′, whereas it becomes equal to 1 in any other
case. Additionally, we have introduced

S(±)
ks =

(
μ1 · g(1)

ks

)∗ + (
μ2 · g(2)

ks

)∗

(γ0 ± γ12)/2 + i(ω0 ± V − ωk )
, (9)

A(±)
ks =

(
μ1 · g(1)

ks

)∗ − (
μ2 · g(2)

ks

)∗

(γ0 ± γ12)/2 + i(ω0 ± V − ωk )
, (10)

which are Lorentzian distributions related to the emission of
a single photon of resonant frequencyωk = ω0 ± V at rate
γ0 ± γ12. Here,

γ0 = ω3
0|μ|2

3πε0n2h̄c3
(11)

is the spontaneous emission rate of each emitter in the medium
of refractive indexn,

V = 3γ0

4

[
− cosα1 cosα2

cos(k0r12)

(k0r12)

+ (cosα1 cosα2 − 2 sinα1 sinα2)

×
(

sin(k0r12)

(k0r12)2
+ cos(k0r12)

(k0r12)3

)]
(12)

is the coherent dipole-dipole coupling between the two emit-
ters, and

γ12 = 3γ0

2

[
cosα1 cosα2

sin(k0r12)

(k0r12)

+ (cosα1 cosα2 − 2 sinα1 sinα2)

×
(

cos(k0r12)

(k0r12)2
− sin(k0r12)

(k0r12)3

)]
(13)

is the dissipative coupling between the two emitters, with
k0 = ω0/c. The spontaneous emission rateγ0, the coherent
couplingV , and the dissipative couplingγ12 are induced by
the interaction of the emitters with the electromagnetic field
in the homogeneous medium [53,55,59]. Importantly, the in-
duced dipole-dipole interaction modifies the eigenstates of the
emitters, leading to new hybrid states|S〉 = (|eg〉 + |ge〉)/√2
and|A〉 = (|eg〉 − |ge〉)/√2 (in the absence of losses), which
are symmetric and antisymmetric combinations of|eg〉 and
|ge〉. The new eigenstates have energies ¯h(ω0 ± V ), decay
ratesγ0 ± γ12, and transition dipole momentsμ1 ± μ2 [60].

Additionally, Eq. (8) also includes the distributions

S(0)
ksk′ =

(
μ1 · g(1)

ks

)∗ + (
μ2 · g(2)

ks

)∗

γ0 + i(2ω0 − ωk − ωk′ )
, (14)

A(0)
ksk′ =

(
μ1 · g(1)

ks

)∗ − (
μ2 · g(2)

ks

)∗

γ0 + i(2ω0 − ωk − ωk′ )
, (15)

which are related to the emission of two photons at frequen-
cies ωk and ωk′ satisfying energy conservationωk + ωk′ =
2ω0. These two-photon emission processes can be mediated
by intermediate virtual states rather than real eigenstates of
the system [61].

Furthermore, the normalization condition
| 〈ψ (∞)|ψ (∞)〉 |2 = 1 yields

1 =
∑
k,s

∑
k′,s′

∣∣cgg
ks,k′s′ (∞)

∣∣2 =
∫

d�

∫
d�′

×
∫ ∞

0
dk

∫ ∞

0
dk′ ∑

s,s′

k2(k′)2
∣∣cgg

ks,k′s′ (∞)
∣∣2V2

(2π )6
, (16)

with d� andd�′ differential solid angles that are integrated
in the full space (see AppendixA). Therefore, we can define

P(k, s; k′, s′) = k2(k′)2
∣∣cgg

ks,k′s′ (∞)
∣∣2V2

(2π )6
(17)

as the probability density of emission of two photons in modes
(k, s) and (k′, s′). We note thatP is independent of the choice
of value of normalization volumeV, since|cgg

ks,k′s(∞)|2 scales
inversely proportional withV2.

III. ENTANGLEMENT GENERATION

In this section we reveal that the two-photon state|ψ (∞)〉
can be highly entangled in polarization and frequency if the
transition dipole momentsμ1 andμ2 of the interacting emit-
ters are oriented perpendicularly to each other. Additionally,
we show that the probability density of two-photon emission
is maximized at the normal direction to these dipole moments.
To this end, we provide first an intuitive argument on the

052434-3



JUAN-DELGADO, GIEDKE, AIZPURUA, AND ESTEBAN PHYSICAL REVIEW A112, 052434 (2025)

FIG. 2. Photon emission from the symmetric and antisymmetric hybrid states. We fixα1 = −α2 = π/4 (see Fig.1), which corresponds to
perpendicular transition dipole moments. (a) Dependence on the distancer12 between both emitters (normalized by the transition wavelength
λ0 = 618 nm) of the coherent dipole-dipole couplingV (black line) and of the dissipative couplingγ12 (brown line). Both couplingsV andγ12

are normalized by the spontaneous emission rateγ0. (b) Schematic level structure and relaxation paths. The initial state|ee〉 can relax via the
symmetric state|S〉 = (|ge〉 + |eg〉)/√2 (transitions indicated with purple arrows) generating two photons polarized in thex̂ direction (opposite
to the direction of the transition dipole moment of the symmetric state, written in purple).|ee〉 can also relax via the antisymmetric state
|A〉 = (|ge〉 − |eg〉)/√2 (transitions indicated with green arrows), which leads to the emission of a photon polarized in theẑ direction (opposite
to the direction of the transition dipole moment of the antisymmetric state, written in green) and another photon polarized in the direction−ẑ
(corresponding to the direction of the dipole moment of the antisymmetric state). (c) Radiation pattern of an electric point dipole oriented in
the directionμ1 + μ2 ∝ x̂ of the transition dipole moment of the symmetric state.|E|2 is the squared amplitude of the classical electric field
generated by such electric-point dipole. (d) Radiation pattern of an electric point dipole oriented in the directionμ2 − μ1 ∝ −ẑ (or, equivalently
μ1 − μ2 ∝ ẑ) of the transition dipole moment of the antisymmetric state. The dashed gray arrows in (c) and (d) mark the direction of they
axis. (e) Dependence of the probability densityD(θ = π/2, φ = π/2;θ ′, φ′) on θ ′ andφ′ for two DBATT molecules separated by a distance
r12 = 0.075λ0 and embedded in naphthalene crystal withn = 1.5. These molecules have spontaneous emission rateγ0/(2π ) = 21.5 MHz and
transition wavelengthλ0 = 618 nm.

generation of entangled photons, which then we verify with
the help of the analytical expressions derived in Sec.II .

A. Entanglement of the two-photon state

There are various ways in which a two-photon state can be
considered entangled, depending on which decomposition of
the full two-photon, many-mode Hilbert space we consider.
For bosons (and other indistinguishable particles), several
notions of entanglement are distinguished, namely,entangle-
ment of particles (with different flavors) andentanglement
of modes [62,63]. We will focus here on the latter which is
more practical for typical applications of entanglement, as,
for example, in quantum communication. In this case, the
single-particle spaceH of the photons is split in two or more
subspacesH = HA ⊕ HB ⊕ HR, corresponding to the modes
of Alice, Bob, and all remaining modes (if any), respectively.
Here, we have adopted theAlice andBob terminology usual
in quantum information and cryptography [64]. The Hilbert
space of the system (Fock space overH) can then be decom-
posed asF (HA) ⊗ F (HB) ⊗ F (HR) and the usual notion of
entanglement on composite Hilbert spaces applies.

In our case, including all the frequencies, polarizations,
and propagation directions of the photons, the single-particle
space is infinite dimensional and can host a large amount of
entanglement. However, we focus here on very small (two-
dimensional) subspacesHA,HB and on the postselected state
we obtain when one photon is found in each of the two sub-

spaces because this state is most readily used and analyzed.
We show that with suitable choice of the subspaces (a pair of
frequencies and propagation directions for both polarizations)
the postselected state can be close to a maximally entangled
Bell state.

B. Intuitive picture of the entanglement generation

We consider that the directions of the transition dipole mo-
ments are fixed atμ1 = μ(x̂ + ẑ)/

√
2 andμ2 = μ(x̂ − ẑ)/

√
2

(corresponding toα1 = −α2 = π/4) and that againr12 =
r12ẑ. In this configuration, the emitters interact coherently
if the distancer12 between them is small in comparison to
the vacuum wavelengthλ0 associated to the transition fre-
quencyω0 of the emitters [see Eq. (12)]. As discussed in
Sec. II , the coherent interaction leads to the formation of
hybrid symmetric|S〉 = (|ge〉 + |eg〉)/√2 and antisymmetric
|A〉 = (|ge〉 − |eg〉)/√2 states with transition dipole moments
μ1 + μ2 ∝ x̂ andμ2 − μ1 ∝ −ẑ, respectively. However, ac-
cording to Eq. (13) the dissipative couplingγ12 is very small
(in comparison toγ0) for perpendicular dipoles even at very
short distances. As a consequence, the decay rates of the sym-
metric state (γ0 + γ12 ≈ γ0) and of the antisymmetric state
(γ0 − γ12 ≈ γ0) are very similar. To illustrate this behavior,
we plot in Fig.2(a) the dependence of the coherent coupling
V (black line) and of the dissipative couplingγ12 (brown
line) on the distancer12 in this configuration of perpendicu-
lar transition dipole moments. We consider in all the paper
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dibenzanthanthrene (DBATT) organic molecules as reference
emitters to illustrate the results. More specifically, we fix
the following molecular parameters, based on experiments in
Ref. [47]: (i) the decay rate isγ0/(2π ) = 21.5 MHz, (ii) the
transition frequencyω0 corresponds toλ0 = 618 nm, and (iii)
the host medium is naphthalene, with refractive indexn = 1.5.
We neglect the influence of the combined Debye-Waller–
Franck-Condon factor that effectively accounts for the effect
of phonons of the host medium and of internal vibrations of
the emitters [47,60,65]. We demonstrate in AppendixC that
the value of this factor does not affect the results after an
adequate scaling of the intermolecular distancer12.

As a consequence of such interaction (withV 
= 0 and
γ12 ≈ 0), the initial doubly excited state|ee〉 can decay with
almost the same probability to the symmetric state|S〉 and to
the antisymmetric state|A〉. Importantly, the radiative decay
from |ee〉 to |S〉 produces a photon of frequencyω− = ω0 − V
and polarization (|μ1〉 + |μ2〉)/

√
2 = |x〉, which is followed

by the relaxation from|S〉 to |gg〉 that leads to the emission of a
photon of frequencyω+ = ω0 + V and identical polarization
(|μ2〉 + |μ1〉)/

√
2 = |x〉. This cascade emission is schemati-

cally indicated with purple arrows in Fig.2(b). On the other
hand, the radiative decay from|ee〉 to |A〉 produces a photon
of frequencyω+ and polarization (|μ1〉 − |μ2〉)/

√
2 = |z〉,

which is followed by the relaxation from|A〉 to |gg〉 that leads
to the emission of a photon of frequencyω− and polarization
(|μ2〉 − |μ1〉)/

√
2 = − |z〉 [see the green arrows in Fig.2(b)].

Therefore, this simple analysis suggests that the two-photon
state is given as

|ψ−〉 = |x̂, ω+〉 |x̂, ω−〉 − |ẑ, ω+〉 |ẑ, ω−〉√
2

, (18)

which is entangled in frequency and polarization. However,
we emphasize that this qualitative argument lacks information
of, for example, the directions of emission. This argument
also neglects the possibility of two-photon emission through
intermediate virtual states, as discussed in Sec.II .

Next, we provide a simple analysis on the directions of
emission that are expected to provide a larger collection
efficiency. An electric point dipole has a doughnut-shaped
radiation pattern, with equal radiation strength in the plane
perpendicular to the orientation of the point dipole [66,67]. In
Fig. 2(c), we plot the radiation pattern of the transition dipole
momentμ1 + μ2 of the symmetric state|S〉, which is oriented
in thex direction. The radiation from this dipole is maximal in
the yz plane. Similarly, Fig.2(d) shows the radiation pattern
of the transition dipole momentμ2 − μ1 of the antisymmetric
state|A〉, which is oriented in thez direction and has max-
imal radiation in thexy plane. As a consequence,ŷ and−ŷ
should be optimal directions of photon emission because they
are directions of maximal radiation of the transition dipole
moments of both hybrid states|S〉 and |A〉 [see dashed gray
arrows in Figs.2(c) and2(d)]. In the following, we use the
analytical expression of the two-photon probability amplitude
cgg

ks,k′s′ (∞) obtained in Sec.II to rigorously verify these simple
arguments.

C. Rigorous analysis of the entanglement generation

We show first that, assuming that a photon is emitted in the
direction k̂ = ŷ (normal to thexz plane where the transition

FIG. 3. Characterization of the two-photon emission at di-
rections k̂ = ŷ and k̂

′ = −ŷ from two DBATT molecules with
perpendicular transition dipole moments. These molecules have
γ0/(2π ) = 21.5 MHz andλ0 = 618 nm and they are embedded in
a naphthalene crystal with refractive indexn = 1.5. Additionally, we
fix the intermolecular distance atr12 = 0.075λ0 (along the z axis),
which yieldsV ≈ 3.5γ0. We plot the probability density of two-
photon emissionP(k, s; k′, s′) (in units of m2) as a function of the
photon frequenciesωk = kc andωk′ = k′c at (a)s = s′ = x̂ and at (b)
s = s′ = ẑ. (c) Relative phaseδ between the two-photon probability
amplitudescgg

ks,k′s′ (∞) at s = s′ = x̂ and ats = s′ = ẑ. On the right
panel we show a zoom of this relative phase aroundωk = ω0 − V
andωk′ = ω0 + V (highlighted with a green box on the left panel).

dipole moments are contained), the directions in which it is
most likely to detect the other photon arek̂

′ = ŷ andk̂
′ = −ŷ.

To this end, we defineD(θ, φ; θ ′, φ′) as the probability den-
sity of emission of two photons at the directions (θ, φ) and
(θ ′, φ′) associated withk and k′, without discriminating on
their frequencies and polarizations. This probability density
can be calculated as

D(θ, φ; θ ′, φ′) =
∫ ∞

0
dk

∫ ∞

0
dk′ ∑

s,s′
P(k, s; k′, s′). (19)

We plot in Fig.2(e)this probability density as a function ofθ ′
andφ′ when we fixθ = φ = π/2 (corresponding tôk = ŷ)
and r12 = 0.075λ0 (the latter yieldingV ≈ 3.5γ0). We find
two regions where the probability densityD becomes larger,
around the directionŝy (at θ = φ = π/2) and−ŷ (θ = −φ =
π/2), as expected from the simple argument in Sec.III B .
We emphasize thatD(θ, φ; θ ′, φ′) has been defined so that
integrating this function over the four angle arguments is equal
to one.

Next, we analyze the two-photon state|ψ (∞)〉 with emis-
sion directions fixed at̂k = ŷ and k̂

′ = −ŷ and again fixing
r12 = 0.075λ0. To this aim, we plot in Fig.3(a) the depen-
dence of the probability densityP of photon-pair emission
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filter filter AliceBob

FIG. 4. Schematic representation of the postselection procedure. The transition dipole moments of the emitters are assumed to be contained
in the xz plane and oriented perpendicularly to each other (α1 = −α2 = π/4 in Fig. 1). Blue circles represent photons emitted at frequency
≈ ω+ = ω0 + V from the interacting system, while red circles correspond to photons emitted at frequency≈ ω− = ω0 − V . Alice detects only
photons emitted at̂k = ŷ andBob does it atk̂

′ = −ŷ. Additionally, Alice uses a filter with Lorentzian profileFA(ω), with linewidth � and
central frequencyω+, whereas Bob uses a filter with Lorentzian profileFB(ω), with linewidth� and central frequencyω−.

[Eq. (17)] on the photon frequenciesωk = kc andωk′ = k′c
considering that both photons are polarized in modess =
s′ = x̂. We find thatP takes maximal values≈3.5 × 10−3 m2

when one of the photons has frequencyω+ = ω0 + V and the
other photonω− = ω0 − V , corresponding to the two-photon
emission via the symmetric state|S〉 [see purple arrows in
Fig. 2(b)]. We find a similar dependence onωk andωk′ of P
for the case in which both photons are polarized in modes
s = s′ = ẑ, which is shown in Fig.3(b). The maxima have
again a value of≈3.5 × 10−3 m2 and are found for a pho-
ton of frequencyω+ and another photon of frequencyω−,
corresponding in this case to the cascade emission via the an-
tisymmetric state|A〉, which is indicated with green arrows in
Fig.2(b). We show in AppendixB thatP drastically decreases
if one of the photons hasx polarization and the other photonz
polarization, with maximum values≈10−36 m2. These proba-
bility densities are consistent with the entangled photon state
in Eq. (18) expected from the simple analysis in Sec.III B .

To further characterize the two-photon state|ψ (∞)〉 at
k̂ = ŷ and k̂

′ = −ŷ, we analyze the behavior of the complex
phase ofcgg

ks,k′s′ (∞) at these directions. In Fig.3(c), we plot the
relative phaseδ between the two-photon probability amplitude
at s = s′ = x̂ and the two-photon probability amplitude at
s = s′ = ẑ. More specifically,

δ = phase
[
cgg

ks,k′s′ (∞)
]

k̂=−k̂
′=ŷ,s=s′=x̂

− phase
[
cgg

ks,k′s′ (∞)
]

k̂=−k̂
′=ŷ,s=s′=ẑ. (20)

We findδ ≈ π near the photon frequencies that yield maximal
probability densityP of two-photon emission (i.e., one pho-
ton atω+ and another photon atω−), as can be appreciated
more easily in the zoom in the right panel of Fig.3(c). This
difference of phase agrees with the relative phase between
|x̂, ω−〉 |x̂, ω+〉 and |ẑ, ω−〉 |ẑ, ω+〉 in Eq. (18). However, de-
viations in the photon frequencies of≈ γ0 are sufficient to
strongly modify the relative phase (which implies deviating

from the maximally entangled state) and, consequently, filters
with very narrow linewidths are needed to postselect a highly
entangled state in the next section.

IV. POSTSELECTION OF A HIGHLY
POLARIZATION-ENTANGLED STATE

In this section we show that a two-photon state that is
highly entangled in polarization can be postselected using
optical filters. We consider that Alice detects light propagating
in the directionŷ and Bob does it in the direction−ŷ, as
schematically represented in Fig.4. The postselected state
is based on the detection of a single photon by Alice and a
single photon by Bob and, thus, determined by the two-photon
probability amplitudescgg

ks,k′s′ (∞) with k̂ = ŷ and k̂
′ = −ŷ.

Additionally, Alice (A) and Bob (B) use optical filters with
Lorentzian profiles

FA(ω) = �/2

(�/2) + i(ω − ω+)
, (21a)

FB(ω) = �/2

(�/2) + i(ω − ω−)
. (21b)

These profiles assume that both optical filters have the same
linewidth�, but while Alice filters light aroundω+, Bob does
it aroundω−.

Moreover, we consider that Alice and Bob use detectors
that count all photons that pass through the filters, without
distinguishing their frequency. As a result, the postselected
state has only polarization degrees of freedom and is properly
described by a two-photon density matrix ˆρ (rather than by
a pure state) due to the erasing of frequency information.
(We analyze the dependence of the purity of ˆρ on � andr12

in Appendix D). To obtain the postselected state we follow
the usual tomography procedure [68,69]. In the orthogonal
basis of polarization formed by thêx andẑ directions (which
are also orthogonal to the detection directionsk̂ = ŷ and
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(b)(a) (c)

FIG. 5. Characterization of the two-photon postselected state ˆρ. We plot the dependence on the linewidth� of the filters (normalized by the
spontaneous emission rateγ0) and on the distancer12 between the two emitters (normalized byλ0) of (a) 1− C (whereC is the concurrence),
(b) 1− F (whereF is the the fidelity of ˆρ with respect to the Bell state (|x̂x̂〉 − |ẑẑ〉)/√2), and (c) the normalizing factorN of the density
matrix divided by its maximum valueNmax (obtained within the range of filter linewidths and intermolecular distances analyzed). The two
emitters are DBATT molecules, withγ0/(2π ) = 21.5 MHz andλ0 = 618 nm, which are embedded in a naphthalene crystal with refractive
index n = 1.5. The transition dipole moments of these molecules are contained in thexz plane and oriented perpendicularly to each other
(α1 = −α2 = π/4 in Fig.1).

k̂
′ = −ŷ), the elements of the density matrix ˆρ are given

by [69]

〈uu′| ρ̂ |ss′〉 = 1

N

∫ ∞

0
dωk

∫ ∞

0
dωk′ 〈u(ωk )u′(ωk′ )|ψ (∞)〉

× 〈ψ (∞)|s(ωk )s′(ωk′ )〉 ,

(22)

with u, u′, s, s′ ∈ {x̂, ẑ}. |s(ωk )s′(ωk′ )〉 is a two-photon pure
state that (i) involves a photon of frequencyωk propagating
towards Alice (̂k = ŷ) and a photon of frequencyωk′ propagat-
ing towards Bob (̂k

′ = −ŷ), and (ii) accounts for the influence
of the optical filters. More specifically, this state is given as

|s(ωk )s′(ωk′ )〉 = FA(ωk )FB(ωk′ )â†
ksâ

†
k′s′ |vac〉

∣∣∣∣
k=ŷωk/c,k′=−ŷωk′ /c

.

(23)

Further, in Eq. (22) we have included the normalization factor

N =
∑
u,u′

∫ ∞

0
dωk

∫ ∞

0
dωk′ | 〈ψ (∞)|u(ωk )u′(ωk′ )〉 |2, (24)

which guarantees that Tr ˆρ = 1.
We quantify next the degree of entanglement of the two-

photon postselected state ˆρ and its dependence on the distance
r12 between the emitters and on the linewidth� of the fil-
ters. To this end, we compute the concurrenceC(ρ̂), which
measures the degree of entanglement of formation of any
two-qubit system [70]. C(ρ̂) can be obtained as

C(ρ̂) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}. (25)

Here,λi are the eigenvalues (in decreasing order) of ˆρ ˆ̃ρ, where

ˆ̃ρ = (
σ

y
A ⊗ σ

y
B

)
ρ̂∗(σ y

A ⊗ σ
y
B

)
, (26)

with σ
y
χ = −i |x̂〉χ 〈ẑ|χ + i |ẑ〉χ 〈x̂|χ the y Pauli matrix in the

Hilbert space of the polarization of the photon detected by
Alice (χ = A) or Bob (χ = B). Concurrence is bounded be-
tween 0 and 1, taking the lowest value if ˆρ is a separable state
and the highest value if it is a maximally entangled state. Thus,
1 − C(ρ̂) measures the deviation of the postselected state from
a maximally entangled state.

To examine the behavior of concurrence, we consider
again the case of two DBATT molecules, although we have
verified that equivalent results are obtained for different
quantum emitters provided that the same dipole-dipole cou-
pling strength is fixed. Figure5(a) shows the dependence of
1 − C(ρ̂) on � (normalized byγ0) and onr12 (normalized by
λ0). We find that filters with very narrow linewidth (�/γ0 �
0.1) are needed to obtain a highly entangled postselected state
(1 − C � 10−2). Additionally, at�/γ0 � 0.1 the dependence
of the concurrence onr12 is small for the range of distances
analyzed here (see AppendixG for a discussion on larger sep-
aration distances). We attribute the necessity of very narrow
filters to the high sensitivity of the relative phaseδ between
the two-photon probability amplitudecgg

ks,k′s′ (∞) ats = s′ = x̂
and the two-photon probability amplitudecgg

ks,k′s′ (∞) at s =
s′ = ẑ [both of them evaluated atk̂ = −k̂

′ = ŷ, see Eq. (20)].
As discussed in Sec.III and shown in Fig.3(c), if one of the
photons has frequencyω+ and the other oneω− we findδ ≈ π

(corresponding to a Bell state, with maximum entanglement),
but small deviations in the photon frequencies drastically
change this value of relative phase.

Moreover, to further verify the simple argument in Sec.III ,
we analyze the similarity between the postselected state ˆρ and
the polarization Bell state

|ψBell
− 〉 = |x̂x̂〉 − |ẑẑ〉√

2
, (27)

expected from Eq. (18) once the frequency degrees of freedom
are erased. With this objective, we compute the fidelity of ˆρ
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with respect to such state, which is given as

F (ρ̂) = 〈ψBell
− | ρ̂ |ψBell

− 〉 . (28)

Figure 5(b) shows the dependence on�/γ0 and onr12/λ0

of 1 − F (ρ̂). We find again that very narrow filters are re-
quired to minimize the deviation of the postselected state from
|ψBell

− 〉. Additionally, for very narrow filters (�/γ0 � 0.1) we
obtain that decreasing the intermolecular distancesr12 further
minimizes the deviation of the postselected state from|ψBell

− 〉,
which is a consequence of the relative phaseδ approachingπ
more closely asr12 decreases.

These findings indicate that filters with very narrow
linewidths are required to obtain a highly polarization-
entangled postselected state. However, the probability of
Alice and Bob receiving a single photon each one decreases
with the narrowness of the filters. To quantify how much this
probability is reduced in comparison to the case in which
broad filters are used, we analyze here the factorN , given
by the trace of ˆρ before normalization [see Eq. (24)]. (We
additionally provide in AppendixF a zeroth-order estimation
of the brightness of the entangled-photon source.) We plot in
Fig. 5(c) the dependence on�/γ0 and onr12/λ0 of N divided
by the maximum valueNmax obtained within the range of
linewidth and intermolecular distance explored in this figure.
We find that, for very narrow filters (� ≈ 10−2γ0), N can be
up to five orders of magnitude smaller than for broad filters
(� ≈ 10γ0). Thus, to choose the optimal spectral widths of
the filters in experiments, it is necessary to consider a balance
between the two-photon entanglement and the detection prob-
ability, as decreasing values of� increase the concurrence of
the postselected state, but at the cost of loweringN/Nmax.

In the following we analyze the entanglement of the post-
selected state under different detection directions and under
misaligments in the relative orientation between the transition
dipole moments.

A. Two-photon entanglement under different
detection directions

In experiments, light is collected by a lens, whose nu-
merical aperture is key (together with the filters’ width) to
determine the collection efficiency. A complete analysis of the
influence of lenses in the photon entanglement goes beyond
the scope of this work. However, to gain an understanding of
the expected impact of the lens on the two-photon probability
amplitudes, we consider next the effect of deviations in the
detection direction. We show that moderate deviations are
not expected to significantly affect the high values of fidelity
F (ρ̂) of the postselected state ˆρ with respect to the Bell state
|ψBell

− 〉. We focus on the analysis ofF (ρ̂) because this quan-
tity measures the distance of ˆρ from a fixed state (in our case,
|ψBell

− 〉) and, thus, we expect that if the fidelity is high over
all individual angles collected by a lens of a given numerical
aperture, the fidelity of the state that can be measured in a
straightforward way considering all the collected light will
also be high. For example, if the state of the emitted light
(after the lens) is|ψBell

− 〉 for all angles, we expect that the
whole collected beam will be perfectly entangled and that this
entanglement can be easily measured by using two polarizers.

FIG. 6. Robustness of the two-photon postselected state against
the detection direction and against the angle between the transition
dipoles. The two emitters are DBATT molecules, withγ0/(2π ) =
21.5 MHz andλ0 = 618 nm, which are embedded inside a naphtha-
lene crystal with refractive indexn = 1.5 and separated by a distance
r12 = 0.05λ0. The linewidth of the filters is�/γ0 = 10−2. (a) Depen-
dence on the detection directionk̂ = k̂(θ, φ) of Alice of the deviation
of the postselected state ˆρ from the Bell state (|x̂x̂〉 − |ẑẑ〉)/√2,
which is quantified through 1− F . The detection direction of Bob
is fixed atk̂

′ = −ŷ and the transition dipole moments are oriented
perpendicularly to each other, as in previous simulations (sketch
in Fig. 1, with α1 = −α2 = π/4). (b) Dependence on the angles
α1 = −α2 of 1 − C and 1− F , at detection directionŝk = ŷ and
k̂

′ = −ŷ normal to thexz plane in which the transition dipole mo-
mentsμ j = μ(cosα j x̂ + sinα j ẑ) are contained.

We consider that Alice detects light propagating in some
directionk̂ = k̂(θ, φ) satisfyingk̂ · ŷ > 0, whereas the detec-
tion direction of Bob is again fixed at−ŷ. Additionally, Alice
and Bob measure the polarization of photons in the same
basis{|x̂〉 , |ẑ〉}. However, the polarization directions of the
photons propagating towards Alice are generally different to
x̂ and ẑ (except atθ = φ = π/2, which is the case analyzed
in previous sections). To collimate the photons and rotate their
directions of polarization, guaranteeing that they are polarized
in the xz plane, we consider that Alice uses a lens oriented
normally to they axis. The effect of the lens is included
through the application of a unitary transformation to the
two-photon probability amplitudes of the postselected state,
which is discussed in AppendixE.

To show the effect of deviation from the detection at
k̂(θ, φ) = ŷ, we plot in Fig.6(a)the dependence of 1− F (ρ̂)
on θ andφ for two DBATT molecules atr12 = 0.05λ0 and
� = 10−2γ0. We find 1− F (ρ̂) � 10−2 over a range of angles
covering a large solid angle. Therefore, we expect that the
integration of the emission over such solid angle would still
yield a highly polarization-entangled state while increasing
the collection efficiency. In AppendixG, we show that, in
contrast to the behavior ofF (ρ̂) found here for small sepa-
ration distancesr12, F (ρ̂) drastically decreases under small
deviations in the detection direction when the separationr12 is
large (comparable to or larger thanλ0). This difference high-
lights the advantage of quantum emitters at short separation
distances for practical entanglement generation.

B. Robustness of the entanglement to misaligments
in the orientation of the transition dipole moments

Finally, we verify that the large values of concurrence
and fidelity that we have obtained assuming transition dipole
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moments oriented in perpendicular directions are robust
against orientation misalignments. To this end, we recall
the general expressions of the transition dipole moments
μ j = μ(cosα j x̂ + sinα j ẑ). Here, we fixα1 = −α2 and com-
pute the postselected state ˆρ for α1 ∈ [0, π/2]. Additionally,
we consider again that Alice detects photons in the di-
rection k̂ = ŷ and Bob does it in the direction̂k

′ = −ŷ.
Figure6(b) shows the dependence onα1 = −α2 of 1 − C(ρ̂)
(blue dots) and 1− F (ρ̂) (orange dots), which reach minimal
values atα1 = π/4, corresponding to perpendicular transition
dipole moments. Importantly, we find very low values of
1 − C(ρ̂) and 1− F (ρ̂) also for moderate deviations from
α1 = π/4, which indicates that the two-photon postselected
state is highly entangled even if the dipoles are not exactly
perpendicular.

V. CONCLUSIONS

In summary, we provide a demonstration that two inter-
acting quantum emitters with two-level behavior can be used
as a source of entangled photons. These quantum emitters
can represent a variety of systems (for example, organic
molecules, trapped ions, quantum dots, atoms, and diamond
color centers), which provides a large technological versatil-
ity. For example, emission of entangled-photon pairs in the
visible range could be obtained in state-of-the-art experiments
with interacting organic molecules at cryogenic temperatures
[46–49].

We have derived the dynamics of the quantum state of the
electromagnetic field interacting with two quantum emitters
using the Wigner-Weisskopf approximation. Considering that
the emitters are initially inverted and have perpendicular tran-
sition dipole moments, we have demonstrated that a highly
polarization-entangled two-photon state can be postselected.
More specifically, we consider that Alice and Bob are located
at the normal directions to the transition dipole moments of
the emitters and, additionally, each of them uses an opti-
cal filter. We have found that the entanglement (quantified
through the concurrence) increases with decreasing spectral
widths of the filters. Additionally, the fidelity of the postse-
lected state with respect to a Bell state increases at very short
separation distances between the emitters. Furthermore, we
have verified that this fidelity is high even if light is detected
with some deviation from the normal direction to the dipole
moments, which indicates that lenses could provide larger col-
lection efficiencies without disturbing significantly the photon
entanglement. We have also checked that the high photon
entanglement is robust against misaligments in the orientation
between the transition dipole moments.

Finally, the optimal values of spectral widths of the filters
in experiments depend on the desired balance between the
degree of two-photon entanglement of the postselected state
(which increases with decreasing the bandwidth of the filters)
and the probability of two-photon detection (which decreases
with the bandwidth of the filters). Future theoretical analyses
could address the complete impact of lenses and finite-size
detectors and/or the assistance of optical cavities to improve
the collection efficiency without affecting the degree of two-
photon entanglement [71,72].

These results show that interacting quantum emitters can
be exploited to produce highly polarization-entangled photon
pairs, with large versatility and adaptability, and thus become
very promising building blocks for quantum communication,
cryptography, sensing, and imaging.
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APPENDIX A: WIGNER-WEISSKOPF APPROXIMATION

In this appendix, we use the Wigner-Weisskopf approxima-
tion to obtain the time evolution of the two-photon probability
amplitudescgg

ks,k′s′ (t ). To this end, we first derive a set of
coupled differential equations for the probability amplitudes
cgg

ks,k′s′ (t ), ceg
ks(t ), cge

ks(t ), and cee(t ) of the ansatz|ψ (t )〉 pro-
posed in Eq. (6) in the main text. This set of equations is
obtained by substituting|ψ (t )〉 into the interaction picture
Schrödinger equation

i
d

dt
|ψ (t )〉 = 1

h̄
ĤI (t ) |ψ (t )〉 . (A1)

Here,ĤI (t ) is the interaction Hamiltonian written in the inter-
action picture under the rotating-wave approximation (RWA)
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and it is given by

ĤI (t ) = ei(ĤQE+ĤEM)t/h̄ĤI e
−i(ĤQE+ĤEM)t/h̄

= h̄
∑
k,s

∑
j

μ j · g( j)
ks σ̂

†
j âkse

i(ω0−ωk )t + H.c., (A2)

whereĤQE, ĤEM, andĤI are the Schrödinger picture Hamil-
tonians of the quantum emitters, of the electromagnetic field
in the homogeneous medium, and of the interaction between
them, respectively [Eqs. (1), (2), and (4) in the main text].
Additionally, μ j is the transition dipole moment of emitter

j, g( j)
ks is the coupling coefficient of emitterj with the elec-

tromagnetic field [Eq. (5)], ω0 is the transition frequency of
the emitters, ˆσ

†
j is the raising operator of emitterj, and âks

is the annihilation operator of photons with wave vectork,
frequencyωk, and polarization modes. On the one hand, the

substitution of|ψ (t )〉 on the left-hand side of Eq. (A1) yields

i
d

dt
|ψ (t )〉 = i

d

dt
(cee) |ee〉 |vac〉 + i

∑
k,s

d

dt

(
ceg

ks

) |eg〉 â†
ks |vac〉

+ i
∑
k,s

d

dt

(
cge

ks

) |ge〉 â†
ks |vac〉

+ i
∑
k,s

∑
(k′,s′ )
�(k,s)

d

dt

(
cgg

ks,k′s′
) |gg〉 â†

ksâ
†
k′s′ |vac〉 ,

(A3)

where all the probability amplitudes are evaluated at timet .
On the other hand, substituting|ψ (t )〉 on the right-hand side
of Eq. (A1) we find

1

h̄
HI (t ) |ψ (t )〉 =

∑
k,s

ei(ω0−ωk )t
[
μ2 · g(2)

ks ceg
ks + μ1 · g(1)

ks cge
ks

] |ee〉 |vac〉

+
∑
k′′,s′′

e−i(ω0−ωk′′ )t[(μ1 · g(1)
k′′s′′

)∗ |ge〉 + (
μ2 · g(2)

k′′s′′
)∗ |eg〉 ]

ceeâ†
k′′s′′ |vac〉

+
∑
k,s

∑
(k′,s′ )

�(k,s)

∑
k′′,s′′

ei(ω0−ωk′′ )t [μ1 · g(1)
ks |eg〉 + μ2 · g(2)

ks |ge〉 ]
cgg

ks,k′s′ âk′′s′′ â†
ksâ

†
k′s′ |vac〉

+
∑
k,s

∑
(k′,s′ )

�(k,s)

∑
k′′,s′′

e−i(ω0−ωk′′ )t[(μ1 · g(1)
ks

)∗
ceg

ks + (
μ2 · g(2)

ks

)∗
cge

ks

] |gg〉 â†
k′′s′′ â

†
ks |vac〉 . (A4)

Matching Eqs. (A3) and (A4) and taking into account that [ˆa†
ks, âk′s′ ] = δk,k′δs,s′ and [â†

ks, â†
k′s′ ] = 0, we obtain the set of coupled

differential equations

i
d

dt
cee(t ) =

∑
k,s

cge
ks(t )μ1 · g(1)

ks ei(ω0−ωk )t +
∑
k,s

ceg
ks(t )μ2 · g(2)

ks ei(ω0−ωk )t , (A5a)

i
d

dt
ceg

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ2 · g(2)

ks

)∗ +
∑
k′,s′

ei(ω0−ωk′ )t(μ1 · g(1)
k′s′

)
cgg

ks,k′s′ (t )ε(ks, k′s′), (A5b)

i
d

dt
cge

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ1 · g(1)

ks

)∗ +
∑
k′,s′

ei(ω0−ωk′ )t(μ2 · g(2)
k′s′

)
cgg

ks,k′s′ (t )ε(ks, k′s′), (A5c)

i
d

dt
cgg

ks,k′s′ (t ) = 1

ε(ks, k′s′)
[
ceg

ks(t )
(
μ1 · g(1)

k′s′
)∗

e−i(ω0−ωk′ )t + ceg
k′s′ (t )

(
μ1 · g(1)

ks

)∗
e−i(ω0−ωk )t

]
+ 1

ε(ks, k′s′)
[
cge

ks(t )
(
μ2 · g(2)

k′s′
)∗

e−i(ω0−ωk′ )t + cge
k′s′ (t )

(
μ2 · g(2)

ks

)∗
e−i(ω0−ωk )t

]
. (A5d)

We have checked that reducing the above system of differen-
tial equations to the case of a single polarization modes leads
to the same system of equations provided in Ref. [55].

We use the Wigner-Weisskopf approximation to solve the
set of differential coupled equations in Eq. (A5). The first
step of this approximation consists in formally integrating the
differential equation of the two-photon probability amplitude
cgg

ks,k′s′ (t ) given in Eq. (A5d), which yields

cgg
ks,k′s′ (t ) = − i

ε(ks, k′s′)

∫ t

0
dt ′e−i(ω0−ωk′ )t ′

× [
ceg

ks(t
′)
(
μ1 · g(1)

k′s′
)∗ + cge

ks(t
′)
(
μ2 · g(2)

k′s′
)∗]

− i

ε(ks, k′s′)

∫ t

0
dt ′e−i(ω0−ωk )t ′

× [
ceg

k′s′ (t ′)
(
μ1 · g(1)

ks

)∗ + cge
k′s′ (t ′)

(
μ1 · g(2)

ks

)∗]
.

(A6)

052434-10



GENERATION OF POLARIZATION-ENTANGLED PHOTON … PHYSICAL REVIEW A112, 052434 (2025)

The next step consists in substituting the above equation into
the differential equations ofceg

ks(t ) andcge
ks(t ), which are given

in Eqs. (A5b) and (A5c), respectively. Here, we describe in
detail the procedure followed after the substitution into the
differential equation ofceg

ks(t ) [an identical procedure is fol-
lowed after the substitution into the differential equation of
cge

ks(t )]. The result of this substitution is

i
d

dt
ceg

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ2 · g(2)

ks

)∗

− i
∑
k′s′

ei(ω0−ωk′ )t(μ1 · g(1)
k′s′

)

×
[ ∫ t

0
dt ′ceg

ks(t
′)
(
μ1 · g(1)

k′s′
)∗

e−i(ω0−ωk′ )t ′

+
∫ t

0
dt ′cge

ks(t
′)
(
μ2 · g(2)

k′s′
)∗

e−i(ω0−ωk′ )t ′

+
∫ t

0
dt ′ceg

k′s′ (t ′)
(
μ1 · g(1)

ks

)∗
e−i(ω0−ωk )t ′

+
∫ t

0
dt ′cge

k′s′ (t ′)
(
μ2 · g(2)

ks

)∗
e−i(ω0−ωk )t ′

]
. (A7)

The terms in the last two lines of the above expression vanish,
as demonstrated in Ref. [56]. After this demonstration, the
authors in Ref. [56] consider the simplified case in which both
transition dipole moments have identical polarization, which
is not our case.

Next, we take two usual assumptions in the Wigner-
Weisskopf approximation [50,54,67]. Namely, we assume that
(i) the probability amplitudes vary very slowly in time and
(ii) the spectral response of the electromagnetic field is very
broad. In this way, the decay of the emitter can be interpreted
as a Markovian process and the probability amplitudesceg

ks(t
′)

andcge
ks(t

′) in Eq. (A7) can be replaced byceg
ks(t ) andcge

ks(t ),
which allows us to take them out of the time integral. Addi-
tionally, the upper limit of the integral can be extended to∞.
As a consequence, Eq. (A7) becomes

i
d

dt
ceg

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ2 · g(2)

ks

)∗

− i
∑
k′s′

∫ ∞

0
dt ′ei(ω0−ωk′ )(t−t ′ )[ceg

ks(t )|μ1 · g(1)
k′s′ |2

+ cge
ks(t )

(
μ1 · g(1)

k′s′
)(

μ2 · g(2)
k′s′

)∗]
. (A8)

At this point, we transform the summation overk into an
integral in thek-space, according to [50]

∑
k,s

→ V
(2π )3

∑
s

∫ 2π

0
dφ

∫ π

0
dθ sinθ

∫ ∞

0
dk k2. (A9)

Additionally, the calculation of the time integrals in Eq. (A8)
is facilitated by the Heitler function∫ ∞

0
dt ′ei(ω0−ωk )(t−t ′ ) = πδ(ω0 − ωk ) + iP 1

(ω0 − ωk )
,

(A10)
with P the principal value of thek integral. In this way,
Eq. (A8) becomes

i
d

dt
ceg

ks = e−i(ω0−ωk )t cee
(
μ2 · g(2)

ks

)∗

− i
V

(2π )3

∑
s′=1,2

∫ 2π

0
dφ′

∫ π

0
dθ ′ sinθ ′

∫ ∞

0
dk′(k′)2

×
[
πδ(ω0 − ωk′ ) + iP 1

(ω0 − ωk′ )

]

×
[

ceg
ks

∣∣μ1 · g(1)
k′s′

∣∣2 + cge
ks

(
μ1 · g(1)

k′s′
)(

μ2 · g(2)
k′s′

)∗
]
,

(A11)

where all the probability amplitudes in the above expression
are evaluated at timet . Next, we decompose the integral in
the k-space on the right-hand side of Eq. (A11) into differ-
ent contributions, which are calculated separately. Each of
these contributions emerges from the multiplication of the
different terms in brackets inside the integral in Eq. (A11).
First, the term proportional to|μ1 · g(1)

k′s′ |2P{(ω0 − ωk′ )−1} is
ignored because it provides the Lamb shift induced by the
free-space electromagnetic field in the transition frequency
of emitter j = 1 [57]. This frequency shift is negligible for
emitter transitions at optical frequencies and, additionally, the
transition frequencies estimated from experiments (e.g., via
a one-photon spectrum) include this shift. Thus, we consider
thatω0 in our model already contains this small shift. Second,
the term proportional to|μ1 · g(1)

k′s′ |2δ(ω0 − ωk′ ) provides the
spontaneous emission rateγ0 of emitter j = 1. To demonstrate
this, we use the general polarization vectors

êk1 = − cosθ cosφx̂ − cosθ sinφŷ + sinθ ẑ, (A12a)

êk2 = sinφx̂ − cosφŷ. (A12b)
In this way, we can write

V
(2π )3

∑
s′=1,2

∫ 2π

0
dφ′

∫ π

0
dθ ′ sinθ ′

∫ ∞

0
dk′(k′)2

∣∣μ1 · g(1)
k′s′

∣∣2πδ(ωi − ωk′ )

= V
(2π )3

∫ ∞

0
dk′(k′)2 ωk′

2ε0n2h̄V πδ(ωi − ωk′ )
∫ 2π

0
dφ′

∫ π

0
dθ ′ sinθ ′ ∑

s′=1,2

∣∣μi · êk′s′
∣∣2

= π
V|μi|2
(2π )3

∫ ∞

0
dk′(k′)2 ωk

2ε0n2h̄V δ(ωi − ωk′ )
∫ 2π

0
dφ

∫ π

0
dθ ′ sinθ ′

× [cos2 αi(cos2 θ ′ cos2 φ′ + sin2 φ′) + sin2 αi sin2 θ ′ − 2 cosαi sinαi cosθ ′ sinθ ′ cosφ′]

= π
V|μi|2
(2π )3

8π

3

∫ ∞

0
dk′(k′)2 ωk′

2ε0n2h̄V δ(ωi − ωk′ ) = ω3
0|μi|2

6πε0n2h̄c3
= γ0

2
.

(A13)
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The remaining two contributions of the integral in Eq. (A11) are obtained integrating the term proportional to
(μ1 · g(1)

k′s′ )(μ2 · g(2)
k′s′ )

∗. In this case, we find

V
(2π )3

∑
s=1,2

∫ 2π

0
dφ

∫ π

0
dθ sinθ

∫ ∞

0
dk k2

(
μ1 · g(1)

ks

)(
μ2 · g(2)

ks

)∗
[
πδ(ω0 − ωk ) + iP 1

ω0 − ωk

]

= V
(2π )3

c|μ|2
2ε0n2h̄V 4π

∫ ∞

0
dk k3

[
πδ(ω0 − ωk ) + iP 1

ω0 − ωk

]

×
[

cosα1 cosα2

(
− sin(kr12)

(kr12)3
+ cos(kr12)

(kr12)2
+ sin(kr12)

(kr12)

)
+ 2 sinα1 sinα2

(
sin(kr12)

(kr12)3
− cos(kr12)

(kr12)2

)]

= 3γ0

4πω3
0

∫ ∞

0
dωkω

3
k

[
πδ(ω0 − ωk ) + iP 1

ω0 − ωk

]

×
[

cosα1 cosα2

(
− sin(kr12)

(kr12)3
+ cos(kr12)

(kr12)2
+ sin(kr12)

(kr12)

)
+ 2 sinα1 sinα2

(
sin(kr12)

(kr12)3
− cos(kr12)

(kr12)2

)]
. (A14)

The direct calculation of the frequency integral in the above
expression does not give the exact dipole-dipole couplingV .
This discrepancy is due to the terms ignored by the RWA in
the interaction Hamiltonian (which are proportional to ˆσ j âks

and toσ̂ †
j â†

ks). The RWA does not affect the spontaneous emis-
sion rateγ0 and the dissipative couplingγ12 induced by the
interaction of the emitters with the free-space electromagnetic
field, but it does modify the dipole-dipole couplingV [53,57].
(This can be checked, for example, by applying the Markovian
approximation to trace the free-space electromagnetic field
and obtaining a Markovian master equation in the reduced
Hilbert space of the emitters [59]). In principle, one could

avoid this issue considering the complete interaction Hamil-
tonian, but the application of the WWA becomes not practical
in such case because a generalized ansatz would be required
(including, for example, terms with two photons in the field
and the two emitters in the excited state). Such a generalized
ansatz does not yield a closed system of coupled differential
equations for the probability amplitudes. Fortunately, a simple
solution to this problem was pointed out by Milonni and
Knight in Ref. [57]: the RWA and the WWA can be safely
applied (as we do here) by extending the lower limit of the
k integral from 0 to−∞, which yields the rigorous expres-
sion of the coherent dipole-dipole couplingV . Following this
argument in Eq. (A14), we obtain

3γ0

4πω3
0

∫ ∞

−∞
dωkω

3
k

[
πδ(ω0 − ωk ) + iP 1

ω0 − ωk

]

×
[

cosα1 cosα2

(
− sin(kr12)

(kr12)3
+ cos(kr12)

(kr12)2
+ sin(kr12)

(kr12)

)
+ 2 sinα1 sinα2

(
sin(kr12)

(kr12)3
− cos(kr12)

(kr12)2

)]

= 3γ0

4
i

[
− cosα1 cosα2

cos(k0r12)

(k0r12)
+ (cosα1 cosα2 − 2 sinα1 sinα2)

(
sin(k0r12)

(k0r12)2
+ cos(k0r12)

(k0r12)3

)]

+ 3γ0

4

[
cosα1 cosα2

sin(k0r12)

(k0r12)
+ (cosα1 cosα2 − 2 sinα1 sinα2)

(
cos(k0r12)

(k0r12)2
− sin(k0r12)

(k0r12)3

)]

= iV + γ12

2
, (A15)

where in the evaluation of the complex integral we have used [57]∫ ∞

−∞
dωkω

3
k

[
πδ(ω0 − ωk ) + iP 1

ω0 − ωk

](
q

sin(kr12)

(kr12)3
− q

cos(kr12)

(kr12)2
+ p

sin(kr12)

(kr12)

)

= πω3
0

(
q

sin(k0r12)

(k0r12)3
− q

cos(k0r12)

(k0r12)2
+ p

sin(k0r12)

(k0r12)

)
− iπω3

0

(
q

cos(k0r12)

(k0r12)3
+ q

sin(k0r12)

(k0r12)2
+ p

cos(k0r12)

(k0r12)

)
. (A16)

Additionally, in Eq. (A15) we have identified the coherent dipole-dipole coupling [59]

V = 3γ0

4

[
− cosα1 cosα2

cos(k0r12)

(k0r12)
+ (cosα1 cosα2 − 2 sinα1 sinα2)

(
sin(k0r12)

(k0r12)2
+ cos(k0r12)

(k0r12)3

)]
(A17)

and the dissipative coupling

γ12 = 3γ0

2

[
cosα1 cosα2

sin(k0r12)

(k0r12)
+ (cosα1 cosα2 − 2 sinα1 sinα2)

(
cos(k0r12)

(k0r12)2
− sin(k0r12)

(k0r12)3

)]
. (A18)
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Substituting Eqs. (A13), (A14), and (A15) into (A11) we obtain

i
d

dt
ceg

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ2 · g(2)

ks

)∗ − iceg
ks(t )

γ0

2
+ cge

ks(t )

(
V − i

γ12

2

)
. (A19)

Similarly, after applying the same procedure to the differential equation ofcge
ks(t ) in Eq. (A5c), we find

i
d

dt
cge

ks(t ) = e−i(ω0−ωk )t cee(t )
(
μ1 · g(1)

ks

)∗ − icge
ks(t )

γ0

2
+ ceg

ks(t )

(
V − i

γ12

2

)
. (A20)

Therefore, Eqs. (A19) and (A20) provide a pair of differential equations for the probability amplitudesceg
ks(t ) and cge

ks(t ),
respectively, that depend only on these same probability amplitudes and oncee(t ). Additionally, the coherent dipole-dipole
couplingV , the dissipative couplingγ12, and the spontaneous emission rateγ0 appear explicitly in these differential equations.

Furthermore, we consider that the population of the doubly excited state|ee〉 decays with rate 2γ0, which can be verified for
example using the Markovian master equation to trace out the electromagnetic degrees of freedom and reduce to the Hilbert
space of the emitters [59]. Thus,

cee(t ) = e−γ0t cee(0) = e−γ0t , (A21)

which yields|cee(t )|2 = exp(−2γ0t ). Consequently, we obtain the set of coupled differential equations

d

dt
ceg

ks(t ) = −ie−i(ω0−ωk )t e−γ0t
(
μ2 · g(2)

ks

)∗ − ceg
ks(t )

γ0

2
−

(
iV + γ12

2

)
cge

ks(t ), (A22a)

d

dt
cge

ks(t ) = −ie−i(ω0−ωk )t e−γ0t
(
μ1 · g(1)

ks

)∗ − cge
ks(t )

γ0

2
−

(
iV + γ12

2

)
ceg

ks(t ). (A22b)

The above differential equations couple only a pair of probability amplitudesceg
ks(t ) andcge

ks(t ) and can be solved analytically
without further approximations [in contrast to the set of infinite coupled differential equations in Eq. (A5)]. The solution of this
system is

2iceg
ks(t ) = S(−)

ks e−( γ0+γ12
2 +iV )t − A(+)

ks e−( γ0−γ12
2 −iV )t − (S(−)

ks − A(+)
ks )e−(γ0+i(ω0−ωk ))t , (A23a)

2icge
ks(t ) = S(−)

ks e−( γ0+γ12
2 +iV )t + A(+)

ks e−( γ0−γ12
2 −iV )t − (S(−)

ks + A(+)
ks )e−[γ0−i(ω0−ωk )]t . (A23b)

Finally, we substitute Eqs. (A23a) and (A23b) into the differential equation ofcgg
ks,k′s′ (t ) [given in Eq. (A5d)] and solve the

resulting time integral, which yields

2ε(ks, k′s′)cgg
ks,k′s′ (t ) = −(

1 − e−[ γ0+γ12
2 +i(ω0−ωk′+V )]t

)
S(−)

ks S(+)
k′s′ − (

1 − e−[ γ0+γ12
2 +i(ω0−ωk+V )]t

)
S(−)

k′s′ S
(+)
ks

+ (
1 − e−[ γ0−γ12

2 +i(ω0−ωk′−V )]t
)
A(+)

ks A(−)
k′s′ + (

1 − e−[ γ0−γ12
2 +i(ω0−ωk−V )]t

)
A(+)

k′s′ A
(−)
ks

+ (
1 − e−[γ0+i(2ω0−ωk−ωk′ )]t)[S(−)

ks S(0)
k′s′k + S(−)

k′s′ S
(0)
ksk′ − A(+)

ks A(0)
k′s′k − A(+)

k′s′ A
(0)
ksk′

]
. (A24)

The coefficientsS(±)
ks , A(±)

ks , S(0)
ksk′ , andA(0)

ksk′ are defined in Eqs.
(9), (10), (14) and (15) in the main text. The limitt → ∞ of
the above expression leads to Eq. (8) in the main text.

APPENDIX B: PROBABILITY DENSITY AT s �= s′

In Sec.III of the main text we have analyzed the probability
densityP(k, s; k′, s′) at directions of emission̂k = −k̂

′ = ŷ,
focusing on the cases in which both photons have the same
polarizations = s′ = x̂ [see Fig.3(a) in the main text] ors =
s′ = ẑ [see Fig.3(b) in the main text]. Here, we analyze the
probability densityP(k, s; k′, s′) for photons with orthogonal
polarizationss = x̂ ands′ = ẑ (fixing again the directions of
emission at̂k = −k̂

′ = ŷ).
Figure7(a)shows the dependence ofP on the photon fre-

quenciesωk = kc andωk′ = k′c ats = x̂, s′ = ẑ. In this figure,
we use a color bar with the same scale as that in Figs.3(a)
(wheres = s′ = x̂) and 3(b) (wheres = s′ = ẑ) in the main
text, as well as the same molecular parameters. In this way,

we find that the probability density ats = x̂, s′ = ẑ becomes
negligible in comparison to the cases discussed in the main
text. Further, we modify the scale of the color bar in Fig.7(b)
and find that the maximum values ofP at s = x̂, s′ = ẑ are 33
orders of magnitude smaller than the maximum values ofP
at s = s′ = x̂ and also ats = s′ = ẑ. Identical behavior ofP is
obtained ats = ẑ ands′ = x̂.Therefore, we conclude that two
photons emitted along the directionsŷ and−ŷ have negligible
probability of having mutually orthogonal polarization (in the
basisx̂ andẑ) in comparison to having identical polarizations
(in the same basis).

APPENDIX C: COMBINED
DEBYE–WALLER/FRANCK–CONDON FACTOR

In this appendix, we show that the combined Debye-
Waller–Franck-Condon factorαDW does not affect signifi-
cantly the high values of concurrence obtained in Sec.IV
of the main text. ThisαDW factor is obtained experimentally
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FIG. 7. Analysis of the probability density atP(k, s; k′, s′) for
mutually orthogonal polarizations. We plot the dependence of
P(k, s; k′, s′) (in units ofm2) at s = x̂ ands′ = ẑ, with the directions
of emission fixed at̂k = ŷ and k̂

′ = −ŷ. The emitters considered
are two DBATT molecules with perpendicular transition dipole mo-
ments,γ0/(2π ) = 21.5 MHz andλ0 = 618 nm. The molecules are
assumed to be embedded in a naphthalene crystal with refractive
indexn = 1.5 and separated by a distancer12 = 0.075λ0.

measuring the ratio of photons emitted in the zero-phonon line
from a single emitter (isolated from the interaction with other
emitters) over the total number of photons emitted including
the zero-phonon line and Stokes-shifted photons [65]. This
factor is thus bounded between 0 and 1.

The theoretical description of the interaction between the
two emitters can effectively account for the influence ofαDW

by modifying the expressions of the coherent dipole-dipole
coupling V and the dissipative couplingγ12 [47,60]. More
specifically, both coupling parameters [which in our case are
given in Eqs. (12) and (13) in the main text] are additionally
multiplied by αDW. However, as discussed in Sec.III of the
main text, the dissipative couplingγ12 is small in compar-
ison to the spontaneous emission rateγ0 for perpendicular
transition dipole moments [see the brown line in Fig.2(a) in
the main text, corresponding to the reference configuration in
this paper]. As a consequence, changingαDW mostly affects
the coherent dipole-dipole couplingV , in a similar way as
changing the distancer12 between the emitters. Thus, if we
considerαDW 
= 1, the results obtained in the main text can be
reproduced to good accuracy by modifyingr12 appropriately
so thatV remains fixed according to

V = αDW
3γ0

4

[
− cosα1 cosα2

cos(k0r12)

(k0r12)

+ (cosα1 cosα2 − 2 sinα1 sinα2)

×
(

sin(k0r12)

(k0r12)2
+ cos(k0r12)

(k0r12)3

)]
. (C1)

To verify more rigorously that the influence ofαDW in γ12

does not alter the high values of concurrence reported in Sec.
IV of the main text, we plot in Fig.8 the deviation ofC from
its value atαDW = 1 for different values of combined Debye-
Waller–Franck-Condon factor. Additionally, we have fixed
� = 10−2γ0 and the dipole-dipole coupling atV = 11.17γ0

for all αDW, the same as in Fig.6 in the main text (where
αDW = 1 andr12 = 0.05λ0). Thus,r12 is changed to maintain
this value ofV asαDW is modified. AsV is fixed, the variation
of αDW in Fig. 8 only affects the weak dissipative coupling,

FIG. 8. Influence of the combined Debye-Waller–Franck-
Condon factorαDW on the entanglement of the two-photon state.
We show the dependence of (C[αDW] − C[αDW = 1])/C[αDW = 1]
on αDW, which corresponds to the deviation of the concurrenceC
from its value atαDW = 1 (which is used in the main text). The
coherent dipole-dipole coupling is fixed atV = 11.17γ0, which
corresponds tor12 = 0.05λ0 at αDW = 1, and the linewidths of
the filters at�/γ0 = 10−2. Additionally, we use the parameters
γ0/(2π ) = 21.5 MHz and λ0 = 618 nm, which corresponds
to DBATT molecules embedded in a naphthalene crystal with
refractive indexn = 1.5.

according to

γ12 = αDW
3γ0

2

[
cosα1 cosα2

sin(k0r12)

(k0r12)

+ (cosα1 cosα2 − 2 sinα1 sinα2)

×
(

cos(k0r12)

(k0r12)2
− sin(k0r12)

(k0r12)3

)]
. (C2)

Figure 8 shows that the maximum deviation of the concur-
rence with respect to the value that it takes atαDW = 1 is
≈ 6 × 10−5 and occurs atαDW → 0. Thus, the only notable
effect of αDW for perpendicular transition dipole moments
is a change ofV that is equivalent to a change ofr12, as
commented in the main text.

APPENDIX D: PURITY OF THE POSTSELECTED STATE

In this appendix, we analyze the purityP of the two-photon
postselected state ˆρ. As discussed in Sec.IV of the main text,
we consider that Alice and Bob use detectors that count all
the photons that pass through the optical filters. Thus, the
postselected state ˆρ (obtained with the usual tomographic
procedure) belongs to the Hilbert space of the polarization
of the photons. As the information in the photon frequencies
is erased, the two-photon postselected state ˆρ becomes in
general a mixed state. To quantify how much mixed is this
postselected state we use 1− P (ρ̂ ), where

P (ρ̂) = Tr(ρ̂2) (D1)

is the standard definition of purity in quantum information.
We consider the same two DBATT molecules as in the

main text and plot in Fig.9 the dependence of 1− P (ρ̂ ) on
�/γ0 and onr12/λ0. We find that the purity of the postse-
lected state decreases with the linewidths of the filters and that
1 − P (ρ̂) exhibits a similar behavior than that of 1− C(ρ̂) in
Fig. 5(a)in the main text.
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FIG. 9. Analysis of the purityP (ρ̂) of the two-photon postse-
lected state. We plot the dependence of 1− P (ρ̂) on the linewidth
� of the filters (normalized by the spontaneous emission rateγ0)
and on the distancer12 between the emitters (normalized by the
transition wavelengthλ0). We consider two DBATT molecules, with
γ0/(2π ) = 21.5 MHz andλ0 = 618 nm, embedded in a naphthalene
crystal with refractive indexn = 1.5. These two molecules have
perpendicular transition dipole momentsμ̂1 = (x̂ + ẑ)/

√
2 andμ̂2 =

(x̂ − ẑ)/
√

2.

APPENDIX E: EFFECT OF A LENS ON THE
TWO-PHOTON PROBABILITY AMPLITUDES

In this appendix, we derive the postselected state ˆρ when
Alice detects photons emitted at different directionsk̂ =
k̂(θ, φ). As described in Sec.IV A of the main text, we assume
that Alice detects light in the forward direction to they axis
[i.e., k̂(θ, φ) · ŷ > 0] and uses a lens oriented normally to the
directionŷ, which ensures that light becomes polarized in the
xz plane independently of the detection directionk̂(θ, φ). For
simplicity, we consider that the lens is immersed in the same
medium (with refractive indexn) as the quantum emitters.
Further, we also assume that Bob detects a photon in the direc-
tion −ŷ and that both Alice and Bob measure the polarization
of photons in the basis formed by the orthogonal directionsx̂
andẑ. We discuss in the following how to model the effect in
the two-photon probability of the lens used by Alice.

We first recall that the probability amplitudecgg
ks,k′s′ (∞)

[given in Eq. (8) in the main text] can be obtained for any
two polarization modes (indexed bys) with polarization unit
vectors êks, as long as these unit vectors are perpendicular
to k and perpendicular between them. [For example, in the
calculations performed in Secs.III and IV of the main text
we have used the unit vectorsx̂ and ẑ because (i) they are
orthogonal to the propagation directionsk̂ = −k̂

′ = ŷ consid-
ered in these sections, and (ii) Alice and Bob are assumed
to measure the polarization in such basis.] Here, in the cal-
culation of the two-photon probability amplitudes we use
again the polarization unit vectorŝx and ẑ for the photon
propagating towards Bob (k̂

′ = −ŷ), who does not use any
lens. In contrast, regarding the photon propagating towards
Alice, we choose that its polarization unit vectors are given
by the usual transverse-electric (TE) and transverse-magnetic
(TM) modes (before passing through the lens). Thus, these
polarization unit vectors are perpendicular (êkTE) and parallel
(êkTM) to the optical plane of incidence, which is formed by
the wave vector̂k(θ, φ) and the direction̂y, which is normal

FIG. 10. Rotations in the polarization modes of the photon prop-
agating towards Alice produced by a lens oriented perpendicular
to the directionŷ. The photon detected by Alice is emitted in the
direction k̂ = k̂(θ, φ) (in blue), whereθ and φ are the polar and
azimuthal angles of the wave vectork (see the Cartesian coordinate
system plotted in gray). This photon has orthogonal polarization
modes TE (with polarization unit vector perpendicular to the plane
of incidence formed bŷk andŷ) and TM (with unit vector contained
in the plane of incidence). The TE and TM polarization modes
have polarization unit vectorŝekTE (in purple) andêkTM (in green),
respectively. The lens (dashed gray line) rotates such unit vectors,
so that the photon propagates along they axis and the polarization
becomes contained in thexz plane. The polarization unit vectors
after the lens are denoted asêL

kTE and êL
kTM. Bob detects a photon

propagating in the direction̂k = −ŷ (in red).

to the lens. In this way, these polarization unit vectors before
the lens are given by

êkTE ∝ cosθ x̂ − sinθ cosφẑ, (E1a)

êkTM ∝ sin2 θ cosφ sinφx̂ − (cos2 θ + sin2 θ cos2 φ)ŷ

+ sinθ cosθ sinφẑ, (E1b)

as schematically represented in Fig.10. In the limiting case
θ → π/2 andφ → π/2, the polarization unit vectors reduce
to êkTE → (x̂ − ẑ)/

√
2 andêkTM → (x̂ + ẑ)/

√
2.

This choice of polarization unit vectors of the photon
propagating towards Alice facilitates the calculation of the
influence of the lens in the two-photon probability amplitudes.
On the one hand, the TE mode is not affected by the lens [67].
Thus,

êL
kTE = êkTE, (E2)

where the superscriptL labels the direction of the polarization
after passing through the lens. On the other hand, the TM
mode becomes perpendicular to they axis and to the TE mode
after passing though the lens [67] and can be obtained as

êL
kTM ∝ sinθ cosφx̂ + cosθ ẑ. (E3)

Importantly, the two-photon probability amplitudecgg
ks,k′s′ (∞)

of the photon propagating towards Alice with polarization
s = TE before passing through the lens coincides with the
two-photon probability amplitude after the photon has passed
the lens and is polarized in the directionêL

kTE. In the same
way, the two-photon probability amplitudecgg

ks,k′s′ (∞) of the
photon propagating towards Alice in the TM mode is equal to
the two-photon probability amplitude of the photon polarized
in the direction̂eL

kTM after the lens.
Furthermore, as stated previously, Alice (and also Bob)

measures the photon polarization in the basis{|x̂〉 , |ẑ〉}. To
obtain the two-photon probability amplitudes in such basis a
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unitary transformation is performed, which can be written as[
cgg

ks=x̂,k′s′

cgg
ks=ẑ,k′s′

]
= R

[
cgg

ks=TE,k′s′

cgg
ks=TM,k′s′

]
. (E4)

The probability amplitudes on the right-hand side of the above
equation can be calculated directly from the analytical expres-
sion in Eq. (8) in the main text. Importantly, the unitary matrix
R is exactly the same one that transforms the polarization unit
vectors [

x̂
ẑ

]
= R

[
êL

kTE

êL
kTM

]
. (E5)

So that, this matrix is given by

R = 1√
cos2 θ + sin2 θ cos2 φ

[
cosθ sinθ cosφ

− sinθ cosφ cosθ

]
.

(E6)
Therefore, the postselected state can be obtained using
Eq. (22) in the main text and the two-photon probability
amplitudescgg

ks=x̂,k′s′ andcgg
ks=ẑ,k′s′ given by Eq. (8) in the main

text and Eq. (E4).

APPENDIX F: ESTIMATION OF THE BRIGHTNESS

We provide in this appendix a zeroth-order estimation
of the brightness associated with the emission of entangled
photons from the two interacting emitters. We define this
brightness as the number of pairs of photons that can be
collected per second and that yield a two-photon postselected
state with a high degree of entanglement. To this end, we
consider that the quantum emitters are excited using pulsed
illumination, with a repetition rate set to one tenth of the spon-
taneous emission rateγ0. For the DBATT molecules discussed
in the main text, this corresponds to a total emission rate of
γ0/10 ≈ 13.5 × 106 pairs of photons per second.

We next compute the fraction of these pairs of photons
that can be used to postselect a highly entangled two-photon
state, which depends on the detection solid angle. Particu-
larly, we focus on the same molecular configuration as in
Fig. 6(a) of the main text, where the emitters are separated
by r12 = 0.05λ0, their transition dipole moments are mu-
tually orthogonal, and the bandwidth of the filters placed
before the detectors is set to� = 0.01γ0. From the results in
Fig. 6(a), which shows the fidelityF with respect to the Bell
state (|x̂x̂〉 − |ẑẑ〉)/√2 as a function of the detection direction
of Alice, we estimate thatF � 0.99 within the solid angle
�F�0.99, approximately defined by the ellipse

1 =
(

θ − π/2

π/5

)2

+
(

φ − π/2

π/4

)2

. (F1)

We thus consider that only photons emitted within this solid
angle are collected. To compute the collection probability
within such a solid angle, we first take into account that
the power density radiated by a dipole aligned along the
zaxis [corresponding to the cascade emission through the an-
tisymmetric state|A〉 = (|ge〉 − |eg〉)/√2, marked with green
arrows in Fig.2(b)] is given by 3

8π
sin2 θ [74]. This expres-

sion for the power density is normalized by the total radiated

power. Thus, by integrating this power density over the re-
gion�F�0.99 (whereF � 0.99), we obtain that the collection
probability is approximately

IF�0.99 ≡
∫

�F�0.99

d�
3

8π
sin2 θ ≈ 0.13. (F2)

We then consider that the radiation pattern of the second pho-
ton and, thus, the collection probability is the same as that of
the first one (as it also corresponds to a dipole oriented along
the z axis). We thus estimate thatI2

F�0.99γ0/10 ≈ 2.3 × 105

entangled photon pairs per second can be collected over such a
solid angle. Equivalent results are obtained if both photons are
considered to be emitted from the radiation of the symmetric
state|S〉 = (|ge〉 + |eg〉)/√2.

Finally, we account for the effect of the filtering process
on the collection probability. From Fig.5(c), we estimate
that the probability of collecting an entangled photon pair
is reduced byN/Nmax(r12 = 0.05λ0) ≈ 1.25× 10−5 [with
Nmax(r12 = 0.05λ0) the maximum value of N in Fig.5(c) for
r12 = 0.05λ0], as compared with the case of spectrally very
broad filters (which is similar to the case of no filters), for
the same molecular configuration (withr12 = 0.05λ0) and the
same optical filters (with� = 0.01γ0). In this way, we ob-
tain that γ0

10I2
F�0.99N/Nmax ≈ 3 highly entangled photon pairs

per second can be obtained after the collection and filtering
processes. This value could be increased by relaxing the fi-
delity threshold (F � 0.99) and/or by increasing the filter
bandwidth, as well as through the use of optical cavities.

APPENDIX G: DISTANT EMITTERS

In this appendix, we analyze the postselected state at larger
values of intermolecular distancer12 than those analyzed in
the main text. We show that the postselected two-photon state
generated from the relaxation of two distant emitters can yield
high values of concurrence when Alice and Bob detect light
propagating at directionŝk = ŷ andk̂

′ = −ŷ (as in Sec.IV of
the main text), respectively. However, we discuss below how
these states may not be well suited for practical experiments.

We first give a simple argument on how, at large separation
distances between two quantum emitters with orthogonal tran-
sition dipole momentsμ1 = μ(x̂ + ẑ)/

√
2 andμ2 = μ(x̂ −

ẑ)/
√

2, a highly entangled two-photon state can be again
postselected. At sufficiently large separation distancer12, the
dipole-dipole coupling becomes negligible [see Fig.2(a) in
the main text]. Thus, the eigenstates of the system are simply
|gg〉 (with eigenvalue 0),|ge〉 (with eigenvalue ¯hω0), |eg〉 (with
eigenvalue ¯hω0), and|ee〉 (with eigenvalue 2¯hω0), as schemat-
ically represented in Fig.11(a). The radiative decay from
the doubly excited state generates two photons at frequencies
ω0, one of them with polarization̂μ1 and the other one with
polarizationμ̂2, as they are generated from the independent
relaxation of each emitter. Thus, the postselected state be-
comes a superposition of two detection possibilities: (i) the
photon propagating towards Alice (in the directionŷ) having
polarizationμ̂1 and the photon propagating towards Bob (in
the direction−ŷ) having polarization̂μ2, and (ii) the opposite
situation, in which the photon propagating towards Alice is
polarized in the direction̂μ2 and the photon propagating to-
wards Bob is polarized in the direction̂μ1. Thus, we expect
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FIG. 11. Characterization of the postselected state for increasing distancesr12 between the emitters. (a) Schematic representation of the
energy levels and decay paths for two uncoupled emitters. The emitters are assumed to have identical transition frequenciesω0 and thus the
relaxation of any of the emitters produces a photon at this frequency (in brown). The transition dipole moments of the emitters are oriented
perpendicularly to each other, witĥμ1 = (x̂ + ẑ)/

√
2 andμ̂2 = (x̂ − ẑ)/

√
2. The relaxation of emitterj leads to the emission of a photon with

polarization state|μ j〉. (b) Dependence onr12/λ0 of 1 − C(ρ̂) (blue solid line) and of 1− F (ρ̂) (orange solid line). In this panel we consider
that Alice detects photons emitted in the directionŷ and Bob does it in the direction−ŷ. In the inset we make a zoom of the behavior of
1 − C(ρ̂) and 1− F (ρ̂ ) at the interval 0.05λ0 � r12 � 0.45λ0,corresponding to the dashed gray box. (c), (d) Dependence of 1− F (ρ̂) [with
F (ρ̂) the fidelity with respect to the Bell state (|x̂〉A |x̂〉B − |ẑ〉A |ẑ〉B )/

√
2] on the direction of detection̂k = k̂(θ, φ) of Alice for separation

distances (c)r12 = λ0, and (d)r12 = 10λ0. θ andφ are the polar and azimuthal angles of the wave vectork̂ in spherical coordinates (see the
sketch in Fig.10). The detection of direction of Bob is fixed atk̂

′ = −ŷ. The minimum value of the color map in (d) is saturated to facilitate
a better comparison with other color maps in which the behavior of the fidelity is also analyzed. In (b), (c), and (d), we consider that the
emitters are DBATT molecules, withγ0/(2π ) = 21.5 MHz andλ0 = 618 nm, which are embedded in a naphthalene crystal with refractive
indexn = 1.5.

that the two-photon state is given as

|ψ (r12 → ∞)〉 = |μ̂1〉A |μ̂2〉B + |μ̂2〉A |μ̂1〉B√
2

= |x̂〉A |x̂〉B − |ẑ〉A |ẑ〉B√
2

.

(G1)

This state is equivalent to the state|ψBell
− 〉 expected for very

short separation distancesr12 (see Secs.III and IV of the
main text), although the physical mechanism describing the
generation of the photon pair is different, as well as the photon
frequencies.

Next, following the procedure described in Sec.IV of
the main text and considering again two DBATT molecules
as reference emitters, we calculate the concurrenceC(ρ̂) of
the postselected state (atk̂ = −k̂

′ = ŷ) for large separation
distances, as well as the fidelityF (ρ̂) with respect to the Bell
state|ψ (r12 → ∞)〉 = |ψBell

− 〉. Figure11(b) shows 1− C(ρ̂)
(solid blue line) and 1− F (ρ̂) (solid orange line). We find that
the concurrence and the fidelity can be optimized in two dif-
ferent ways. On the one hand, when the coherent dipole-dipole
interaction between the emitters is significant (equivalently,
at short separation distancesr12), the photon entanglement
generally increases (following an oscillatory behavior) for

decreasing values ofr12 [see the inset in Fig.11(b)], as dis-
cussed in the main text. On the other hand, if the dipole-dipole
interaction is weak (equivalently, at large separation distances
r12), we find that the photon entanglement increases overall
for larger values ofr12, which is consistent with the simple
argument given in the previous paragraph. As a consequence,
we observe in Fig.11(b) that 1− C(ρ̂) reaches a maximum
value (corresponding to lower photon entanglement) at an
intermediate regime of separation distances (r12 ∼ 0.35λ0),
where the dipole-dipole interaction is neither very weak nor
very strong.

Finally, we discuss why, despite the high values of con-
currence obtained at large separation distancesr12, we do not
expect such a configuration to be practical for applications
in quantum technologies. With this purpose, we analyze the
two-photon postselected state under different detection direc-
tions and at large separation distances. As discussed in Sec.
IV A of the main text, we expect that the two-photon state
measured in experiments including lenses is highly entangled
if large values of fidelityF (ρ̂) with respect to a Bell state are
obtained at each direction over the solid angle of collection
(given by the numerical aperture of the lens). We consider
r12 = λ0 and plot in Fig.11(c)the dependence of 1− F (ρ̂) on
the detection direction of Alice (with the detection direction
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of Bob again fixed at̂k
′ = −ŷ), where the fidelityF (ρ̂) with

respect to the Bell state|ψ (r12 → ∞)〉 is obtained following
the procedure described in Sec.IV of the main text and in
AppendixE. We find that 1− F (ρ̂) drastically increases un-
der small deviations fromθ = π/2. This deviation becomes
more extreme for increasing separation distances, as shown
in Fig. 11(d), where we have fixedr12 = 10λ0. In particular,
by examining the variation of 1− F (ρ̂) as a function ofθ

at fixedφ = π/2 in Figs.11(c) and 11(d), we find that the
full width at half-maximum of the central dip of 1− F (ρ̂) is
approximately 10 times larger atr12 = λ0 [Fig. 11(c)] than at
r12 = 10λ0 [Fig. 11(d)]. Therefore, we expect that obtaining
a highly entangled two-photon state from two quantum emit-
ters separated by large distances becomes very challenging in
practice, in contrast to the case of short separation distances
discussed in Sec.IV A of the main text.
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