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Entangled photon pairs are key elements in quantum communication and quantum cryptography. State-of-
the-art sources of entangled photons are mainly based on parametric down-conversion from nonlinear crystals,
which is probabilistic in nature, and on cascade emission from biexciton quantum dots, which finds difficulties
in generating entangled photons in the visible regime. Here, we use the Wigner-Weisskopf theory to provide a
demonstration that polarization-entangled photon pairs can be emitted from two interacting quantum emitters
with two-level-system behavior and perpendicular transition dipole moments. These emitters can represent a
large variety of systems (e.g., organic molecules, quantum dots, and diamond color centers) offering a large
technological versatility, for example, in the spectral regime of the emission. We show that a highly entangled
photon pair can be postselected from this system by including optical filters. Additionally, we verify that
the photon entanglement is not significantly affected by small changes in the detection directions and in the
orientation between the dipole moments.
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I. INTRODUCTION nature and their large spectral linewidth. On the other hand,

. . the cascade emission from a biexciton QD can also give rise
Nonlocal quantum correlations between different systen_1§o the emission of polarization-entangled photcs-B3), in

are one of the fundamental resources in quantum technologies. . . _ .
These correlations are commonl refeqrred toeatanale 9'€Z similar way to the cascade emission from atomic beams but
y 9 with a better control on the directions of emission. However,

nfg:]ajnnql Epd z)pegcf}';’{[‘;] 'gr?gazgjr:?u??en;:mci:ﬁﬁﬂ;a _ the generation of entangled photons from biexciton QDs also
q yptograp ' q 9 9" suffers from drawbacks, such as being typically limited to the

ing [9-15], among Oth‘?fs: Ph_otons are promising Cand'dateﬁwfrared range and the usual fine structure splitting that can
for processing and distributing entanglement because the duce the photon entanglemede{36]

can travel long distances without being significantly affecte Notably, a source of entangled photons in the visible

e o e e S o ety a0 can 1 aplcatons ndferet conexs, I quanun
9 communication, such a source would facilitate the interfac-

mercury atomic beams were used in pioneering experimenﬁf4| b . . . "
: o ; " etween light and quantum nodes with optical transition
testing the violation of Bell inequalitied 6-21]. However, the frgquencies?ﬂgSS] andqit could also facilitate ?he quantum-

radiative emission from these atomic beams is isotropic due tgnhanced imaging of biological sample390]. However

the randomness of the orientations of the transition dipole moénly a few sources of entangled photons operating in the

ments of the atoms, which reduces their technological utility. . _: . ;
Strong efforts have thus been spent in the last few decades g(l)suble regime have been proposetii43], aside from the

: . robabilistic PDC 24,44,45].
design practical sources of entangled phot@223]. o .
N%ngays the most popular sgourc[()as of enta]ngled—photo Here, we present a source of entangled—photon pairs bgsed
pairs are bas’e d on parametric down-conversion (PDC) a”é? light emission from two interacting quantum emitters with

: ! o-level-system behavior. These emitters can represent a
quantum dots (QDs). On the one hand, PDC is a non“ne?é:ariety of systems, for instance, organic molecules, quantum

optics process where a photon pumps a nonlinear cryst ots, trapped ions, atoms, and diamond color centers. This

gIr\llcl)rt]gngSfartlobtehge?g?tt;rlggt:; tl\gg iFr)lhOcIJCI);r?z.aIigi Ecalj;?rr]e ariety of possible implementations offers large technolog-
P 9 P y 9ial versatility, such as in choosing the spectral emission

postselection procedur@4-26] or by placing the detectors regime. For example, the application of our theoretical pro-

2tntg?1m|glélarhgltf:3Onesnzgrgga Er\gemn g[t)rga i;vzlxl/(c?iﬁﬁ Og fIBE)Te posal in state-of-the-art experiments with interacting organic
gied p 9 ' molecules at cryogenic temperatures would allow for the

they suffer from several drawbacks, such as their prObab"iSti%mission of photons in the visible regimé6f49]. We show

that a highly entangled two-photon state can be postselected

when the transition dipole moments of the two interacting
“Contact author: adrianjuand1996@gmail.com guantum emitters are oriented perpendicularly to each other.
TContact author: ruben.esteban@ehu.eus This postselection procedure consists in including optical
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summation of harmonic oscillators of frequenay[50]:

Hew = ) Rox(8las + 1/2), 2
k,s

whereaﬁ,5 and s are the creation and annihilation operators
of photons in modek s). Here,

k = K(sin6 cosgX + sind singy + cosh2) 3)

is the photon wave vector in the homogeneous medium, where
0 and¢ are, respectively, the polar and azimuthal angles (see
Fig. 1) andk = wy/c, with ¢ the speed of light in the host
medium with refractive inder. Additionally, s specifies one

of the two orthogonal polarization modes of the wave vektor
with corresponding unit vector denoted By. Furthermore,

we consider that the interaction between the quantum emitters
and the electromagnetic field is described by the multipolar

FIG. 1. Schematic representation of the two-photon emissiont€raction Hamiltoniang1-54]
from two initially inverted quantum emitters. The emitters (indexed 4 iata
y q ( H=AY" n-ds!
ks ]

by j =1,2) behave as two-level systems, with transition dipole "Oks 0 s H.c, “)
momentu; = u(cose;X + sina;2), and they are located at positions

rj, with ri, = ry — r, oriented in thez direction (axis indicated at where H.c. denotes the Hermitian conjugate and the rotating-
left bottom). The relaxation of the emitters generates two photons invave approximation (RWA) is used (see Appendixfor a
electromagnetic modes,(s) and K, ') with probability amplitude  further discussion on the RWA). Here, we have introduced the
c?;k,g, wheres ands' are the polarization modes akdndk’ are the coupling coefficient

wave vectors. Additionallyy and¢g represent the polar and azimuthal

angles, respectively, of the wave vecdkdn spherical coordinates. In 91(<j) = @k
Secs.lll and IV we focus on the case of perpendicular transition S 2ggn?hY
dipole moments, witlhy; = —a, = /4.

&€, (®)

with V the normalization volume of the electromagnetic field
andgg the vacuum permittivity.

filters and detecting light at the direction normal to the dipole The Wigner-Weisskopf approximation (WWA) allows us

moments. Our calculations are based on the use of the Wi nettQ sqlve the dyna.m'ic':s of the quantum state of .the tqtal system,
g tarting from the initial statg/ (0)) = |ee) |vag, in which the

Weisskopf approximation to obtain the quantum state of the

electromagnetic field, assuming that this field interacts withfWo emitters are |n.the. exgltgd state (i.e., initially myerted) and
two initially inverted quantum emitters. the electromagnetic field is in the vacuum stat) (i.e., no

photons are present in the field). Here, we have introduced the
notation |ee) = |e), |€),, where the first and second indices
I1. SYSTEM AND MODEL in |ee) label the state of emittej = 1 and 2, respectively. In
] ] ) contrast with previous works that assumed parallel transition
In this section, we introduce thetwo-p_hoton state generategipo|e moments§5,56] or a single initially inverted emitter
from the relaxation of two quantum emitters with two-level- [57 5g] we consider that the two emitters are initially inverted
system behavior. These emitters are indexed byl.2and  anq their transition dipole moments are oriented arbitrarily

have electronic ground stafg);, excited statge);, and iden-  jthin the samexz plane. We make the ansatz
tical transition frequencyy. We consider that the emitters

are located at positions; within a homogeneous medium [¥(t)) = c*=(t) |ee) [vag

with refractive indexn. Without loss of generality, we as- o % At

sumeri; = ry — rp = ry2, with 2 the unit vector along the + Z (Cks(t) €g) + Gs(t) 198) )aks lvag)
zaxis. For simplicity, we also assume that the transition dipole ks

moments of the emitters are contained in Kzeplane and + ¥ (t)|g) al &l |vad (6)
have identical norm, such thafe; = p(cosej% + sine;2), sz: (k,ng) ks ks HsHes

as schematically depicted in Fig. The Hamiltonian of the >(k.9)

quantum emitters can be written as which only contains terms with two excitations in total (be-

R tween photons and emitter excitations), as the RWA is used.
Hqe = Z ﬁwo&;r&j» (1)  c=(t)is the probability amplitude of finding the system at time
j t still in the initial state|ee) |vac), which satisfieg®(0) = 1.
Cra(t) and ci(t) are the probability amplitudes of states in
with (}j" = |e); (gl; ando} = |g); (el; the raising and lowering Which, respectively, the second or the first emitter have re-
operators of emittey. laxed, leading to the generation of a photon in makdes).
Moreover, the Hamiltonian of the electromagnetic field Finally, ¢2, . (t) is the probability amplitude of a state in
in the homogeneous medium can be written as an infinitevhich both emitters have relaxed, giving rise to two photons,
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one each in modek(s) and K, S). We are mainly interested is the coherent dipole-dipole coupling between the two emit-
in the analytical expression of this two-photon probability ters, and

amplitudec?;k,g(t), as it contains all the information of the 3 sin(kor'12)

two-photon emission. We remark that in the double summa- Y12 = —-| CoSm COS“Z—(kOrlZ)

tion in the last line of Eq.&) each state appears and is counted } )

only once p5], which is indicated in the second summation of + (COsay Cosaz — 2 sinay Sinaz)

the last line in Eq.§) by the compact notaticA);kg,Tg) > (k,s). coskor1z)  sin(koriz)

In other words, only one of the termgg) &/ &/, lvag and N\ o2~ (o’ (13)

[se) él,géls |vac appears in this summation because they rep- he dissipati ing b H ) h
i fo st 1 — is the dissipative coupling between the two emitters, wit
resent the same physical state, @g.[a,..] = 0.

Next, to obtain the analytical expressions of the probabilityko - ICf)O/(\:) Thed Stﬁf’”é?‘”?ouf emissitl)_n rais th_e dcohedrebnt
amplitudes in Eqg. & we use the Schrodinger equation in couplingV, and the dissipative coupling,. aré inducead by

the interaction picture. In this way, we find a set of coupled.the interaction of the emitters with the electromagnetic field

differential equations for these probability amplitudes, which™ the homogeneous mediur355,59. Importantly, the in-

then we solve considering that the dynamics of the system icsjuced dipole-dipole interaction modifies the eigenstates of the

Markovian (see AppendiA for the complete derivation). At emitters, leading 1o new hy_brid States = (jeg) + |ge))/ﬂ_
sufficiently long times t(— oo), we find that both emitters 2NdIA) = (1eg) — |96))/+/2 (in the absence of losses), which
have relaxed [i.e.c%(c0) = 2(00) _ ng(oo) — 0] and the are symmetric and antisymmetric combinations|egy and

two-bhoton state becomes |ge). The new eigenstgtgs hgve energigey & V), decay
P ratesyp £ y12, and transition dipole moments, + u, [60].

[ (00)) = Z Z cﬁ’ik,g(oo) |og) alsal,g vac, (7) Additionally, Eq. 8) also(li)nfludes the(zc)iiitributions
“ g((kgs)) 59 = (r1-Gs) + (r2-G5) (14)
. . . . Ty +i(Rwo — ok — wi)
with the two-photon probability amplitudes given by () * (2)y *
a4 0) Irel+) 0) 0) — (”’1 i gks) B (”’2 i gks) (15)
Ckggkg(oo)__q@ [ 'S /sk]'l‘s(«s[sis _S@k’] K Yo +1(2wo — wx — wi)
s,k -
2e(ks. K's) which are related to the emission of two photons at frequen-
Ai(g) [A‘(&) — At(i)«,k] + AI(&) [A‘((;) — Ag(,] cies wx and w satisfying energy conservation + wx =
+ p . 2wq. These two-photon emission processes can be mediated
2¢(ks, k's) . ) . :
@) by intermediate virtual states rather than real eigenstates of
the system1].
These probability amplitudes carry all the information of  Furthermore, the normalization condition

the two-photon emission: directions of emission, frequencies, (v (o) |y (c0)) |2 = 1 yields
and polarizations. As a consequence, they encode as well
the information of the degree of two-photon entanglement. 1 = ZZ ‘ngk,g(oo)f — fdQ/dQ’

e(ks, k's) is the Einstein functiong5], which is equal to 2 if ks K.g
k = k' ands = s, whereas it becomes equal to 1 in any other - 2.,
case. Additionally, we have introduced 5 /"O dk/oodk’z K2(K')?| g o (00)| "V (16)
\* 2)\* 6 ’
s = (1 -9)" + (12~ 4) ©) 0 0 ss (2r)
* (wEr)/2+i(wo £V — ) with dQ anddQ’ differential solid angles that are integrated
@ _ (Itl . g(é))* - (ILz . g(ki))* | (10) in the full space (see Append#). Therefore, we can define
* (wEy)/2+i(woEV —w) K2(K')?[c® .o (00) V2
Pk, sk,s) = > (17)

which are Lorentzian distributions related to the emission of
a single photon of resonant frequeney = wg £V at rate
Y0 + Y12- Here,

(27)°

as the probability density of emission of two photons in modes
(k, s) and K, ). We note thaP is independent of the choice
3| l? 1) of value of normalization volum¥, since|c (c0)|? scales

0~ 3reon2hc3 inversely proportional with)?.

is the spontaneous emission rate of each emitter in the medium

of refractive indexn 1. ENTANGLEMENT GENERATION

3y0 coskol'12) In this section we reveal that the two-photon stgtéco))
V= T[— COSwry COSotp ————— can be highly entangled in polarization and frequency if the
(kor12) transition dipole momentg, and u, of the interacting emit-
+ (coswy cosay — 2 Sina; Sinay) ters are oriented perpendicularly to each other. Additionally,
sin(kor12) = coskoriz) we show that the probability density of two-photon emission
x ( 12 12 )] (12)  is maximized at the normal direction to these dipole moments.
(kor12)? (kor12)® To this end, we provide first an intuitive argument on the
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FIG. 2. Photon emission from the symmetric and antisymmetric hybrid states. \Wesfix-«a, = 7 /4 (see Figl), which corresponds to
perpendicular transition dipole moments. (a) Dependence on the distateween both emitters (normalized by the transition wavelength
Ao = 618 nm) of the coherent dipole-dipole coupliigblack line) and of the dissipative couplingy (brown line). Both coupling¥ andy;»
are normalized by the spontaneous emissionyatéo) Schematic level structure and relaxation paths. The initial getean relax via the
symmetric statéS) = (|ge) + |eg))/~/2 (transitions indicated with purple arrows) generating two photons polarizedfrdinection (opposite
to the direction of the transition dipole moment of the symmetric state, written in pufpd2)can also relax via the antisymmetric state
|A) = (Jge) — |eg))/+/2 (transitions indicated with green arrows), which leads to the emission of a photon polarized diréwtion (opposite
to the direction of the transition dipole moment of the antisymmetric state, written in green) and another photon polarized in the-eirection
(corresponding to the direction of the dipole moment of the antisymmetric state). (¢) Radiation pattern of an electric point dipole oriented in
the directionu, + p, o X of the transition dipole moment of the symmetric staig? is the squared amplitude of the classical electric field
generated by such electric-point dipole. (d) Radiation pattern of an electric point dipole oriented in the diegetipn « —z(or, equivalently
u, — p,  2) of the transition dipole moment of the antisymmetric state. The dashed gray arrows in (c) and (d) mark the directign of the
axis. (e) Dependence of the probability den®itp = /2, ¢ = 7/2;0’, ¢’) ond’ and¢’ for two DBATT molecules separated by a distance
r;» = 0.075,, and embedded in naphthalene crystal witk 1.5. These molecules have spontaneous emissiongater) = 21.5 MHz and
transition wavelengthy = 618 nm.

generation of entangled photons, which then we verify withspaces because this state is most readily used and analyzed.
the help of the analytical expressions derived in Sec. We show that with suitable choice of the subspaces (a pair of
frequencies and propagation directions for both polarizations)
the postselected state can be close to a maximally entangled

) . ) Bell state.
There are various ways in which a two-photon state can be

considered entangled, depending on which decomposition of
the full two-photon, many-mode Hilbert space we consider. _ o - )
For bosons (and other indistinguishable particles), several We consider that the directions of the transition dipole mo-
notions of entanglement are distinguished, nameitangle- ~ ments are fixed at; = (X +2)/v/2 andp, = (X — 2)/+/2
ment of particles (with different flavors) andentanglement ~ (corresponding tax; = —ap = 7 /4) and that agaim, =
of modes [62,63]. We will focus here on the latter which is ri2z. In this configuration, the emitters interact coherently
more practical for typical applications of entanglement, asif the distancer;, between them is small in comparison to
for example, in quantum communication. In this case, théhe vacuum wavelengtho associated to the transition fre-
single-particle spacg! of the photons is split in two or more quencywo of the emitters [see EqlP)]. As discussed in
subspace$! = Ha ® Hg ® Hg, corresponding to the modes Sec. I, the coherent interaction leads to the formation of
of Alice, Bob, and all remaining modes (if any), respectively. hybrid symmetriciS) = (Jge) + |eg))/+/2 and antisymmetric
Here, we have adopted tiéice and Bob terminology usual  |A) = (|ge) — |eg))/+/2 states with transition dipole moments
in quantum information and cryptograph§4. The Hilbert  p, + p, X and u, — p; x —2, respectively. However, ac-
space of the system (Fock space o#grcan then be decom- cording to Eq. {3) the dissipative coupling is very small
posed asF(Ha) ® F(Hg) ® F(HR) and the usual notion of (in comparison tgy) for perpendicular dipoles even at very
entanglement on composite Hilbert spaces applies. short distances. As a consequence, the decay rates of the sym-
In our case, including all the frequencies, polarizationsmetric state ¥, + y12 & o) and of the antisymmetric state
and propagation directions of the photons, the single-particléyy, — y12 ~ yp) are very similar. To illustrate this behavior,
space is infinite dimensional and can host a large amount afie plot in Fig.2(a)the dependence of the coherent coupling
entanglement. However, we focus here on very small (twoV (black line) and of the dissipative coupling, (brown
dimensional) subspacésa, Hg and on the postselected state line) on the distance;, in this configuration of perpendicu-
we obtain when one photon is found in each of the two sublar transition dipole moments. We consider in all the paper

A. Entanglement of the two-photon state

B. Intuitive picture of the entanglement generation
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dibenzanthanthrene (DBATT) organic molecules as reference
emitters to illustrate the results. More specifically, we fix
the following molecular parameters, based on experiments in
Ref. [47]: (i) the decay rate isp/(27) = 21.5 MHz, (ii) the
transition frequency, corresponds tay = 618 nm, and (iii)
the host medium is naphthalene, with refractive index 1.5.
We neglect the influence of the combined Debye-Waller—
Franck-Condon factor that effectively accounts for the effect
of phonons of the host medium and of internal vibrations of
the emitters 47,60,65]. We demonstrate in Appendi& that
the value of this factor does not affect the results after an
adequate scaling of the intermolecular distange
As a consequence of such interaction (wWith# 0 and
y12 & 0), the initial doubly excited statee) can decay with
almost the same probability to the symmetric st&eand to
the antisymmetric statgd). Importantly, the radiative decay
from |ee) to |S) produces a photon of frequeney = wg —V
and polarization |gt;) + |g,))/~/2 = |x), which is followed
by the relaxation fromS) to |gg) that leads to the emission of a
photon of frequencw, = wp + V and identical polarization
(I1,) + |11))/~/2 = |X). This cascade emission is schemati-
cally indicated with purple arrows in Fi@(b). On the other
hand, the radiative decay frofee) to |A) produces a photon i 3. Characterization of the two-photon emission at di-
of frequencyw, and polarization ;) — 12))/V2=12),  rectionsk =9 and K = —§ from two DBATT molecules with
which is followed by the relaxation from#) to |gg) thatleads  perpendicular transition dipole moments. These molecules have
to the emission of a photon of frequeney and polarization  ,/(27) = 21.5 MHz and = 618 nm and they are embedded in

(11e5) — [11))/~/2 = — |2) [see the green arrows in Fig(b). a naphthalene crystal with refractive index= 1.5. Additionally, we
Therefore, this simple analysis suggests that the two-photofix the intermolecular distance at, = 0.075\, (along the z axis),
state is given as which yieldsV = 3.5y,. We plot the probability density of two-

o N N N photon emissiorP(k, s;k’, ) (in units of n?) as a function of the
X, 04) X, 0_) = |2, 04) |2, 0_)

[y ) = , (18) photon frequenciesy = kcandwy = K'cat(a)s=s = Xand at (b)
V2 s= s =z (c) Relative phasé between the two-photon probability
S . o i % — g —% —g =3 i
which is entangled in frequency and polarization. However@MPhtudesty, ¢ (00) ats=s =X and ats = s = Z On the right

we emphasize that this qualitative argument lacks informatioff2n€! We show a zoom of this relative phase aroupd: wo —V

of, for example, the directions of emission. This argumenf"d®x = o +V (highlighted with a green box on the left panel).

also neglects the possibility of two-photon emission through

intermediate virtual states, as discussed in 8ec. dipole moments are contained), the directions in which it is
Next, we provide a simple analysis on the directions of |, <t likely to detect the other photon e 9andf</ -3

emission that are expected to provide a larger collectio o this end, we defin®(6, ¢;0’, ') as the probability den-

efficiency. An electric point dipole has a doughnut—shapedsity of emission of two photons at the directiorts ¢) and
radiation pattern, with equal radiation strength in the plane(g,’ ¢') associated wittk and k', without discriminating on

perpendicular to the orientation of the point dipd&,67]. In . : L . o _
Fig. 2(c), we plot the radiation pattern of the transition dipole E:Zﬂrbféecysglgti Sd ng polarizations. This probability density

momentu, + p, of the symmetric statgs), which is oriented

in thex direction. The radiation from this dipole is maximal in VRSP Ry 1

the yz plane. Similarly, Fig2(d) shows the radiation pattern D@, ¢:0', ¢) _/0 dk/o dk Z Pk, sk, s). (19
s,s

of the transition dipole momemt, — u, of the antisymmetric

state|A), which is oriented in the direction and has max- e plot in Fig.2(e)this probability density as a function of
imal radiation in thexy plane. As a consequenceand—y  gnq ¢ when we fixd = ¢ = /2 (corresponding t& = §)
should be optimal directions of photon emission because they,, ., — o 0754 (the latter yieldingV =~ 3.5y,). We find
are directions of maximal radiation of the transition dipole regioné where the probability dens[WbéconHes larger
moments of both hybrid stateS) and|A) [see dashed gray around the direction$ (at6 = ¢ = 7 /2) and—§ (0 = —¢ = '

arrows in Figs.2(c_) and 2(d)]. In the following, we use the w/2), as expected from the simple argument in SH® .
aggalytfjl)l gét)arierzlsésdloirr: ggtg]etg\:%gﬂ;ﬁg& 5;??;‘ ?ﬁlletgeag?rﬁlgéde}/ve emphasize thad(6, ¢;6’, ¢') has been defined so that
Zkr?;kl/fments integrating this function over the four angle arguments is equal

to one.
_ _ _ Next, we analyze the two-photon state(co)) with emis-
C. Rigorous analysis of the entanglement generation sion directions fixed ak = § andk' = —§ and again fixing

We show first that, assuming that a photon is emitted in the;, = 0.0754,. To this aim, we plot in Fig3(a) the depen-
directionk = § (normal to thexz plane where the transition dence of the probability density of photon-pair emission
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w— W+
pAu) ) pAd)
o o 09 o | % 00 o o
Bob  filter p filter  Alice
~/ . [/ » ~
k=-y FpWw) Yo Faw) k=y

FIG. 4. Schematic representation of the postselection procedure. The transition dipole moments of the emitters are assumed to be containec
in the xz plane and oriented perpendicularly to each other=£ —«a, = /4 in Fig. 1). Blue circles represent photons emitted at frequency
~ w; = wo + V from the interacting system, while red circles correspond to photons emitted at frequency= wo, — V. Alice detects only
photons emitted ot = § and Bob does it atk' = —y. Additionally, Alice uses a filter with Lorentzian profile.(w), with linewidth I and
central frequencw, , whereas Bob uses a filter with Lorentzian profigw), with linewidth " and central frequenay_.

[Eq. (17)] on the photon frequencies, = kc andwy = K'c
considering that both photons are polarized in mosles
s = %. We find thatP takes maximal values'3.5 x 1073 m?
when one of the photons has frequeacy = wg + V and the
other photonv_ = wp — V, corresponding to the two-photon
emission via the symmetric stai8) [see purple arrows in
Fig. 2(b)]. We find a similar dependence axn andwy of P

from the maximally entangled state) and, consequently, filters
with very narrow linewidths are needed to postselect a highly
entangled state in the next section.

IV. POSTSELECTION OF A HIGHLY
POLARIZATION-ENTANGLED STATE

for the case in which both photons are polarized in modes In this section we show that a two-photon state that is
s=¢ = 2, which is shown in Fig3(b). The maxima have highly entangled in polarization can be postselected using
again a value of3.5 x 10-3 m2 and are found for a pho- Opticalfilters. We consider that Alice detects light propagating
ton of frequencyw, and another photon of frequeney., in the di_rection;? and Bob c_Joes_ it in the directiory, as
corresponding in this case to the cascade emission via the apchematically represented in Fig. The postselected state
tisymmetric stateA), which is indicated with green arrows in S based on the detection of a single photon by Alice and a
Fig. 2(b). We show in Appendi® thatP drastically decreases Single photon by Bob and, thus, determined by the two-photon
if one of the photons haspolarization and the other photan  probability amplitudescﬁ’ik,g(oo) with k=¢ andk = —¥.
polarization, with maximum values10-36 m?. These proba- Additionally, Alice (A) and Bob B) use optical filters with
bility densities are consistent with the entangled photon stateorentzian profiles

in Eq. (18) expected from the simple analysis in SBEB . r/2

To further characterize the two-photon state(co)) at Fa(w) = T/2) i@ - (21a)
k =y and K = —V¥, we analyze the behavior of the complex
phase otﬁ’ik,g(oo) at these directions. In Fig(c), we plot the Fa(w) = r/2 (21b)

T/2)+i(w—w_)

These profiles assume that both optical filters have the same
linewidth I, but while Alice filters light around, , Bob does
it aroundw-_.

Moreover, we consider that Alice and Bob use detectors
that count all photons that pass through the filters, without
distinguishing their frequency. As a result, the postselected
We find$ ~ & near the photon frequencies that yield maximalstate has only polarization degrees of freedom and is properly
probability densityP of two-photon emission (i.e., one pho- described by a two-photon density matgix(rather than by
ton atw, and another photon ai_), as can be appreciated a pure state) due to the erasing of frequency information.
more easily in the zoom in the right panel of FR{c). This  (We analyze the dependence of the purityoodri " andri,
difference of phase agrees with the relative phase betwedn AppendixD). To obtain the postselected state we follow
X, w_) |X, w;) and|Z, w_) |Z, w, ) In EqQ. (18). However, de- the usual tomography procedurég[69]. In the orthogonal
viations in the photon frequencies ef y, are sufficient to  basis of polarization formed by theandz directions (which
strongly modify the relative phase (which implies deviatingare also orthogonal to the detection directidns- § and

relative phasé between the two-photon probability amplitude
at s=s =X and the two-photon probability amplitude at
s= s = z More specifically,

8= phas@cﬁgk,g(OO)]R:,R’zy,s:szi

— phas¢cl (OO)]l?:—lZ’:y,s:s:z' (20)
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(a) 1—Concurrence (b) 1—Fidelity (c) N/Nmnax
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1072 10
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FIG. 5. Characterization of the two-photon postselected gtatée plot the dependence on the linewiditiof the filters (normalized by the
spontaneous emission ratg and on the distancg, between the two emitters (normalized ky) of (a) 1— C (whereC is the concurrence),
(b) 1— F (whereF is the the fidelity ofo"with respect to the Bell statéi&) — |22))/+/2), and (c) the normalizing factd¥ of the density
matrix divided by its maximum valuBly.« (obtained within the range of filter linewidths and intermolecular distances analyzed). The two
emitters are DBATT molecules, withy/(27) = 21.5 MHz ando = 618 nm, which are embedded in a naphthalene crystal with refractive
indexn = 1.5. The transition dipole moments of these molecules are contained iz thlane and oriented perpendicularly to each other
(v = —ap = /4 in Fig. 1).

K = —9), the elements of the density matrix dre given With of = =i %), (2|, +i12), (%], they Pauli matrix in the

by [69] Hilbert space of the polarization of the photon detected by
Alice (x = A) or Bob (x = B). Concurrence is bounded be-
tween 0 and 1, taking the lowest valugifs'a separable state
and the highest value if it is a maximally entangled state. Thus,
1 — C(p) measures the deviation of the postselected state from
a maximally entangled state.

To examine the behavior of concurrence, we consider
again the case of two DBATT molecules, although we have
verified that equivalent results are obtained for different
guantum emitters provided that the same dipole-dipole cou-
pling strength is fixed. Figurg(a) shows the dependence of
1—C(p) onT (normalized byyp) and onry; (normalized by
o). We find that filters with very narrow linewidti(/yy «

0.1) are needed to obtain a highly entangled postselected state
. (1= £ 107?). Additionally, atT"/yy « 0.1 the dependence
k=Yox/c.K'==Jwy / of the concurrence ony, is small for the range of distances
(23) analyzed here (see Appendbdor a discussion on larger sep-
aration distances). We attribute the necessity of very narrow
Further, in Eqg. 22) we have included the normalization factor filters to the high sensitivity of the relative phaséetween
- . the two-photon probability amplitudégk/g(oo) ats=5 =X
N = Z/ dwk/ dox | (¥ (00)|u(w)U (wi)) 12, (24)  and the two-photon probability amplitud%k,g(oo) ats=
uu ¥0 0 s = 7 [both of them evaluated &= —K' = ¥, see Eq.20)].
As discussed in Sedll and shown in Fig3(c), if one of the

which guarantees that gr= 1. h .
. otons has frequenay, and the other one_ we finds ~
We quantify next the degree of entanglement of the two—IO quenay, il

hot tselected stad@nd its d g the dist (corresponding to a Bell state, with maximum entanglement),
P obortw pos stehece tst gian AS et%enl.encgd%?ofteh |?_Iancebut small deviations in the photon frequencies drastically
f1 between the emitters and on the finewidtnot the 1= change this value of relative phase.

ters. To this end, we compute the concurre@¢g), which

he d f I e . f Moreover, to further verify the simple argument in Skl
measures the degree of entanglement of formation of anyq ona1y7e the similarity between the postselected stated”
two-qubit system70Q]. C(p) can be obtained as

the polarization Bell state

C(p) = max{0, 21 — vz — Az — Vsl (25) I%%) — [2)

1 o0 o0
(w1 p 1) = /0 doo /0 doe (U@ (@) (00))

X (Y (00)[s(wk)S (wk))
(22)

with u, U, s, s € {X,Z}. |s(wk)S (wy)) is a two-photon pure
state that (i) involves a photon of frequensy propagating
towards Alice k = ¥) and a photon of frequeney propagat-
ing towards Bobk/ = —¥), and (ii) accounts for the influence
of the optical filters. More specifically, this state is given as

|S(ax)S (@) = Fa(ox)Fa(wi)a] &l Ivag

2l = : (27)
Here,; are the eigenvalues (in decreasing ordep)@fWhere V2
5 y Wkl Ly y expected from EqJ@8) once the frequency degrees of freedom
p = (04 ®0p)p* (0, ® 0p). (26)  are erased. With this objective, we compute the fidelity of ~
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with respect to such state, which is given as (a) _ 1—Fidelity . (b)m() ........
F(p) = (=" 5 1y=e). (28) o
107 107!
Figure 5(b) shows the dependence atyy, and onriz/Ag ° /2 ) ‘
of 1— F(p). We find again that very narrow filters are re- 1077 1072
quired to minimize the deviation of the postselected state from s - |-1—Concurrence
|yBelly. Additionally, for very narrow filtersI{ /yo < 0.1) we Y /2 L 00l i /2

obtain that decreasing the intermolecular distamggfirther 0 ap = —a
minimizes the deviation of the postselected state frpf"),
which is a consequence of the relative ph&spproachingr
more closely as;, decreases.

FIG. 6. Robustness of the two-photon postselected state against
the detection direction and against the angle between the transition
dipoles. The two emitters are DBATT molecules, witfy (27) =

“neTVCiZ?ES fl;galn?s l:?ggatti ?&;izlti‘rshi\l\/ﬁr V%I{/’;lrir;g{irc?r\:\f 215 MHz andio = 618 nm, which are embedded inside a naphtha-
d gny p lene crystal with refractive index= 1.5 and separated by a distance

entangled pOStsele.CFed St"’?te' However, the probability 012 = 0.05x¢. The linewidth of the filters i§"/y, = 102. (a) Depen-
AI_'Ce and Bob receiving a s_lngle photon eaCh one decrea_sed%nce on the detection directi&n= R(Q, ¢) of Alice of the deviation
with thg.nar.rowness of _the filters. _To quantify how m_uch tr_usof the postselected stafe from the Bell state &%) — [2))/+/2,
probability is reduced in comparison to the case in whichypich is quantified through % 7. The detection direction of Bob
broad filters areAused, we analyze here the fablpgiven g fiveq atk’ = —¢ and the transition dipole moments are oriented
by the trace ofp"before normalization [see Eq24)]. (We  perpendicularly to each other, as in previous simulations (sketch
additionally provide in Appendi¥ a zeroth-order estimation iy Fig. 1, with «; = —a» = /4). (b) Dependence on the angles
of the brightness of the entangled-photon source.) We plot i, — —q, of 1—C and 1- F, at detection direction& = § and
Fig. 5(c) the dependence dn/y, and onrip/Ao of N divided k' = —§ normal to thexz plane in which the transition dipole mo-
by the maximum valuéNmax obtained within the range of mentsp; = (cosa;% + sine;2) are contained.
linewidth and intermolecular distance explored in this figure.
We find that, for very narrow filtersI{a 10-2y,), N can be
up to five orders of magnitude smaller than for broad filters We consider that Alice detects light propagating in some
(T ~ 10yp). Thus, to choose the optimal spectral widths ofdirectionk = k(6, ¢) satisfyingk - § > 0, whereas the detec-
the filters in experiments, it is necessary to consider a balandén direction of Bob is again fixed aty. Additionally, Alice
between the two-photon entanglement and the detection proland Bob measure the polarization of photons in the same
ability, as decreasing values DBfincrease the concurrence of basis{|X), |2)}. However, the polarization directions of the
the postselected state, but at the cost of loweN#ymax- photons propagating towards Alice are generally different to
In the following we analyze the entanglement of the postX andz (except at¥ = ¢ = 7 /2, which is the case analyzed
selected state under different detection directions and undém previous sections). To collimate the photons and rotate their
misaligments in the relative orientation between the transitiomirections of polarization, guaranteeing that they are polarized
dipole moments. in the xz plane, we consider that Alice uses a lens oriented
normally to they axis. The effect of the lens is included
) through the application of a unitary transformation to the
A. Two-photon entanglement under different two-photon probability amplitudes of the postselected state,
detection directions which is discussed in Appendi
In experiments, light is collected by a lens, whose nu-_ To show the effect of deviation from the detection at
merical aperture is key (together with the filters’ width) to k(6, ¢) = ¥, we plot in Fig.6(a)the dependence of-1 F(p)
determine the collection efficiency. A complete analysis of theon 6 and ¢ for two DBATT molecules ati, = 0.05.¢ and
influence of lenses in the photon entanglement goes beyond = 10~2y,. We find 1— F(p) < 10-2 over a range of angles
the scope of this work. However, to gain an understanding ofovering a large solid angle. Therefore, we expect that the
the expected impact of the lens on the two-photon probabilityntegration of the emission over such solid angle would still
amplitudes, we consider next the effect of deviations in theyield a highly polarization-entangled state while increasing
detection direction. We show that moderate deviations ar¢éhe collection efficiency. In Appendix, we show that, in
not expected to significantly affect the high values of fidelity contrast to the behavior of (p) found here for small sepa-
F(p) of the postselected statewith respect to the Bell state ration distances;,, F(p) drastically decreases under small
| By We focus on the analysis df(p) because this quan- deviations in the detection direction when the separatipis
tity measures the distance pfffom a fixed state (in our case, large (comparable to or larger thag). This difference high-
|wBely) and, thus, we expect that if the fidelity is high over lights the advantage of quantum emitters at short separation
all individual angles collected by a lens of a given numericaldistances for practical entanglement generation.
aperture, the fidelity of the state that can be measured in a
straightforward way considering all the collected light will o
also be high. For example, if the state of the emitted light B. Robustness of the entanglement to misaligments
(after the lens) iquell> for all angles, we expect that the in the orientation of the transition dipole moments
whole collected beam will be perfectly entangled and that this Finally, we verify that the large values of concurrence
entanglement can be easily measured by using two polarizerand fidelity that we have obtained assuming transition dipole
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moments oriented in perpendicular directions are robust These results show that interacting quantum emitters can

against orientation misalignments. To this end, we recalbe exploited to produce highly polarization-entangled photon

the general expressions of the transition dipole momentpairs, with large versatility and adaptability, and thus become

wj = pu(cosaX + sina;2). Here, we fixa; = —az and com-  very promising building blocks for quantum communication,

pute the postselected staidor oy € [0, 7/2]. Additionally,  cryptography, sensing, and imaging.

we consider again that Alice detects photons in the di-

rection k = and Bob does it in the directioR = —¥.

Figure6(b) shows the dependence an = —a; of 1 — C(p)
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More specifically, we consider that Alice and Bob are located

at the normal directions to the transition dipole moments of

the emitters and, additionally, each of them uses an opti- DATA AVAILABILITY

cal filter. We have found that the entanglement (quantified The data that support the findings of this article are openly

through the concurrence) increases with decreasing spectiglailable [3).

widths of the filters. Additionally, the fidelity of the postse-

lected state with respect to a Bell state increases at very short

separation distances between the emitters. Furthermore, we

have verified that this fidelity is high even if light is detected APPENDIX A: WIGNER-WEISSKOPF APPROXIMATION

with some deviation from the normal direction to the dipole |, this appendix, we use the Wigner-Weisskopf approxima-
moments, which indicates that lenses could provide larger cokign to obtain the time evolution of the two-photon probability
lection efficiencies without disturbing significantly the photon amplitudescﬂgkg(t) To this end. we first derive a set of
. sY ! - 1
entanglement. We have also checked that the high photogy,ypled differential equations for the probability amplitudes
entanglement is robust against misaligments in the onentauoEEgkg(t) cﬁg(t) cﬁe(t) and c®=(t) of the ansatzy (t)) pro-
-y - S~ / 1 S 1 S 1
between the transition dipole moments. posed in Eq. §) in the main text. This set of equations is

. Finally, the optimal values of speptral widths of the filters yptained by substitutingy (t)) into the interaction picture
in experiments depend on the desired balance between t'@chrbdinger equation

degree of two-photon entanglement of the postselected state

(which increases with decreasing the bandwidth of the filters)

and the probability of two-photon detection (which decreases .d 1.

with the bandwidth of the filters). Future theoretical analyses 'a W (1)) = ﬁH' (©) 1w (©)) - (A1)
could address the complete impact of lenses and finite-size

detectors and/or the assistance of optical cavities to improve )

the collection efficiency without affecting the degree of two- Here,H, (t) is the interaction Hamiltonian written in the inter-
photon entanglement,72]. action picture under the rotating-wave approximation (RWA)

V. CONCLUSIONS
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and it is given by substitution ofiy (t)) on the left-hand side of EqAQ) yields
HI (t) = ei(l:IQE+HEM)t/HH e_i(HQE"FHEM)t/ﬁ d
o Gl =ig (cee) lee) [vag) + i Z ) leg) &l Ivag
= HZ Z mj- (:*]Es)GJTaksel(wo_w")t +Hc, (A2 dt °
whereHog, Hem, andH; are the Schradinger picture Hamil- 'Z dt ) lge) 8, lvag
tonians of the quantum emitters, of the electromagnetic field
in the homogeneous medium, and of the interaction between At at
them, respectively [Egsl), (2), and @) in the main text]. 'kX: Z 199) Ay IVAG .
Additionally, u; is the transition dipole moment of emitter S Q‘(kgs))
B gﬁjs) is the coupling coefficient of emitter with the elec- (A3)

tromagnetic field [Eq.%)], wo is the transition frequency of

the emittersaj* is the raising operator of emittgr, and&ds  where all the probability amplitudes are evaluated at time
is the annihilation operator of photons with wave vedtor On the other hand, substituting (t)) on the right-hand side
frequencywy, and polarization mods On the one hand, the of Eq. (A1) we find

J

1 .
RO W) =Y € [ 60T + - 6 JGE] lee) lvag

+ 3 ey o))" g8 + (2 - o2))" leg) Jc<a,, Ivag

K s

+ Z Z Z C wk")t (11 g(l) leg) + my - 9(2) ge) ]C%;,k/sék”s’élsél’g vag

ks (K,8) k'
>(k,s)
i (wo—wy )t ) 2) A
+303 Y et (- o) D+ (- oF) ] o9 &, Bl Ivag . (A4)
ks (K,8) k'
2>(k,s)

Matching Egs. A3) and (A4) and taking into account thamfls”, as] = S idss and b‘ls, é::,s] = 0, we obtain the set of coupled
differential equations

l—c*(t) = Zc (Dng - ge o + Zc (Dnz - e, (A5a)
—cﬁg(t) e 1ot e () (u, - g2)" +Ze'(“’° WM (g - g2 g (e (ks K'S), (A5b)
Cks(t) —I(wo )t ee(t) (l) + Z el(wo wk/)t [,L gl((ZS),)CkSk,S/ (t)G(kS, k/S/), (ASC)
1 1 —i(wo—wy 1 i(wo—wy
dt Ck&k’s’( ) m[cg(t)(ul g|(<s)’) i( WOt + Ceg (t)(lLl g( )) —i( k)t]
(2) g i(@o—w)t t (2) g (@o—wt] A5d
s og) [ (ko 42 e + 5 0)(n2-g2) e ] (A5d)
[
We have checked that reducing the above system of differen- oot
tial equations to the case of a single polarization meldads Cesies () = _—e(kS k's) / dt'e “
to the same system of equations provided in ReH].[ ) * @
We use the Wigner-Weisskopf approximation to solve the x (et ) (me - g0))" + et ) (m2 - 902) ]
set of differential coupled equations in EcpY). The first | , ,
step of this approximation consists in formally integrating the ) / dt’e i (@oet
differential equation of the two-photon probability amplitude e(ks.k's)
c® . (t) given in Eq. A5d), which yields x [ M) (e - g2)" + ) (re - 62)7]

(A6)
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The next step consists in substituting the above equation intat this point, we transform the summation overinto an
the differential equations Glfg(t) andc (1), which are given integral in thek-space, according t&(]
in Egs. @A5b) and @A5c), respectlvely Here we describe in

detail the procedure followed after the substitution into the Y- v Zfzn d /ﬂ 40 sin@/wdk k2. (A9)
(2r)3 s J0 0 0

differential equation ot:ﬁg(t) [an identical procedure is fol-

lowed after the substitution into the differential equation of

Coe(t)]- The result of this substitution is
d _
i—c(t) = e*'<w°*wk>‘cee(t)(,t -g2)*

dt ks
1 E i (wo—wy l

k's

[ [ areer e dye oo

Additionally, the calculation of the time integrals in E49)
is facilitated by the Heitler function

00
/ dt/el(a)o—wk)(t—l/) — 7'[5((1)0 _ wk) + |’P—’
0 (wo — ax)

with P the principal value of thek integral. In this way,
Eq. (A8) becomes

i 9 e _ gritwo-vntg o=, - )"

’ wo—wy )t/ dt ks
- [l e S
. — Z/ d¢’/ de/sine’/ dk'(K')?
8 (1)) *g-i(wo-wt’ (2 ) 0 0
+ [ dt'e @) (ns-g) e §=12
Ot [ 3( )+iP ! ]
X | wd(wg — wy D
+ / dt'c®, (1) (r, - g2) e (@™ wkﬁ]. (A7) (w0 — wx)
0
The terms in the last two lines of the above expression vanish, [Cks|ﬂ1 (Ml gl((li)(ltz g@) }
as demonstrated in Ref5]. After this demonstration, the (A11)

authors in Ref.%6] consider the simplified case in which both

transition dipole moments have identical polarization, whichwhere all the probability amplitudes in the above expression

is not our case.

are evaluated at time Next, we decompose the integral in

Next, we take two usual assumptions in the Wigner-the k-space on the right-hand side of E¢1() into differ-
Weisskopf approximatiord0,54,67]. Namely, we assume that ent contributions, which are calculated separately. Each of
(i) the probability amplitudes vary very slowly in time and these contributions emerges from the multiplication of the
(i) the spectral response of the electromagnetic field is verylifferent terms in brackets inside the integral in E4LY).
broad. In this way, the decay of the emitter can be interpreteéirst, the term proportional tfu; - gk, [2P{(wo — wi) "} is

as a Markovian process and the probability amplitucje@’)
andcX(t’) in Eq. (A7) can be replaced bg(t) andcii(t),

ignored because it provides the Lamb shift induced by the
free-space electromagnetic field in the transition frequency

which allows us to take them out of the time integral. Addi- of emitter j = 1 [57]. This frequency shift is negligible for

tionally, the upper limit of the integral can be extended<o
As a consequence, EGAT) becomes

d
g 0at) = 1= (np - 4F)°
—iy f e[ (1) g - g2

+ () (1 - 002) (2 - 022)"]. (A8)
|

In this way, we can write

(271)3 Z/ d¢>/ do’ sm@’/ dk' (K)?| s - o2

§=12

emitter transitions at optical frequencies and, additionally, the
transition frequencies estimated from experiments (e.g., via
a one-photon spectrum) include this shift. Thus, we consider
thatwg in our model already contains this small shift. Second,
the term proportional tou - gk,) |28(wo — wi¢) provides the
spontaneous emission raggof emitterj = 1. To demonstrate
this, we use the general polarization vectors

&1 = — Cosh cospX — cosh singy + sinfz, (Al2a)
&2 = SingX — cosey. (A12b)

i — wi)

V 00 , 2 ,
- W/o dk(k)2 zﬁvnS(a), —a)k/)/ dqb/ de’ sing Z i - Q</5/|

_ Vil foo dK (Y5 5( )/271 d¢/ do’ sing’
~ T 2ny Jo 2ﬁv e

s=1,2
(A13)

x [coS aj(cog 6’ co§ @' + Sir? ¢') + sir? a; Sinf 6’ — 2 cosy; sinaj cosd’ sinf’ cosg’]

Vil 8 /°° e oK
_ T ak(k 5(wi
T2y 3 )y WO o Ryt

wdlmil? Y0

—a)k/):—z—

6regn?hcd 27
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The remaining two contributions of the integral in EgAl(l) are obtained integrating the term proportional to

(11 - ) (r2 - 2. Inthis case, we find

Y 2 T 00
2n )3 d do sing | dkk2(uy - d9) (e, - @) | 78 (wo — _
(2r)3 &21;2/0 ¢/() sin /o (11 9) (2 - 9%) | w8(wo wk)+|pw0_wk

V.o clp)?

dkk3[n8(wo — ) +iP ]
wo — Wk

sin(kryp)  coskrio) sin(krlz)) . . (

+ 2 sina; Sina
(kro)® | (kr)?2 | (kro) .
30

o0 3 .
= 471608 /o dwywy |:718(a)0 —awg) +IiP

- LSk,
(2n )2 2e0m2hV " J,

X [ COoSaq 005042( —

sin(kriy) B cos((rlz)ﬂ
(kri)3 (kri2)?

wo — Cl)k:|
sin (kr]_z) Ccos Q(rlz) sin(krlz)
(kri)® (kriz)? (kri2)

(

The direct calculation of the frequency integral in the aboveavoid this issue considering the complete interaction Hamil-
expression does not give the exact dipole-dipole coupling tonian, but the application of the WWA becomes not practical
This discrepancy is due to the terms ignored by the RWA inin such case because a generalized ansatz would be required
the interaction Hamiltonian (which are proportionalds  (including, for example, terms with two photons in the field
and tOO"}TélS)_ The RWA does not affect the spontaneous emisand the two emitters in the excited state). Such a generalized
sion ratey, and the dissipative coupling;, induced by the ansatz does not yield a closed system of coupled differential
interaction of the emitters with the free-space electromagnetiequations for the probability amplitudes. Fortunately, a simple
field, but it does modify the dipole-dipole coupling[5357].  solution to this problem was pointed out by Milonni and
(This can be checked, for example, by applying the MarkoviarKnight in Ref. [7]: the RWA and the WWA can be safely
approximation to trace the free-space electromagnetic fiel@pplied (as we do here) by extending the lower limit of the
and obtaining a Markovian master equation in the reduced integral from 0 to—oo, which yields the rigorous expres-
Hilbert space of the emitter$59]). In principle, one could sion of the coherent dipole-dipole couplikg Following this
argument in Eq.A14), we obtain

X [ COoSaq 003042( —

) + 2 sinay sinaz(sm(krﬂ) _ COSKMZ))}

k2P (ki) (A14)

3 *° 1
Yo / da)ka)E [nS(wo —wk) +iP i|
— wo — Wk

4 a)g‘ o

sin(kriz) = coskrip) | sin(kriz)
(kri2)3 (kri2)? (krio)

X [co&xl COSa2< — > + 2sinay sina2<

sinfriz) COSWM))]
(kri2)3 (kry2)?

. .
= %i [ — CoSo COSOCQ%(?O;:)Z) + (cosey cosa, — 2sinay Sinaz)(s&(g)f) + C?ksoq:fzr)l; )>]
3% sin(kor12) . . coskoriz)  sin(Koriz)
* T[SO‘ GOS0 ) T (00810082 = 28iney )( (orzl? (ko) ﬂ
=iV + ”712 (A15)

where in the evaluation of the complex integral we have uS&d [

o0 . 1 sin(kri2) coskrio) sin(kri2)
/_wd“’k“’f[”‘s(‘”‘)“‘*”'Pwo—wk]<q ko ? P ki) )

3f Sin(Kor12) coskori2) sin(korlz)) . 3< coskori2) sin(Kor12) cos«orlz))
= — + — i + + . Al6
”“’°<q (o2 0 Gor? P or) )T\ her? T o TP (o) (AL6)
Additionally, in Eqg. A15) we have identified the coherent dipole-dipole couplivg [
3 [ cosfkor12) . . (sin(korlz) cos%m))]
V = — | — coswy cOSey ———— + (COSwy COSwry — 2 Sinerg Sin + Al7
7 10082 ryy T (COSa oSz 2SS\ S ke F )2 (AL7)
and the dissipative coupling
30 [ sin(kor12) . . <Cos(<or12) Sin(korlz))}
= ——| COSw1 COSg——————— + (COSw1 COSarp — 2 Sinag Sin — . Al8
yiz = | Cosmcose gy H(Cosmcose mzsinarsinea)( T b T Tkorso)? (AL8)
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Substituting Egs.A13), (A14), and @15) into (A11) we obtain
d .
|—cks(t) = g '(@0—edte®(t) (u, - g2 |cks(t) +cE§(t)< |%) (A19)

Similarly, after applying the same procedure to the differential equatic[i(ﬂ) in Eq. (A5c), we find

|gcge(t)—e (oot (t) (u, - gfM)* |cge(t)—+c (t)( ”;). (A20)

Therefore, Egs.A19) and (20) provide a pair of differential equations for the probability amplitudgt) and cx(t),

respectively, that depend only on these same probability amplitudes ao®(bn Additionally, the coherent dipole-dipole

couplingV, the dissipative coupling;,, and the spontaneous emission raf@ppear explicitly in these differential equations.
Furthermore, we consider that the population of the doubly excited |statdecays with rate 2, which can be verified for

example using the Markovian master equation to trace out the electromagnetic degrees of freedom and reduce to the Hilbert

space of the emitter$9)]. Thus,

c®(t) = e ' c®(0) = e !, (A21)

which yields|c®(t)|? = exp(—2yot). Consequently, we obtain the set of coupled differential equations
dt cks(t) = —jeTiComadtgnt (y, . g@)” c{iﬂ(t)y0 (IV + m)cks(t) (A22a)
dt cE(t) = —ie o wtet (g, . )" cg;(t)’“’ (N + Vlz)ceg(t) (A22b)

The above differential equations couple only a pair of probability amplitu@és andcg’;(t) and can be solved analytically
without further approximations [in contrast to the set of infinite coupled differential equations iAE). The solution of this
system is

2ic(t) = Se TV A (U V() AlD)er(rileoen) (A23a)

2iCE§(t) — Sﬁg)e‘( HV A;((?e_( =iVt _ (Sf(g) + A‘((JSF))e—[VO—i(wO—wk)]t‘ (A23b)

Finally, we substitute EqsA@R3a) and (A23b) into the differential equation ofﬁ'gk,g(t) [given in Eq. A5d)] and solve the
resulting time integral, which yields

votv12
2

Yo—vi2
2

25 KA 0 = (1 2 m e YGOIGED — (1 a0
/ ¢ S
+ (1 _ e_[ VO;V12+i(wO—wkr—V)]t)A‘(<+) (_) + (1 _ e—[ VO;V12+i(wo—wk—V)]t)A‘((-/2 (;)
~[vo+i (2wo—wk—awy )]t ) 0) )g(0) (+) A(0) (+) A(0)
(1 e NS, + SO - ADAS, ~ADAS] (a2

(

The coefficientS®, (i), 9 and (%1, are defined in Eqs. We find that the probability density at= X, s' = 2 becomes
(9), (10), (14) and (@L5) in the maln text. The limit — oo of negligible in comparison to the cases discussed in the main
the above expression leads to E8).if the main text. text. Further, we modify the scale of the color bar in Fifb)
and find that the maximum valuesBfats = X, s = zare 33
orders of magnitude smaller than the maximum valueB of
APPENDIX B: PROBABILITY DENSITY AT s# s ats=s = X and also as = S = Z Identical behavior oP is
In Seciil of the main text we have analyzed the probability obtained as = z ands’ = X.Therefore, we conclude that two
photons emitted along the directioghand—¥ have negligible

densityP(k, s;k’, §) at directions of emissiok = —k = v,
focusing on the cases in which both photons have the sa erobablllty of having mutually orthogonal polarization (in the

polarizations = s = X [see Fig.3(a)in the main text] ois = (Iﬁstﬁé 22::]2 Lna;:?STpanson to having identical polarizations
s = z[see Fig.3(b) in the main text]. Here, we analyze the

probability densityP(k s K, s’) for photons with orthogonal
polarlzanonss = X ands = z (fixing again the directions of
emission ak = —k = ).

Figure7(a) shows the dependence Bfon the photon fre-
guenciesvk = kcandwy = K'cats = X, s = z In this figure, In this appendix, we show that the combined Debye-
we use a color bar with the same scale as that in Hf.  Waller—-Franck-Condon factawpy does not affect signifi-
(wheres =5 =X) and 3(b) (wheres= 8 = 2) in the main  cantly the high values of concurrence obtained in 3¥c.
text, as well as the same molecular parameters. In this wapf the main text. Thigvpy factor is obtained experimentally

APPENDIX C: COMBINED
DEBYE-WALLER/FRANCK—-CONDON FACTOR
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FIG. 7. Analysis of the probability density &(k, s;k’, s) for o
DW

mutually orthogonal polarizations. We plot the dependence of
P(k, s K', ) (in units ofn¥) ats =% ands = 2, with the directions FIG. 8. Influence of the combined Debye-Waller—Franck-

of emission fixed ak =¥ an_d k=-9. The emitters_ con_sidered Condon factorapy on the entanglement of the two-photon state.
are two DBATT molecules with perpendicular transition dipole mo- We show the dependence af[§ow] — Claow = 11)/Claow = 1]

ments,yo/(2) = 21.5 MHz andi, = 618 nm. The molecules are ,, , = \vhich corresponds to the deviation of the concurrefice
assumed to be embedded in a naphthalene crystal with refractwﬁom its value atapw = 1 (which is used in the main text). The

indexn = 1.5 and separated by a distamrgg= 0.075%,. coherent dipole-dipole coupling is fixed 8 = 11.17y,, which
corresponds ta;; = 0.054 at apw = 1, and the linewidths of
the filters atT'/y, = 1072. Additionally, we use the parameters

measuring the ratio of photons emitted in the zero-phonon lingo/(27) = 215 MHz and 2, =618 nm, which corresponds

from a single emitter (isolated from the interaction with otherto DBATT molecules embedded in a naphthalene crystal with

emitters) over the total number of photons emitted includingefractive indexn = 1.5.

the zero-phonon line and Stokes-shifted photdsf. [This

factor is thus b_ounded bgtvyeen 0 anq 1. _ according to

The theoretical description of the interaction between the
two emitters can effectively account for the influencexgfy . 3 sin(Kor12)
by modifying the expressions of the coherent dipole-dipole Y12 = dow - Cosay COSOQ—(kOrlz)

couplingV and the dissipative coupling;, [47,60]. More . .
specifically, both coupling parameters [which in our case are + (COsay COSz — 2 Sinay sinar)
given in Egs. 12) and (3) in the main text] are additionally coskori2)  sin(kori2)
multiplied by apw. However, as discussed in Seél. of the x ( 2 3 )]

. V- TV . . : (kora2) (kora2)
main text, the dissipative coupling, is small in compar-
ison to the spontaneous emission ragefor perpendicular  Figure 8 shows that the maximum deviation of the concur-
transition dipole moments [see the brown line in Fi¢p)in ~ rence with respect to the value that it takesgiy = 1 is
the main text, corresponding to the reference configuration inc6 x 10~° and occurs atpw — 0. Thus, the only notable
this paper]. As a consequence, changimg, mostly affects  effect of apw for perpendicular transition dipole moments
the coherent dipole-dipole coupling, in a similar way as is a change oW that is equivalent to a change of;, as
changing the distance, between the emitters. Thus, if we commented in the main text.
considerpy # 1, the results obtained in the main text can be

reproduced to good accuracy by modifying appropriately  AppENDIX D: PURITY OF THE POSTSEL ECTED STATE
so thatv remains fixed according to

(C2)

In this appendix, we analyze the puri®of the two-photon
postselected staje As discussed in SetV of the main text,
V= aow%[— cosa; Cosazw we consider that Alice and Bob use detectors that count all
(kora2) the photons that pass through the optical filters. Thus, the
postselected statp (obtained with the usual tomographic
. procedure) belongs to the Hilbert space of the polarization
(Sln(korlz) coskohz))] (c1)  ©f the photons. As the information in the photon frequencies
(Kor12)? (Kor12)3 ' is erased, the two-photon postselected sjatee€omes in
general a mixed state. To quantify how much mixed is this
postselected state we use-1P(p), where

+ (coswy cosay — 2 sina; Sinay)

To verify more rigorously that the influence @fw in y12
does not alte_r the high valugs of concurrence reported in Sec. P(p) = Tr(p?) (D1)
IV of the main text, we plot in FigB the deviation ofC from
its value atvpy = 1 for different values of combined Debye- is the standard definition of purity in quantum information.
Waller—Franck-Condon factor. Additionally, we have fixed We consider the same two DBATT molecules as in the
I' = 10~?yy and the dipole-dipole coupling & = 1117y, main text and plot in Fig9 the dependence of -1 P(p) on
for all apw, the same as in Fig in the main text (where TI'/yp and onriz/Ag. We find that the purity of the postse-
apw = 1 andr, = 0.05)¢). Thus,ry, is changed to maintain lected state decreases with the linewidths of the filters and that
this value oV asapw is modified. AsV is fixed, the variation 1 — P(p) exhibits a similar behavior than that ofF1C(p) in
of apw in Fig. 8 only affects the weak dissipative coupling, Fig.5(a)in the main text.
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FIG. 9. Analysis of the purityP(p) of the two-photon postse-
lected state. We plot the dependence ef P(p) on the linewidth
I of the filters (normalized by the spontaneous emission ygte
and on the distance;; between the emitters (normalized by the
transition wavelength,). We consider two DBATT molecules, with
yo/(27) = 21.5 MHz andio = 618 nm, embedded in a naphthalene
crystal with refractive indexnr = 1.5. These two molecules have
perpendicular transition dipole momeiits = (X + 2)/+/2 andji, =
(X —2)/v2.

APPENDIX E: EFFECT OF A LENSON THE
TWO-PHOTON PROBABILITY AMPLITUDES

In this appendix, we derive the postselected statehén
Alice detects photons emitted at different directioks=
k(6, ¢). As described in SetV A of the main text, we assume
that Alice detects light in the forward direction to thiexis

[i.e., k(9, ¢) - > 0] and uses a lens oriented normally to the
directiony, which ensures that light becomes polarized in the

xz plane independently of the detection directid#l, ¢). For

simplicity, we consider that the lens is immersed in the sam

medium (with refractive index) as the quantum emitters.

Further, we also assume that Bob detects a photon in the dire

tion —§ and that both Alice and Bob measure the polarizatio
of photons in the basis formed by the orthogonal directions
andz. We discuss in the following how to model the effect in
the two-photon probability of the lens used by Alice.

We first recall that the probability amplitud%k,g(oo)
[given in Eqg. @) in the main text] can be obtained for any
two polarization modes (indexed Isy with polarization unit

~ L

eLTM fkr\f
Z - 0 (\ x 7L >
N A\ €kTE .
kE=—4 Y kTE Alice
T Yy

Bob

FIG. 10. Rotations in the polarization modes of the photon prop-
agating towards Alice produced by a lens oriented perpendicular
to the directiony. The photon detected by Alice is emitted in the
directionk = k(0, ¢) (in blue), whered and ¢ are the polar and
azimuthal angles of the wave vectofsee the Cartesian coordinate
system plotted in gray). This photon has orthogonal polarization
modes TE (with polarization unit vector perpendicular to the plane
of incidence formed bf( andy) and TM (with unit vector contained
in the plane of incidence). The TE and TM polarization modes
have polarization unit vectoire (in purple) andémy (in green),
respectively. The lens (dashed gray line) rotates such unit vectors,
so that the photon propagates along yhexis and the polarization
becomes contained in the plane. The polarization unit vectors
after the lens are denoted dse and&;,,. Bob detects a photon
propagating in the directiok = —y (in red).

to the lens. In this way, these polarization unit vectors before
the lens are given by

&TE X COSAX — Sind cos¢z, (Ela)
Bam o Sin? 6 cosg singk — (cos 6 + si? 6 cos ¢)y
+ sing coss singz, (E1b)

as schematically represented in Fig. In the limiting case
# — m/2 and¢ — /2, the polarization unit vectors reduce

Toare > X —2)/v2 anddaw — (X +2)/v/2.

This choice of polarization unit vectors of the photon
ropagating towards Alice facilitates the calculation of the
influence of the lens in the two-photon probability amplitudes.
On the one hand, the TE mode is not affected by the IéAs [
Thus,

AQIZTE = éKTEv (EZ)

where the superscriptlabels the direction of the polarization

vectorsge, as long as these unit vectors are perpendicula@fter passing through the lens. On the other hand, the TM
to k and perpendicular between them. [For example, in thenode becomes perpendicular to yhexis and to the TE mode

calculations performed in Secl andIV of the main text
we have used the unit vectoksand z because (i) they are

orthogonal to the propagation directidns= —K = § consid-

after passing though the ler&7] and can be obtained as

&y o sing cospX + cosoz. (E3)

ered in these section's, a_md .(ii) Alice an.d Bob are assumefinportantly, the two-photon probability amplitud:gk/g(oo)
to measure the polarization in such basis.] Here, in the calbf the photon propagating towards Alice with polarization
culation of the two-photon probability amplitudes we uses— TE before passing through the lens coincides with the

again the polarization unit vectoss and z for the photon
propagating towards Botk(= —¥), who does not use any

two-photon probability amplitude after the photon has passed
the lens and is polarized in the directi@y.. In the same

lens. In contrast, regarding the photon propagating towards/ay, the two-photon probability amplituct%k,g(oo) of the
Alice, we choose that its polarization unit vectors are givenphoton propagating towards Alice in the TM mode is equal to
by the usual transverse-electric (TE) and transverse-magnetibe two-photon probability amplitude of the photon polarized
(TM) modes (before passing through the lens). Thus, thesm the directioré{;TM after the lens.

polarization unit vectors are perpendiculégrf) and parallel
(&mw) to the optical plane of incidence, which is formed by
the wave vectok(6, ¢) and the directiory, which is normal

Furthermore, as stated previously, Alice (and also Bob)
measures the photon polarization in the bdgt$, |2)}. To
obtain the two-photon probability amplitudes in such basis a
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unitary transformation is performed, which can be written as power. Thus, by integrating this power density over the re-
gion Q r>0.99 (WhereF > 0.99), we obtain that the collection

99 99
Cks=sx k's Crs=TEK's probability is approximately
n =R o . (E4) 5
ke=zk's ke=TM ks | 700 = / dQ— sir?6 ~ 0.13, (F2)
The probability amplitudes on the right-hand side of the above QF099 42

equation can be calculated directly from the analytical expreswe then consider that the radiation pattern of the second pho-
sionin Eqg. ) in the main text. Importantly, the unitary matrix ton and, thus, the collection probability is the same as that of
Ris exactly the same one that transforms the polarization unihe first one (as it also corresponds to a dipole oriented along

vectors the z axis). We thus estimate théf._,4q0/10~ 2.3 x 10°
. & entangled photon pairs per second can be collected over such a
[’f] —Rrl “E| (E5)  solid angle. Equivalent results are obtained if both photons are
z iy considered to be emitted from the radiation of the symmetric

state|S) = (|ge) + |eg))/v/2.
Finally, we account for the effect of the filtering process
R 1 [ cosd sin9c05¢] ohn thﬁ collegti(é_r:_ pro?abilllity. _From Figs(c), dee er?timate _
= - _sind co cosd that the probability of collecting an entangled photon pair
Vo 6 +sir?6 cos ¢ s is reduced byN/Nma(f12 = 0.054) ~ 1.25 x 10-5 [with

(E6) - : <Y
Therefore, the postselected state can be obtained usin'\glj"aX(rlz_o’OSAO) the maximum value of N in Figs(c) for

Eq. 22 in the main text and the two-photon probability ‘22 = 0.051¢], as compared with the case of spectrally very

amplitudes® andc® iven by Eq. 8) in the main broad filters (which is similar to the case of no filters), for
textpan d Eq kfj)’k,g ks=2ks 9 Yy Ea. the same molecular configuration (wity = 0.051¢) and the

same optical filters (witH" = 0.01yp). In this way, we ob-
tain that%lffgo'ggN/Nmax ~ 3 highly entangled photon pairs
APPENDIX F: ESTIMATION OF THE BRIGHTNESS per second can be obtained after the collection and filtering
We provide in this appendix a zeroth-order estimationPTocesses. This value could be increased by relaxing the fi-

of the brightness associated with the emission of entanglefl€lity threshold £ > 0.99) and/or by increasing the filter
photons from the two interacting emitters. We define thisP@ndwidth, as well as through the use of optical cavities.
brightness as the number of pairs of photons that can be

collected per second and that yield a two-photon postselected APPENDIX G: DISTANT EMITTERS

state with a high degree of entanglement. To thiS_ end, We | this appendix, we analyze the postselected state at larger
consider that the quantum emitters are excited using pulsegles of intermolecular distancg, than those analyzed in
|IIum|nat|on,l WI.Ih a repetition rate set to one tenth ofthe SPONthe main text. We show that the postselected two-photon state
taneous emission rajg. For the DBATT molecules discussed geonerated from the relaxation of two distant emitters can yield
in the main text,(’;ﬁhls corresponds to a total emission rate ofig, values of concurrence when Alice and Bob detect light
""\We next compute the facton of these. pairs of photondOP29RING at directoris= g andk = 3 as in SeciV of
b : P b he main text), respectively. However, we discuss below how

that can be used to postselect a highly entangled two-photan . X X

: : : . _these states may not be well suited for practical experiments.
state, which depends on the detection solid angle. Particu- We first give a simple argument on how, at large separation

larly, we focus on the same molecular configuration as in,. . .
. . . istances between two quantum emitters with orthogonal tran-
Fig. 6(a) of the main text, where the emitters are separated.

by ri» = 0.05, their transition dipole moments are mu- §|t|c:/r1§d|porllg Lnlomer;tsLllzdut(erzh)/t\/i a:dtﬂz ~ ,ut()x -
tually orthogonal, and the bandwidth of the filters placedz)/ , a nighly entangied two-pnhoton state can be again
before the detectors is set Fo= 0.01y,. From the results in p_ostsele_cted. At sufﬁmently large separation dlstaa@yathe

Fig. 6(a), which shows the fidelity” with respect to the Bell dﬁpo'e‘F"po'e Cgﬁp“”ghbe‘?"mes ”99"?'?]'9 [see Fgr) in. |
state (%X) — [22))/+/2 as a function of the detection direction (€ Main text]. Thus, the eigenstates of the system are simply
of Alice, we estimate thaf > 0.99 within the solid angle 199) (with eigenvalue 0)jge) (with eigenvaludiw), |eg) (with

; : ; eigenvaluéhwg), and|ee) (with eigenvalue Bwy), as schemat-
272099 approximately defined by the ellipse ically represented in Figll(a) The radiative decay from

0 —m/2\> ¢ —m/2\? the doubly excited state generates two photons at frequencies

= ( /5 ) < ) (F1) o, one of them with polarizatiof; and the other one with
polarizationji,, as they are generated from the independent

We thus consider that only photons emitted within this solidrelaxation of each emitter. Thus, the postselected state be-
angle are collected. To compute the collection probabilitycomes a superposition of two detection possibilities: (i) the
within such a solid angle, we first take into account thatphoton propagating towards Alice (in the directigrhaving
the power density radiated by a dipole aligned along thepolarizationfi; and the photon propagating towards Bob (in
zaxis [corresponding to the cascade emission through the athe direction—¥) having polarizatiori,, and (ii) the opposite
tisymmetric stateéA) = (|ge) — |eg))/+/2, marked with green  situation, in which the photon propagating towards Alice is
arrows in Fig.2(b)] is given by% sin? @ [74]. This expres- polarized in the directiofi, and the photon propagating to-
sion for the power density is normalized by the total radiatedvards Bob is polarized in the directigpy. Thus, we expect

So that, this matrix is given by

/4
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FIG. 11. Characterization of the postselected state for increasing distapdeEtween the emitters. (a) Schematic representation of the
energy levels and decay paths for two uncoupled emitters. The emitters are assumed to have identical transition fiegjaaddiess the
relaxation of any of the emitters produces a photon at this frequency (in brown). The transition dipole moments of the emitters are oriented
perpendicularly to each other, wifly = (X + 2)/+/2 andji, = (X — 2)/+/2. The relaxation of emittey leads to the emission of a photon with
polarization statéu ;). (b) Dependence on,/Ao of 1 — C(p) (blue solid line) and of & F() (orange solid line). In this panel we consider
that Alice detects photons emitted in the directipand Bob does it in the directiory. In the inset we make a zoom of the behavior of
1-C(p) and 1- F(p) at the interval 0510 < ri2 < 0.4510,corresponding to the dashed gray box. (c), (d) Dependence-aF{p) [with
F(p) the fidelity with respect to the Bell stat¢X), |X)s — 124 12)5)/+/2] 0n the direction of detectiok = k(9, ¢) of Alice for separation
distances (cJ12 = 1o, and (d)r;, = 104o. 6 and¢ are the polar and azimuthal angles of the wave veﬁ:ﬁnrspherical coordinates (see the
sketch in Fig10). The detection of direction of Bob is fixed t= —y. The minimum value of the color map in (d) is saturated to facilitate
a better comparison with other color maps in which the behavior of the fidelity is also analyzed. In (b), (c), and (d), we consider that the
emitters are DBATT molecules, withy/(27) = 21.5 MHz and)o = 618 nm, which are embedded in a naphthalene crystal with refractive
indexn = 1.5.

that the two-photon state is given as decreasing values of, [see the inset in Figl1(b), as dis-
) a L) 1) a L) cussed in the main text. On the other hand, if the dipole-dipole
| (ro — 00)) = Fa'allole T 1H2/a 118 interaction is weak (equivalently, at large separation distances
V2 (G1) ri2), we find that the photon entanglement increases overall
K)a1X)g — 12)a 128 for larger values of,, which is consistent with the simple
= V2 : argument given in the previous paragraph. As a consequence,

we observe in Figll(b)that 1— C(p) reaches a maximum

This state is equivalent to the state®®') expected for very value (corresponding to lower photon entanglement) at an
short separation distances, (see Secslll and IV of the intermediate regime of separation distances £ 0.351),
main text), although the physical mechanism describing thevhere the dipole-dipole interaction is neither very weak nor
generation of the photon pair is different, as well as the photowery strong.
frequencies. Finally, we discuss why, despite the high values of con-

Next, following the procedure described in Sé¥. of  currence obtained at large separation distanggsve do not
the main text and considering again two DBATT moleculesexpect such a configuration to be practical for applications
as reference emitters, we calculate the concurrél{¢ of  in quantum technologies. With this purpose, we analyze the
the postselected state (at= —k = §) for large separation two-photon postselected state under different detection direc-
distances, as well as the fidelif(5) with respect to the Bell tions and at large separation distances. As discussed in Sec.
state|y (r12 — 00)) = |¢Be"). Figure11(b) shows 1- C(p) IVA of the main text, we expect that the two-photon state
(solid blue line) and 1 F(p) (solid orange line). We find that measured in experiments including lenses is highly entangled
the concurrence and the fidelity can be optimized in two dif-if large values of fidelityF (o) with respect to a Bell state are
ferent ways. On the one hand, when the coherent dipole-dipolebtained at each direction over the solid angle of collection
interaction between the emitters is significant (equivalently(given by the numerical aperture of the lens). We consider
at short separation distances), the photon entanglement ri» = Ao and plotin Fig.11(c)the dependence of-X F(p) on
generally increases (following an oscillatory behavior) forthe detection direction of Alice (with the detection direction
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of Bob again fixed ak' = —), where the fidelityF(p) with ~ at fixed¢ = /2 in Figs.11(c) and 11(d) we find that the
respect to the Bell state/(r1» — o)) is obtained following full Wld_th at half-maxmum of the central _dlp of & F(p) is

the procedure described in Sew. of the main text and in @Pproximately 10 times larger af, = Ao [Fig. 11(c] than at
AppendixE. We find that 1— F(p) drastically increases un- f12 = 1040 [Fig. 11(d). Therefore, we expect that obtaining
der small deviations from# = /2. This deviation becomes & highly entangled two-photon state from two quantum emit-
more extreme for increasing separation distances, as shoW@fs separated by large distances becomes very challenging in
in Fig. 11(d), where we have fixedi, = 10),. In particular, practice, in contrast to the case of short separation distances

by examining the variation of + F(p) as a function ofp ~ discussed in Se¢v A of the main text.
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