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Excitation of confined bulk plasmons in metallic nanoparticles by penetrating electron beams within
a nonlocal analytical approach
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Using a linear hydrodynamic model, we theoretically investigate the interaction between penetrating electron
beams and sub-5-nm metallic spherical nanoparticles. We derive an analytical expression of the electron energy
loss probability that includes nonlocal effects in the response of the confined electron gas. Our study focuses on
the longitudinal plasmon excitations—also known as confined bulk plasmons (CBPs)—which are inaccessible
within local dielectric frameworks, and it shows that their excitation is highly sensitive to the impact parameter,
the kinetic energy of the incident electron, and the nanoparticle size. In contrast to local approaches, our model
predicts the emergence of several peaks associated with CBPs above the plasma frequency and a blueshift of their
spectral envelope as the nanoparticle size decreases and the impact parameter of the electron beam increases
from its center toward the surface. Moreover, it predicts a threshold impact parameter, corresponding to the
minimum length of the electron’s trajectory inside the nanoparticle required for efficient excitation of specific
CBP modes. By exploiting a multipolar description of the CBPs, we identify the underlying selection rules
governing their excitation by electron beams and correlate the observed blueshift at larger impact parameters
with the preferential excitation of higher-order CBPs. The size-dependent dispersion of the CBPs further
enhances this impact-parameter-dependent blueshift and also explains the decrease in the impact parameter
threshold for smaller nanoparticles. Compared with the local response approximation, the hydrodynamic model
captures these trends without ad hoc momentum cutoffs and with rapid multipolar convergence. Applied to
sodium nanoparticles as a canonical free-electron system, the theory reproduces qualitative behaviors observed
in experiments and ab initio calculations, providing practical guidance for the design and interpretation of
CBP-sensitive electron energy loss spectroscopy measurements.

DOI: 10.1103/5sv9-nrlq

L. INTRODUCTION levels and opening new pathways to study novel materi-
als and nanostructures [4,6,11-17]. The study of localized
surface plasmon (LSP) resonances in metallic nanoparticles
[18,19] has reached extraordinary spatial resolution, enabling
EELS measurements on individual nanoparticles smaller than
10 nm [20-25] and establishing STEM-EELS as a power-
ful tool to explore complex phenomena at the nanometer
scale.

Beyond LSPs, EELS can resolve confined bulk plasmons
(CBPs)—Ilongitudinal collective oscillations of the electron
density confined to the volume within a nanoparticle—also
referred to as volume plasmons in the literature [24]. These

Our knowledge about the properties and dynamics of
plasmons in nanoparticles is, to a large extent, due to ad-
vances in electron energy loss spectroscopy (EELS) [1-4]
within scanning transmission electron microscopy (STEM)
[5,6] and in optical spectroscopies [7,8]. Over the last
two decades, subnanometer spatial resolution [5,9] and
sub-eV energy sensitivity [10] have been achieved, ex-
panding the capabilities of STEM-EELS to unprecedented
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modes are typically inaccessible to optical spectroscopy tech-
niques because their coupling to light is approximately 3
orders of magnitude weaker than that of dipolar LSPs [26,27].
As a result, CBPs have received far less attention than their
LSP counterparts. In contrast, electron probes that penetrate
the nanoparticle couple efficiently to CBPs and induce lon-
gitudinal perturbations of the electron cloud. Experimentally,
CBPs have been measured within STEM-EELS for a wide

Published by the American Physical Society
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range of materials, including Ag [21,28], Al [29], Bi [30,31],
and Si [32].

From a theoretical perspective, the excitation of plasmons
by penetrating electron beams in small nanoparticles has long
been investigated within the local response approximation
(LRA), both analytically [33-35] and numerically [36-39].
In this framework, the material response is described by a
local dielectric function ¢(w) that only depends on frequency
w, typically modeled with the Drude form e&(w) = €, —
w,z,/ [w(w + iy )], where w), is the bulk plasma frequency, y
the damping term, and &, the high-frequency background
permittivity. This approximation assumes an electron gas of
infinite compressibility that reacts locally and independently
to external perturbations, and it generally provides a reliable
description of the photonic response for nanostructures larger
than ~10 nm. In the nonretarded limit, the energy loss expe-
rienced by a penetrating probe is obtained from the induced
potential, which—under abrupt interface conditions—follows
from solving Poisson’s equation with standard boundary con-
ditions. However, when the probe penetrates the target or
travels very close to its surface, the LRA becomes inadequate:
the local model cannot capture the reduced ability of con-
duction electrons to respond collectively to large wave-vector
components of the excitation field. This deficiency produces
an unphysical (logarithmic) divergence of the induced poten-
tial at the probe position, which is typically circumvented ad
hoc by imposing a momentum cutoff [40]. In practice, bulk
losses are modeled by adding a bulk plasmon term centered
at the plasma energy of the electron gas and proportional
to the electron path inside the nanoparticle [41]. In finite
systems, the presence of a surface gives rise to the well-
known Begrenzung effect, whereby the excitation probability
of bulk plasmons is reduced due to the competing excitation of
LSPs [42].

As nanoparticles approach the sub-10-nm regime, the as-
sumption of locality progressively breaks down and nonlocal
effects—stemming from finite electron compressibility, elec-
tron diffusion, or spatial correlation—become prominent. In
particular, CBPs arise from the finite compressibility of the
electron gas: the associated internal pressure acts as a restor-
ing force against rapid charge density variations and drives
longitudinal oscillations throughout the nanoparticle. In the
Thomas-Fermi description of the electron gas [43,44], this
pressure sets a finite screening length that prevents electron-
density accumulation at short length scales. These modes lie
outside the scope of the LRA and require nonlocal models
that incorporate the wave-vector dependence of the electronic
response, such as the linear hydrodynamic model [45]. Con-
sistent with this picture, the experimental observation of CBPs
in the sub-5-nm regime is widely regarded as a hallmark of
the hydrodynamic electron behavior [27], underscoring the
need for deeper theoretical insight into their excitation by
penetrating electron beams.

Beyond hydrodynamic descriptions, quantum ab initio
frameworks provide [46,47] a suitable platform to address
the atomic-scale regime and the quantum nature of electrons
and their influence on CBPs. However, the interpretation of
their results can be hindered by the complexity of the model,
and the computational requirements are prohibitive for large
systems. Recent studies based on ab initio frameworks show

that, while atomistic shape affects LSP features in the elec-
tron energy loss (EEL) spectra, the energies of CBPs are
largely insensitive to particle shape or relative orientation
for nanoparticles of the same size [46]. These studies also
report that the energy of the bulk plasmon peak depends on
the electron beam impact parameter—a behavior missed by
LRA-based models—but is instead well described by a linear
hydrodynamic model. Compared with approaches based on ab
initio frameworks, the hydrodynamic model offers analytical
tractability and more straightforward data analysis, at the cost
of applicability being limited to highly symmetric geometries.
Since the seminal work of Fujimoto and Komaki [48], who
analyzed plasmon excitation in small spherical nanoparticles
using broad electron beams, hydrodynamic treatments have
been employed in several theoretical studies of the EEL spec-
tra from nanoparticles excited by penetrating electron beams
[49-53]. Despite these advances, an analytical expression for
the EEL probability of a spherical nanoparticle as a func-
tion of impact parameter for penetrating trajectories within
a hydrodynamic model is still lacking. Providing such an
expression would enable systematic studies of CBPs and their
excitation by electron beams within a transparent analytical
framework.

In this work, we derive an analytical expression for the
EEL probability of spherical metallic nanoparticles within a
linear hydrodynamic model, valid for both penetrating and
aloof electron beam trajectories. We apply this expression
to sodium (Na) nanoparticles and analyze the dependence of
LSPs and, in particular, CBPs on the impact parameter, elec-
tron velocity, and nanoparticle size. The nonlocal description
introduced here captures essential features absent from local
models, the emergence of several peaks associated with CBPs
above the plasma frequency, and a pronounced blueshift of
their spectral envelope—bulk plasmon envelope—with de-
creasing particle size and increasing impact parameter, as well
as the existence of a minimum internal electron path length
required to efficiently excite specific sets of CBPs. Through a
multipolar analysis, we identify the selection rules governing
the excitation of surface and bulk plasmon modes and relate
the increased blueshift at larger impact parameters to the dom-
inant excitation of higher-order CBP modes. Importantly, our
analytical EELS expression explicitly separates the surface,
bulk, and Begrenzung contributions [42], thereby providing
a transparent physical interpretation of each term within the
nonlocal framework. Altogether, the present results establish
a unified analytical foundation for understanding CBP exci-
tation mechanisms and enable comprehensive and accurate
interpretation of EEL spectra of small metallic nanoparticles
in the bulk plasmon energy range.

II. THEORETICAL FRAMEWORK

The electron beam is modeled as a pointlike charged
particle traveling with constant velocity v (nonrecoil approx-
imation) along a trajectory parallel to the z axis at constant
distance b (impact parameter) from the center of the nanopar-
ticle of radius a, as shown in Fig. 1. The beam traverses the
nanoparticle when b < a (penetrating trajectory) and is aloof
for b > a (external trajectory). The charge density associated
with the traveling electron can be expressed as o™'(r, t) =
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FIG. 1. Sketch of a metallic spherical nanoparticle of radius a
targeted by a penetrating electron beam with constant impact param-
eter b and velocity v. The electron probe, described by the charge
density, o**'(r, ), creates a potential, ¢=*'(r’, ). This induces a
charge density in the nanoparticle, 0™ (r’, @), which generates an
induced potential, ¢™(r, @), that acts back on the electron probe
making it to lose energy.

—ed(x — b)§(y)8(z — vt), where e is the electron charge. In
spherical coordinates, (r, 6, ¢), and in the frequency domain,
w, the corresponding expression reads as

e 8(rsinf — b)s(p)
v rsind

Qext(r’ a)) - _ eiwrcos@/v. (1)
The electron probe, described by the external electron density
o(r, w), interacts with the nanoparticle electron gas through
its electric potential ¢=*'(r’, ) and induces a charge density
0"™(r', ) in the nanoparticle. The induced charge density
produces an induced potential ¢"(r, @), which acts back on
the electron probe, decelerating it and causing it to lose energy
(see Fig. 1). Within the quasistatic approximation, the total
energy loss experienced by the electron probe is related to
the induced potential at the position of the traveling electron,
r=(x,y,z)=(b,0,vt),as

v [l

The total energy loss is usually expressed as a function of the
probability of losing energy /iw as

ind
¢ (r C()) e—ia)Z/U. (2)

r'=r

W=/ dwhoT'gers(w), 3
0

where I'ggrs(w) is the electron energy loss probability per
energy unit, which is the magnitude directly comparable with
the experimentally measured energy loss spectrum. For finite
targets, such as isolated nanoparticles, the EEL probability
can be written as [54]

lepLs(w) = %/ dz Im{-d’ind(r, a))ef"“’z/”}. 4

Thus, to obtain ['ggrs(w), we need to compute the induced
scalar potential ¢™(r, w) along the trajectory of the elec-
tron beam, which may be calculated assuming different
approaches to address the probe-target interaction [41,55-58].

In the next subsections, we derive the induced scalar potential
from the charge density o™(r, ) induced at the spherical
metallic nanoparticle as a response to the electron beam using
a linear hydrodynamic model.

A. Dynamics of an electron gas confined
to a spherical nanoparticle

To describe the response of a metallic nanoparticle to a
penetrating fast electron, we model the conduction electrons
as a homogeneous free-electron gas of equilibrium density
n=3/ (4nr§’) confined within a sphere of radius a. The col-
lective dynamics of this electron gas is treated within the
linear hydrodynamic model, which incorporates spatial dis-
persion through the finite compressibility of the electron gas.
Throughout this work, we employ atomic units (A =e =
m, = 4mwey = 1). The linearized continuity and force-balance
equations for the electron gas lead to a closed equation for the
induced charge density [59], which inside the metal satisfies
the inhomogeneous Helmholtz equation:

2

ﬁ—;’@“‘(r, w), ®)

[VZ + (@)™ (r, ») =
where the longitudinal hydrodynamic wave vector u(w) satis-
fies

1 (w) = iz [w<w +iy) — o], (6)
which governs the oscillation and decay length of longitudi-
nal modes inside the nanoparticle. Here, w, = ~/4mn is the
plasma frequency, y is a phenomenological damping rate,
and B = +/3/5vF is the hydrodynamic dispersion parame-
ter determined by the Fermi velocity of the electron gas
vr = (372n)!/3. Notice that 1/8? is proportional to the com-
pressibility of the electron gas (8 — 0 in the LRA) [23,60].
The hydrodynamic boundary condition of a vanishing normal
component of the electron current at the particle surface yields
[61,62]

™o)1 00 e)
p or 47 “p ar 7

This condition relates the normal derivative of the induced
charge density to that of the total scalar potential ¢(r, ) and
introduces the physical constraint that electrons do not escape
the nanoparticle, leading to the confinement of longitudinal
oscillations.

When a background dielectric response is present—either
inside the nanoparticle through a core-polarization term e
or outside through a host medium of permittivity &,—the
hydrodynamic problem must be solved consistently, together
with Poisson’s equation for the scalar potential inside and out-
side the nanoparticle, and with the customary electromagnetic
boundary conditions at the interface. These conditions ensure
the proper matching of the fields and correctly incorporate the
influence of the background permittivities [52].

Instead, in the present work we restrict our analysis to the
case (€00 = &, = 1), for which the potential is fully deter-
mined by the Coulomb potential

Q(r/,w)d ,
r—r/|

¢(r, w) =

®)
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with o(r, w) = 0™ (r, w) + 0*'(r, w). This assumption re-
duces the problem to solving Eq. (5) with the hydrodynamic
boundary condition given by Eq. (7), exclusively written in
terms of the external and induced charge densities:

B L 9 d /de(l’/, w) B zaQind(r’ w)
47 Par [r’ —r| or
1 P ext 4
— —wz—/dr’w. 9)
47 Por ¥ —r]

The solution of Eq. (5) with Eq. (9) determines the induced
potential through Eq. (8), and sets the framework for the
multipolar expansion and analytical expression of the electron
energy loss probability derived in the next subsection.

B. Electron energy loss probability for electron trajectories
penetrating a spherical nanoparticle

We explain in Appendix A the steps followed to obtain
the solution of the inhomogeneous Helmholtz equation (5)
inside the nanoparticle, which we outline here. For the sake
of brevity, we omit the explicit w dependence in the following
expressions. Making use of the spherical symmetry of the
target, we expand the external, o*'(r) [see Eq. (1)], and the
induced, o™ (r), charge densities in terms of the spherical
harmonics, Y;"(£2), and introduce the radial components of
the induced and external charge densities, Q‘“d(r) and Qe’“(r),
respectively [see Egs. (Al) and (A6)]. Notice that the ra-
dial component of the solution, oi™(r), satisfies the spherical
Bessel differential equation [Eq. (A7)]. By expanding the
Coulomb potentials of the boundary condition [Eq. (9)] into
spherical harmonics, we obtain Eq. (A11), the boundary con-
dition in terms of o"(r) and oX'(r).

After some algebra, the radial component of the induced

Ve, a)}mm ﬂl oz -1)

E b

X [y (ur)Tim (b, r) — ji(wr)Yim(b, r)]}7 (10)

where
M= L) - P, (1)
1= p21+IYI+1 M wypna),
, I+1 2 2.
1= ,,21 m 1]1+1(Ma)—ﬂ W j(na). (11b)

Here, j;(x) and y;(x) are the spherical Bessel functions of
the first and second kind, respectively, ®(x) is the Heaviside
step function, and the following coefficients and functions are
introduced in Appendix A: &y Zims Oy Jim, and Yy, [see
Egs. (A3) and (A42a)-(A42d)].

Once the induced charge density is known, the induced
potential can be obtained via the Coulomb potential in Eq. (8),
which is expanded in spherical harmonics,

[e¢]

> Z Y Q) (r), (12)

=0 m=—1

¢"(r) =

with the radial component of the induced potential inside and
outside the nanoparticle given by

a

Py = 7
2041 J,

!
2 T< ind
dr' v —= o5 (r), (13)
r>
where r- = min(r, r’) and r. = max(r, r’). After some in-
volved but elementary calculations (see Appendix B), one
obtains for r > a,

2

charge density that satisfies both the boundary condition oo(r) = 8z P Letim {jl_l(ﬂ a)Ilm(b, a)
in Eq. (All) and the inhomogeneous Helmholtz equa- v 2I+DM 2041
tion [Eq. (5)] results in Ji+1(na)
— =7 Oml(a, 00)
oo 200 ([ (L + Du w? 2041
Qim (1) =— R A G 2/32 Finb, ) ! a\™!
! B 2u7lm(b7 ll) - ’ (14)
0,00+ 2L G, a) ’ '
— - (b, a
Q1+ DaM, ™ M, g2
|
and forr < a,
w? 2
ind,i 17 Xim l + 1 w l
=8 1 Lim(b, Oin(a,
Gy (r) =87 — 21+1”/M1M1 + 2,32 im(b, a) — 1, (a, 00)
21+1
2,32M [Nlu7lm(b a) - Mlylm(b a)]]]l(l”)
(+ Dji-1(pa) @} Lji-1(pa) 1
-1 Lim(b, ————— Ola, — ——=0On(b,
+|: QT+ DM + g )b (b,a)+ TERNA (a, 00) 259 (b, a)

I+1

(,() 1
(s o]0

[yz(ur)jzm(b, r) = ji(ur)Yim(b, r)

_O;m(b,r) r Ii”
2041 (E) '

ol )2

L T (@)
21+1 \r

as)
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This expansion of the induced potential in spherical harmonics allows us to write the EEL probability [Eq. (4)] as the
contributions of (I, m) multipoles:

lepLs = (16)

_Z Z o (— 1)l+m+1/ dzlm[qﬁ;ﬁf(r)lnlnz( )glm<c2z):|7

1=0 m=—1

where r = +/z2 + b?, P/"(x) is the associated Legendre polynomial of degree / and order m, and g;,,(x) is defined by Eq. (A5).
We also take into account that P/"(—x) = (—1)”’"P[”(x) and g7, (x) = (—=1)!*" g, (x). Introducing the potentials of Egs. (14)
and (15) into Eq. (16), and after some algebra (see Appendix C), one obtains finally the EEL probability as the contribution of
three terms,

FEELS _ Fbulk + FBegr + Fexl’ (17)
where
8e2w? X, ! 1
bulk _ P aIml ——F b 18
[Beer _ Begri FBegr,o (18b)
. 4étaw? Ji-1(pna)
[Beeni — L w1 1 Tim(b, Tim(b, (b,
mhv? ;mzom m{ M, < g ) il )[<2l D mba = i “)]
21 +1 b, 2 18
Bl 1, A T P =2 Hi (18¢)
4e*aw’ &2 21 Ji—1(pa) 1
[Begro P m | —O(a, — LI,,, b, —— Jim(b, » 18d
o ;;)Xl m{Ml m(a oo)[ 2+ 1) 1m( a)+'u2a2.71 (b, a) (18d)
4elawl jiri(pa)
Fext — " L Om 2 s 18
3 ;,;) / {(21+])M1[ im(a, 00)] (18e)

with 7, and H;,, defined by Egs. (C11) and (C12), and the
prefactor,

(1 —m)!

— (_1\ltm _

mo) 19)

We explicitly include the electron charge e and the reduced
Planck’s constant 7 in these expressions.

Here, the first term, '™ related to the bulk losses in an
unbound medium, is reduced by the Begrenzung term I"Begr
that accounts for the presence of the boundary [42]. This
Begrenzung term can be split into two terms depending on
the position of the electron probe: the inner term, ['Begri
and the outer term, I'B€°, We sketch in Fig. 2 the physical
interpretation of each term. The solid blue line depicts the seg-
ment of the electron beam path corresponding to the external
charge density, o®'(r), which produces the external potential,
¢ (r'), that induces o'"(r’) at the nanoparticle. The dashed
orange line depicts the segment of the electron beam path on
which the induced potential, ¢™™(r’), produced by o (r’),
acts back producing the subsequent energy loss. Therefore,
the inner term, I'Be&% accounts for the losses when the elec-
tron probe is inside the nanoparticle, both when perturbing the
electron cloud and undergoing the energy loss, as illustrated
in Fig. 2(a). On the other hand, the outer term, [Begro g
associated with two distinct configurations: in Fig. 2(b), the
electron probe is outside the nanoparticle when exciting it, and

(

inside when undergoing the energy loss, and in Fig. 2(c) the
electron probe is inside the nanoparticle when exciting it, and
outside when undergoing the energy loss. The last term Xt
contains the contribution associated with the electron probe
outside the nanoparticle, both when exciting it and when ex-
periencing the energy loss, as sketched in Fig. 2(d). The main
contribution in this term is associated with LSPs, although
there is also a small contribution coming from certain CBPs
(only observable if a logarithmic scale is used [27]). Notably,
the contributions of the terms in the second row of I'Beg5i in
Eq. (18c) are associated with the excitation of CBPs, while
the rest of the terms have mixed contributions from both LSPs
and CBPs.

For external trajectories (b > a), only the term I'**' con-
tributes to I'ggrs in Eq. (17) [with Oy, (b, 00) instead of
Oym(a, 00)], which reduces to [50]

ii (2 = 8m0)

wa 21
bt Lt l—m)z(l+m)!<7>
8 K2<w_>1m{ [ jiy1(pna) }
m\ v Q21+ HM,

where K, is the modified Bessel function of order m.

= h?

(20)
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Qind (I‘/)

(beXt (I‘l)
Qext <I‘)

ot (r)

()

Qind (I'/)

FBegr,i

I‘\Begr,o

FBegr

FIG. 2. Schematic illustration of the contributions to the total electron energy loss probability ['ggs. The solid blue line represents the
external charge density, 0°*'(r), which generates an external potential (blue arrow), ¢=*'(r’). This potential induces a charge density (red spot),
o™ (r"), within the nanoparticle. In turn, the induced charge density creates an induced potential (orange arrow), ¢™(r), that acts back on
the external charge density (dashed orange line) resulting in the energy loss. The figure outlines the different contributions to I'ggrs, based
on the location of the electron beam path—inside or outside the nanoparticle—during both the excitation (solid blue line) and the energy
loss (dashed orange line) processes: (a) inside-inside, both excitation and energy loss occur within the nanoparticle (contributes to ['Be€%); (b)
outside-inside, excitation occurs outside, while energy loss occurs inside the nanoparticle; (c) inside-outside, excitation occurs inside, while
energy loss occurs outside the nanoparticle [both panels (b) and (c) contribute to I'B%¢*°]; and (d) outside-outside, both excitation and energy

loss occur outside the nanoparticle (contributes to I"**").

C. Eigenmodes of the spherical nanoparticle

Within the hydrodynamic model described in the previous
subsection, the eigenmodes of a free-electron gas confined to
a spherical nanoparticle are obtained from the solution of the
homogeneous problem [Egs. (5) and (9)], with o*'(r, ) = 0.
This leads to the mode condition M; = 0 [see Eq. (11b)], well
known in the literature [48,50,52]:

Gt ) — B =0, Q1)
Notice that this expression includes nonlocal effects but does
not account for relativistic effects (quasistatic limit).

The dispersion from Eq. (21) does not break the degen-
eracy with respect to the azimuthal number m, in analogy to
the LRA. Nevertheless, it gives multiple eigenenergies wy,,
labeled as n =0, 1, 2, 3, ..., and associated with the number
of nodes of the charge density in the radial direction, for
each [ polar term. These solutions are obtained numerically
and provide all the possible plasma resonances excited at a
spherical nanoparticle of radius a for a homogeneous electron
gas with Wigner-Seitz radius r,. In the case of [ = 0, their
energies are obtained analytically as

2 x2 2
(,()02n =1 + 0,211 (E) i (22)

P wp \d

where X , is the nth positive root of jj(x), the derivative of
the zeroth-order spherical Bessel function (assuming y = 0).

It is illustrative to make a distinction between the first so-
lution for each [ (n = 0) and the rest of the solutions (n > 0).

The former represents the LSPs and the latter the CBPs (see
Ref. [27] for details in this regard), except for the nonphysical
(I, n) = (0, 0) mode, which violates the charge conservation
principle. This distinction is clearly visualized in Fig. 3(a),
where we show the charge density distributions associated
with the lowest-order eigenmodes (I = 0-3, m = [, n = 0-3).
The radial components of the charge density associated with
the modes inside the nanoparticle, j;(ur), for / = 0-3 and
n = 0-3 (LSPs top row and CBPs bottom three rows) are
represented in Fig. 3(b). These modes clearly show a distinct
nature: LSPs (n = 0) have an exponential decay from the
surface into the nanoparticle, while the CBPs (n > 0) present
n oscillations of the charge density inside the nanoparticle.
As we describe in the next section, the excitation of these
modes by the penetrating electron probe can be understood
in terms of their symmetry, characterized by the (I, m, n)
tuples. Owing to the energy degeneracy, we omit m here-
after and simply refer to the modes as (/, n), unless stated
otherwise.

D. Comparison with the local response approximation

Within the LRA limit, neglecting nonlocal effects, there is
no dispersion of the modes, i.e., 8 — 0 and pna — oo. Then,
making use of the large argument limits of the spherical Bessel
functions, the mode condition given by Eq. (21) reduces to

I+1
= /o, 23
YTV (23)
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FIG. 3. (a) Charge density isosurfaces associated with the
lowest-order eigenmodes of a spherical nanoparticle obtained from
Eq. (21). The number / is associated with the polar symmetry and n
to the number of nodes of the charge density in the radial direction
corresponding to the mode. Red and blue surfaces show charge
density of opposing phase. The contour of the spherical nanoparticle
is highlighted in gray. (b) Radial component [ j; (iur), spherical Bessel
function of the first kind] associated with the charge density of the
eigenmodes, as a function of the reduced radius r/a.

which gives the well-known LSP energies in spherical
nanoparticles in the quasistatic limit. Notice that the limit
pa — oo washes out the CBPs from the response of the
system. In this limit, Eq. (20) recovers the expression
given by Ferrell and Echenique for external trajectories
[63]. For penetrating trajectories, and defining ¢ =1 —
wlz,/ [w(w + iy)], Egs. (18a)—(18e) reduce to the following

expressions:
8¢? —
phulk _ L Imi — _]:m 24
hZZx mf - 27 o)
4e’a >
pBeeni — — — m Tim(b, @))?}, (24D
— ;mgoxl m{n; [Zin(b, @)1}, (24b)
4e%a
l—wBegr,o — -
7 hv? ;;)X]
x Im{2¢; Zjyn(b, a)Oum(a, 00)}, (24¢)
4e%a
ext __ 2
ret=—o ;gxlmlmm [Oim(a, o)}, (24d)
with x;, defined by Eq. (19), and
(I+DE—-1)
=— 25
n e(le+1+4+1) (25)
11 —e) 26)
ST st

The sum of the Begrenzung and external terms becomes
equivalent to the expression for the surface corrections to the
EEL probability reported in Refs. [51,64]. In contrast to the
nonlocal Begrenzung terms [Eqgs. (18c) and (18d)], their local
counterparts [Eqs. (24b) and (24c)] involve no expressions
containing Jj,, terms because they vanish in the limit ua —
oo. This disappearance is directly linked to the physical role
of the spherical Bessel functions j; and y;, which encapsulate
the finite-pressure effects (8 # 0) in the hydrodynamic de-
scription and underpin the emergence of CBPs. Setting 8 = 0
removes nonlocality and, with it, any trace of the spherical
Bessel functions, thereby eliminating CBPs entirely from the
LRA expressions. This distinction becomes evident in the
results presented in the next section.

On the other hand, the contribution of the bulk plasmon
to the losses diverges when the summation is performed over
all I modes. This happens because, within the LRA, the ex-
pression for the EEL probability per unit length in an infinite
medium is given by the integral [42]

dTges 0 1
dz ﬂhv2 / a0 (QZ a)z) Im[ & }’ @7

where Q denotes the modulus of the wave-vector component
perpendicular to the electron beam trajectory. This integral
diverges for large values of Q because its upper bound extends
to 0o. To overcome this divergence, a finite momentum cutoff
q. is introduced, typically chosen to match the collection
angles used in STEM experiments. Multiplying Eq. (27) by
the distance traveled by the electron inside the metal, L =
~/a? — b?, the loss probability becomes
26°L
rbuk _ ; 2Im{ } In(gev/w), (28)

which is the standard expression reported in the literature [41].
It is worth noting that in Eq. (24a) the momentum cutoff is
effectively implemented through the choice of a maximum
value /nax. In contrast, within the hydrodynamic model, only
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FIG. 4. Electron energy loss probability (gray shaded area) and its contributions: the bulk term (blue curve), inner and outer Begrenzung
terms (solid dark green and clear green curves, respectively), and external term (red curve), for multipole order cutoff /,,,x = 20 as calculated
within (a) the hydrodynamic model and (b) the LRA. The bulk, Begrenzung, and external terms are given by Eqgs. (18a)—(18e) in panel (a)
and Eqgs. (24a)—(24d) in panel (b). The insets show the full scale of the spectra. Vertical dashed gray lines mark the local dipolar plasmon
frequency, wpp = w)/ V/3, the local surface plasmon frequency, wsp = w,/ /2, and the plasma frequency, w,. (¢), (d) Logarithmic plots of the
data shown in panels (a) and (b), respectively. The Begrenzung terms are plotted as the full Begrenzung contribution, I'%", in a single curve
(positive values are plotted as a green curve and negative values as an ochre curve, which is also highlighted by the labels at the bottom of the
figure). The insets in panel (c) show the induced charge densities corresponding to the main LSP and CBP excitations for the axial trajectory,

ext

(I,n) = (2,0) and (0, 1), respectively. Dashed red line represents the contribution of the I'/X, | _, term, and the peaks corresponding to the

LSP and CBPs in this term are marked with red dots.

a few modes are required to achieve convergence of the total
[EgLs-

III. RESULTS

To illustrate the analytical expression obtained within the
hydrodynamic model, we analyze the EEL probability of a
spherical nanoparticle excited by swift electron beams with
penetrating trajectories. We first consider a sodium nanoparti-
cle (ry = 2.08 A, w, ~ 6.05 eV) with radius ¢ = 1.5 nm and
damping term y = y» + 34%. The first term Yo = 0.1 eV
corresponds to the unbound medium and the second term
3 vg/4a accounts for electron surface-scattering effects due to
nanoparticle size, which are significant at this small nanopar-
ticle size [65,66].

A. Excitation of CBPs by penetrating electron beam trajectories

To illustrate the derived expressions, we show in Fig. 4
the EEL spectra calculated for sodium nanoparticles of radius

a = 1.5 nm probed by electron beams with kinetic energy
& = 100 keV that pass through the center of the nanoparticle
(b = 0nm). We plot the EEL spectra calculated within the
hydrodynamic model and the LRA in Figs. 4(a) and 4(b),
respectively, as shaded gray lines, together with different
contributions: the bulk term (blue line), the inner and outer
Begrenzung terms (green lines), and external term (red line),
as given by Eqgs. (18a)—(18e) for the former and Eqgs. (24a)—
(244) for the latter. Notice that in Figs. 4(a) and 4(b) the data
are plotted on a linear scale and exceed the plot frame (see
insets for uncropped full data).

The low-energy region of the spectra in Fig. 4(a), o <
wp, is dominated by several LSP excitations whose inten-
sity gradually decreases with increasing energy. These LSP
modes appear blueshifted with respect to the LRA predictions
[Fig. 4(b)] and are not bounded above by the local surface
plasmon energy, wsp = wp,/ V2. Indeed, within the LRA the
LSPs are restricted to the interval (wpp, wsp), With wpp =
wp/ /3 the local dipolar plasmon frequency. Within the hy-
drodynamic model [Fig. 4(a)], multiple CBPs are also excited
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beyond w),, and, as a result, a broadened bulk plasmon peak—
bulk plasmon envelope—emerges blueshifted with respect to
w,. In contrast, in the LRA [Fig. 4(b)] a unique prominent
peak emerges at w, with a much higher intensity, as compared
to the CBP peaks observed in Fig. 4(a).

In Figs. 4(c) and 4(d), we plot the absolute value of the
terms on logarithmic scale to reveal subtle features hidden in
Figs. 4(a) and 4(b). The unbound bulk plasmon term (blue
line), '™, corresponds to the loss produced when the probe
perturbs an unbound electron cloud. This term is centered
at w, and is identical in both models. In the hydrodynamic
model, the peak at w, is completely balanced by the Begren-
zung term, "B shown as green and ochre lines in Fig. 4(c),
where we distinguish the w range in which the contribution is
negative. As a consequence, only a few modes are required to
achieve convergence of the total EEL probability. In contrast,
in the LRA the Begrenzung term, 'Beer does not fully com-
pensate the peak at w, [Fig. 4(d)]. Therefore, the total EEL
probability diverges for increasing /i, (see discussion about
momentum cutoff in Sec. IID). The Begrenzung term I"Begr
can be decomposed into two contributions, ['Begri gpd [Beero
(see Fig. 2 and Sec. II B for details). The inner one, ["Begri
dominates the EEL probability for @ > w, and is primarily
responsible for the Begrenzung effect and the excitation of
CBPs. In contrast, the outer contribution, I'B€"°  although
nonzero, is much weaker than 'Beg5in the o > w), region of
Fig. 4(a). Indeed, it mainly contributes to the LSPs, which are
shifted to higher frequencies due to the nonlocal dispersion.
These observations have two implications. First, an efficient
excitation of CBPs requires the probe to penetrate inside
the nanoparticle. Second, the probing electron must also re-
main inside the nanoparticle to interact with the CBPs and
experience the induced potential and the associated energy
loss.

The distinct nature of LSPs and CBPs is clearly reflected
in the cross-sectional maps of their corresponding charge den-
sity distributions, shown in the insets of Fig. 4(c) for modes
(I,n) = (2,0) and (0, 1), respectively. For the axial trajectory,
only m = 0 modes contribute, as detailed in the next section.
Notice that within the LRA, the surface charge density associ-
ated with the LSPs is assumed to be localized to an infinitely
thin layer at the surface. In contrast, in the hydrodynamic
model, the finite compressibility of the electron gas forces
this surface charge to spread to the inside of the nanoparticle
volume. As a consequence, the charge density associated with
LSPs decays exponentially into the interior of the nanoparticle
[see Fig. 3(b) and the inset of Fig. 4(c)].

Likewise, the external term I'*' mainly contributes to
the excitation of LSPs, whereas its role in exciting CBPs
is comparatively minor, being weaker by several orders of
magnitude. The latter is consistent with previous studies in
the context of CBP excitation with light and external electron
beam trajectories, such as the study by Christensen et al.
[27]. Such a contrast between LSPs and CBPs is illustrated
by the term F?fz,m=o’ plotted in Fig. 4(c) as a dashed red
line, which shows the dominant excitation of the quadrupo-
lar LSP (I,n) = (2,0) and a much weaker coupling to the
CBPs (2, n > 1). Since penetrating trajectories have scarcely
been examined in the literature, these weak CBP peaks—
also observed for grazing external trajectories—have been

interpreted as the only fingerprint of the nonlocal response of
the electron gas at the nanoscale [27].

Furthermore, the analytical expression of the EEL prob-
ability enables a robust multipole-resolved analysis of the
spectra, which ultimately depends on two categories of pa-
rameters. (1) Sample-related parameters, such as the size a,
and the material properties (Wigner-Seitz radius ry, plasma
frequency w,,, dispersion parameter 3, and damping y); and
(2) probe-related parameters, such as the electron impact
parameter b, and velocity v. In the following sections, we
compute and analyze how the EEL probability varies with
those parameters that are most frequently explored in exper-
iments: the electron probe’s impact parameter and velocity,
and the nanoparticle size.

B. Impact parameter dependence

To investigate the dependence of the EEL probability on
the impact parameter, we consider the same model sodium
nanoparticle used in the previous section. Figure 5(a) shows
the EEL probability calculated as a function of the energy
loss fiw, and of the reduced impact parameter b = b/a, with
a the radius of the nanoparticle, for both internal (b < 1) and
external (b > 1) trajectories of the probing electron.

For external trajectories and large impact parameters b ~ 2
[right-hand side of Fig. 5(a)], the dipolar LSP mode (/, n) =
(1,0) dominates the spectra. As the impact parameter de-
creases, higher-order LSP modes are excited, especially at
grazing trajectories (b ~ 1) [63,67]. Noticeably, there is no
trace of CBP excitation for external trajectories. Due to their
weak coupling to external electron beams, CBPs are only
distinguishable in the spectra when a logarithmic scale is used
[27]. However, this is not the case for penetrating trajecto-
ries [left-hand side of Fig. 5(a)], which exhibit much more
complex spectra with a stronger dependence on the impact
parameter. The (1, 0) LSP mode is the dominant mode excited
for beam trajectories passing through the outer half of the
nanoparticle (0.5 < b < 1), but it fades away for trajectories
crossing the inner half (b < 0.5). The decay of this mode is
balanced by an increase in the intensity of the quadrupolar
LSP mode (2, 0), located at ~4.3 eV.

Nevertheless, the dominant feature for penetrating trajec-
tories in Fig. 5(a) is the emergence of CBPs as a single
peak—referred to as the bulk plasmon envelope—above 6 eV,
which exhibits two remarkable trends. First, the bulk plasmon
envelope does not appear immediately for b = 1 but emerges
for smaller impact parameters, a trend also observed in ab ini-
tio calculations for nonspherical atomistic nanoclusters [46]
and within nonlocal models for planar interfaces [68]. This
behavior contrasts with predictions of the LRA, which sub-
stantially overestimates bulk plasmon losses for penetrating
trajectories grazing the nanoparticle surface. Second, the ex-
citation of new CBPs produces an effective blueshift of the
bulk plasmon envelope with increasing impact parameter, a
feature not captured by the LRA. Later in this work, we will
explore both of these trends as a function of nanoparticle size.

To illustrate the underlying modal structure of the peaks
observed in Fig. 5(a), we plot four selected spectra for
the reduced impact parameters b = 0,0.2,0.4, and 0.6 in
Figs. 5(b)-5(e). The total EEL probability calculated with
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FIG. 5. (a) Electron energy loss probability, ['ggrs, calculated within the hydrodynamic model for a spherical sodium nanoparticle (r;, =
2.08 A, w, = 6.05 eV) of radius a = 1.5 nm, as a function of the energy lost by the electron probe, w, and the reduced impact parameter,
b = b/a. The kinetic energy of the electron beam is & = 100 keV. The vertical purple straight line highlights the grazing trajectories (b = a)
and the horizontal dashed white line marks the plasma frequency w,. The dots in colors point the positions of the LSP peaks, and the black
diamonds point out the bulk plasmon envelope for spectra with reduced impact parameters b = 0, 0.2, 0.4, and 0.6 (vertical dashed gray lines).
(b)—(e) Electron energy loss probability (black line) and the partial contributions from / = 0—10 modes (we include the contribution from all
m for each /) for normalized impact parameters b=0,0.2,0.4, and 0.6. The dominant modes are highlighted with dots and labeled as (/, n).
The gray shaded curve represents the electron energy loss probability calculated within the LRA. (f) Induced charge density maps for selected

energies w corresponding to the position of the bulk plasmon envelope.

Eq. (17) is shown in black, and the contribution of each !/
mode is plotted separately in red for even / and in blue for
odd /. For each trajectory, the main contributing modes are
highlighted with dots and labeled as (I, n) correspondingly.
As a reference, we also show the EEL probability obtained
within the LRA for a sphere with identical parameters (shaded
gray area) [34,58].

The prevalence of even-/ modes over the odd-/ modes for
the axial trajectory (b = 0) is evident from Fig. 5(b), and the
progressive activation of odd-/ modes as the impact parameter
increases can be traced in Figs. 5(c)-5(e) for both LSP and
CBP modes. Notably, the activation of odd-/ CBP modes is
responsible for the effective blueshift of the bulk plasmon
envelope observed for increasing impact parameters, as re-
flected in the induced charge density distributions shown in
Fig. 5(f).

The induced charge densities in the xy and xz cross sec-
tions of the nanoparticle at the energy corresponding to the
bulk plasmon envelope [black diamond on the total EEL
spectrum (black line) in Figs. 5(b)-5(e)] correspond to the
electron trajectories from the center (b = 0) outward, toward
the surface b — a. It is evident that the azimuthal symmetry

associated with the b = 0 trajectory is broken when b # 0.
As a consequence, multiple CBP modes are excited for each
impact parameter, overlapping in energy with specific LSPs,
which manifests as ripples in the induced charge density near
the nanoparticle surface.

Similarly to LRA predictions [58], within the hydrody-
namic model the activation and deactivation of LSPs—and
to some extent of CBPs—is ruled by two parameters: (1) the
electron beam’s traveling time inside the nanoparticle and (2)
the parity of the / number associated with each mode. This
traveling time is given by Az = L/v, where L = 2+/a? — b?
is the path length. In the @ domain, such time lapse translates
into a phase difference of the w component of the electric field
generated by the electron beam at the entry and exit points
of the nanoparticle, given by A¢p®™'(b) = 2w+/a* — b /v. For
instance, the excitation of a given LSP mode is maximized
when the phase difference of the associated induced charge
density at the probe’s entry and exit points, A¢(b), matches
the phase difference of the field created by the electron beam,
A@®*'(b). For a central trajectory (b = 0), the phase differ-
ence for the m = 0 dipolar and quadrupolar LSP modes are
Ap(0) = m and Ap(0) = 0, respectively. Indeed, for m = 0,
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odd-/ and even-/ modes exhibit phase differences Ap(0) = 7
and Ag(0) = 0, respectively. For a swift 100 keV electron
beam traversing the nanoparticle through its center, the time
elapsed between the entry and exit points is so small that
the corresponding phase difference is negligible for the fre-
quencies corresponding to the LSPs, i.e., A¢®™(0) — 0. The
phase-matching condition then selects even-/ modes for axial
trajectories. This selection rule explains the variations in the
intensity of the LSPs and most CBPs as a function of the im-
pact parameter observed in Figs. 5(a)-5(e), and it is illustrated
in Fig. 5(f), where the induced charge densities at the beam’s
entry and exit points are nearly in phase (Ag =~ 0).

Nevertheless, beyond the relationship between the mul-
tipole number (/ parity) and the impact parameter of the
electron beam, there is a subtler underlying trend in these
spectra. In Fig. 5(b), for » = 0, in addition to the main mode
(0, 1), we observe a secondary peak corresponding to the (0, 3)
mode, while notably the (0, 2) mode is missing. Upon inspec-
tion, this trend also holds for higher-order CBPs: modes with
even n radial numbers, (0, 2k) with k € N, are much weaker,
while odd-n modes, (0, 2k + 1), are excited, although their
EEL probability decreases monotonically with increasing n.

This behavior is observed not only for the /=0
monopole but also for other even-/ modes, in which even-n
modes are suppressed and odd-n modes appear. Conversely,
both the (0, 1) and (0, 2) CBP modes are excited for b = 0.6
[see Fig. 5(e)], implying the existence of a selection rule
related to the parity of n (recall that n is directly linked to the
number of radial oscillations of the CBP mode, as discussed
in Sec. I A). We analyze this relationship in the following
section.

C. Velocity-dependent excitation of CBPs

To identify the underlying mechanism governing the ac-
tivation of CBP modes and its dependence on the parity of
the radial number n, we have calculated the EEL probability
for the central trajectory as a function of the electron beam
velocity. In the frequency domain, the number of oscillations
of the w component of the electric field generated by the
electron beam inside the nanoparticle is determined by the
nanoparticle radius a, the impact parameter b, and the electron
beam’s velocity v. For a central trajectory (b = 0), the number
of oscillations along the electron path inside the nanoparticle
reduces to g = 25, which we refer to as the reduced wave
number (or momentum) [see top insets in Fig. 6(a)]. Thus,
by varying a or v, one can tune the value of g for each w. In
what follows, we simplify the analysis by keeping a constant,
therefore fixing the mode energies w,, so that the values of ¢
are tuned solely through v.

These trends are shown in Fig. 6(a) for a nanoparticle with
radius 1.5 nm, where Igg; s is displayed as a function of g and
w. In the left panel, the loss probability is multiplied by v? to
highlight the behavior at small g. As a reference, we also in-
clude spectral cuts corresponding to electron beams with fixed
kinetic energies & = 10°, 103, 102, and 10 eV indicated with
dashed lines. The figure further displays the partial contribu-
tions of the (/, n) modes to the EEL spectra. As expected, a
periodic activation and deactivation of odd- and even-/ modes
is observed for LSPs as a function of g, highlighted by blue

and red squares, marking the local maxima of the LSPs (1, 0),
(2, 0), (3, 0), and (4, 0). Specifically, values g = % + k, with
k € N, yield phase differences Ap®*(0) = (1 + 2k)7, which
predominantly excite odd-/ LSP modes. Conversely, integer
values of ¢ give Ap®™'(0) = 2k, favoring the excitation of
even-/ LSP modes [58]. On the other hand, the intensity of
higher-order CBP modes increases with increasing ¢, at the
expense of a reduction in the intensity in lower-order CBP
modes, leading to an effective blueshift of the bulk plasmon
envelope in the spectra. This dependence on ¢ for each (I, n)
mode is explored in more detail in Fig. 6(b), where the contri-
bution to the EEL probability, I'; ,,—, is plotted as a function
of g for the LSPs (1, 0) and (2, 0), and the CBPs (0, 1), (1, 1),
(2, 1), and (0, 2), at their respective resonance energies, wy,. To
analyze the spectra for fast electron beams (&, > 10 keV), the
same data multiplied by v2, I m=0 v?, are shown in Fig. 6(b)
as dashed lines. These results demonstrate that while pene-
trating trajectories through the center of small nanoparticles
predominantly excite the (0, 1) CBP, higher-order CBPs can
be activated for appropriately chosen parameters. More im-
portantly, each (I, n) mode exhibits an optimal value of §
that maximizes its excitation, marked by dots in Figs. 6(a)
and 6(b). The full set of correlations between g and the (I, n)
indices of the CBP modes is summarized in Fig. 6(c).

Direct inspection of Eq. (18c) shows that the dominant
contribution to the excitation of the CBP modes depends
primarily on the terms involving the integrals Z;,, and, in
particular, J;,, [see Eqgs. (A42a) and (A42c)], which define
the coupling of the CBP modes to the electron beam. It is
instructive to focus on the latter term for the central trajectory.
In this case, J},, reduces to

Ji0(0,a) = M/ dz ji(uz)gio(wz/v), (29)
0

which accounts for the interference between the CBP modes,
described by j;(ur) [see Eq. (A43)], and the electron beam,
given by g, (wz/v) [see Egs. (A2)—-(A5)], along its trajectory.

Constructive interference leads to an increase in the EEL
probability, as sketched in Fig. 6(d) for the central trajec-
tory (b =0). The charge density associated with the CBP
modes (gray) for (0, 1), (0, 2), (1, 1), and (2, 1) [also
represented in Fig. 3(b), proportional to j;(ur)], and the ex-
citation field (green) at ¢ ~ 0.9, 1.8, 1.4, and 2 [proportional
to gio(wz/v)], which correspond to peaks in the spectrum,
produce the interference patterns (purple shade) shown in the
right of Fig. 6(d). As a rule of thumb, Fig. 6(c) suggests
that ¢ = % + n for the lowest / modes, although a mismatch
already appears for n =1, attributed to the deviation of
spherical Bessel functions from a pure harmonic oscillation.
The interplay between ¢ and (/, n) indices reveals that CBP
excitation follows a more subtle selection rule, depending on
the full trajectory, as implied by Egs. (A42a)—(A42d). In con-
trast, LSP excitation depends mainly on the phase matching
between the entry and exit points.

This explains the absence of a peak corresponding to (0,
2) in Fig. 5(b), due to the nearly complete destructive inter-
ference between the electron beam and the (0, 2) mode for
fast electron beams and small nanoparticles (g — 0). Notice
that the nonrecoil approximation, which assumes a constant
electron beam velocity, fails at low kinetic energies (below 1
keV), a regime beyond the scope of this work.
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FIG. 6. (a) Electron energy loss probability maps, calculated within the hydrodynamic model, as a function of the energy loss, w, and
wda

reduced wave number, § = ¢, of the excitation field within a nanoparticle of radius a = 1.5 nm for central electron trajectories (b = 0).
Dashed white lines show spectral cuts corresponding to electron beams with energies & = 10°, 10?, 10?, and 10 eV. Squares highlight the
peaks corresponding to LSPs. Circles correspond to the positions at which the contribution of each CBP is maximum. (b) Solid line (right
axis): contribution, I'; ,,—, from LSPs (1, 0) and (2, 0), and CBPs (0, 1), (1, 1), (2, 1), and (0, 2) to the EEL probability as a function of ¢ at
their respective resonance energy, w = wy,, highlighted with arrows on the axis of @ in panel (a). All values are normalized to the maximum
contribution of (1, 1). Dashed line (left axis): same data multiplied by v2. All values are normalized to the maximum contribution of (0,
1). Vertical dashed gray lines highlight the g corresponding to electron beam energies & = 10°, 10%, 10?, and 10 eV. (c) Values of g that
maximize the contribution from each CBP. (d) Sketches of the charge density (gray) associated with each CBP along the electron beam path,
together with the w-component electric field associated with the electron beam (green) for the corresponding ¢, highlighted in panel (c), and

the interference (purple) between both of them. The nanoparticle is outlined in light orange.

D. Size effects in the excitation of CBPs the impact parameter, paying special attention to the blueshift
and the variation of the CBP peak intensity with increasing
impact parameters.

In Fig. 7(a), we show a close-up of the EEL spectra around
w, as a function of the reduced impact parameter b for a

nanoparticle of radius a = 1 nm, probed by a 100 keV elec-

Once the selection rules governing the excitation of the
LSP and CBP modes have been established, we turn our
attention to the blueshift of the bulk plasmon envelope with
increasing impact parameters observed in Fig. 5. As shown
there, the bulk plasmon envelope decays rapidly for b > 0.6.

We refer to this threshold as the bulk plasmon activation
threshold: the impact parameter b, for which the peak inten-
sity of the bulk plasmon envelope reaches 1/e ~ 0.37 of its
maximum value at b = 0. As discussed above, this trend is in
clear contrast with the LRA description, where the intensity of
the bulk plasmon peak is proportional to the length of the path
traveled by the electron inside the nanoparticle [see Eq. (28)].
Within the LRA, the dependence on the impact parameter is
given by 'MWk oc (1 — b*)!/2, which sets the bulk plasmon
activation threshold at E,LRA ~ 0.93. Indeed, EELS experi-
ments on sub-10-nm nanoparticles [23,24] have revealed that
an efficient excitation of the bulk plasmon requires smaller
impact parameters than those predicted by the LRA. With
this discrepancy in mind, we explore in this section how the
nanoparticle size influences the EEL spectra as a function of

tron beam. The solid green line traces the energy of the most
intense CBP peak for each impact parameter, wmax (b) (there-
after, we omit the explicit dependence on b unless necessary).
The purple dot at b =0 and @ = 6.5 eV marks the posi-
tion of the most intense CBP peak for the central trajectory,
whereas the pink dot at b = b, ~ 0.58 and w = 7.2 eV high-
lights the most intense CBP peak at the bulk plasmon
activation threshold. For reference, the local plasma frequency
(wp = 6.05eV) and CBP modes (0, 1), (1, 1), and (2, 1) are
indicated with dashed lines as a guide to the eye.

The spectra corresponding to the two highlighted impact
parameters are displayed in the top and bottom panels in
Fig. 7(b), together with the partial contributions of the [ =
0 — 6 modes in each case (red for even-/ and blue for odd-
| modes). These results demonstrate that the characteristic
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FIG. 7. (a) Electron energy loss probability as a function of the reduced impact parameter, b= b/a, for a nanoparticle of radius ¢ = 1 nm
probed by an electron beam with energy & = 100 keV. The solid green line follows the energy of the dominant CBP peak for each impact
parameter, from b = 0 to b,. The positions of the local plasma frequency, w,, and C§P modes (0, 1), (1, 1)3 and~ (2, 1) are plotted with dashed
lines as a reference. (b) EEL spectra and contribution of the / = 0 — 10 modes for b = 0 (top panel) and b = b, (bottom panel), respectively.
(c) Frequency of the dominant CBP peak, wy,x, as a function of b for @ = 0.5-5 nm. The horizontal black line marks the results obtained
within the LRA. The solid green curve corresponds to @ = 1 nm [solid green line in panel (a)], and the yellow one to a = 1.5 nm [plotted as a

dashed black line in Fig. 5(a)].

blueshift observed for increasing impact parameters arises
from the relative enhancement in the excitation of higher-
order CBP modes. However, when comparing these spectra
with those of the larger nanoparticle of a = 1.5nm at b =0
in Fig. 5(c), one notices that the energies of the CBP modes are
systematically blueshifted for the smaller nanoparticle. More
interestingly, the blueshift of the bulk plasmon envelope is no
longer smooth: abrupt jumps emerge in wy,x as the impact
parameter increases [see the solid green line in Fig. 7(a)].
These jumps can be traced to specific (I, n) as displayed in
Fig. 7(c). Moreover, the activation threshold b, decreases as a
decreases, as illustrated in Fig. 7(c), where we plot the energy
of the most intense CBP peak, wpayx, as a function of the
reduced impact parameter b for nanoparticle radii in the range
a = 0.5-5nm.

Figure 7(c) summarizes the trends discussed above. First,
wmax(0) increases as a decreases [see the labels on the right-
hand side of Fig. 7(c)], showing the characteristic blueshift
with decreasing radii due to dispersion. Second, for a fixed
radius a, a blueshift with increasing impact parameter is ob-
served, arising from the excitation of higher-order CBP modes
(see, for instance, the yellow curve). Third, the threshold im-
pact parameter b, decreases with decreasing radius (compare
the lengths of the red and the yellow curves). Moreover, the
energy shift between the position of the bulk plasmon en-
velope at b = 0 and at b = by, Awmax = Omax (br) — ®max(0),
also increases as a decreases. This can be seen by compar-
ing, for instance, the blueshifts of the red (a = 5 nm), yellow

(a = 1.5 nm) and green (¢ = 1 nm) curves. This increase in
the energy shift for decreasing a is due to the stronger disper-
sion of the higher-order CBP modes at smaller radii. Indeed,
for a < 1.5 nm, the widening of the energy gaps between CBP
modes leads to the abrupt jumps observed in the evolution
of wmax, also visible in Fig. 7(a). As a consequence, this
widening of the energy gaps also leads, for a < 1 nm, to a
decrease of Awn,x With decreasing a (see the dark blue curve).
As the radius a increases, the predictions of the hydrodynamic
model gradually converge to those of the LRA [see Sec. II D].
However, the LRA fails completely, not only in predicting the
mentioned blueshifts, but also in capturing the dependence of
the bulk plasmon activation threshold on a, since this thresh-
old parameter remains fixed at b, ;ra ~ 0.93, independently
of a.

The trends related to the blueshift, as well as the devi-
ation between the local and nonlocal descriptions, can be
fully understood by examining the CBP modal structure and
its dependence on the nanoparticle size [see Eqs. (21) and
(22)]. The size dependence of the bulk plasmon activation
threshold may also be rationalized in the following terms: for
sufficiently large nanoparticles, the contributions of higher-
order CBPs to the total EEL probability overlap with those of
the lower-order CBP modes, forming a single peak near w,,
that is, the bulk plasmon envelope. For decreasing nanopar-
ticle sizes, the increase in the energy gap between the CBPs
reduces this overlap to the point where for a < 0.5 nm the
overlap among the lowest CBP modes becomes negligible,
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and solely the contribution of the (0, 1) mode exceeds the
bulk plasmon activation threshold. Thus, from a physical
standpoint the decrease in b; with decreasing a can be asso-
ciated with the finite compressibility of the electron density
considered within the hydrodynamic model.

We have focused on spherical nanoparticles because
their symmetry allows for a more straightforward analytical
treatment. However, breaking this symmetry affects LSPs and
CBPs in distinct ways. For LSPs, deviations from spheric-
ity modify the angular distribution of surface charge and
lift the (I, m, n) degeneracy [69], giving rise to new modes
with shifted energies and modified charge patterns. This split-
ting can be large enough to generate additional peaks in the
EEL spectra, as shown by ab initio atomistic time-dependent
density functional theory (TDDFT) calculations of metallic
clusters [46].

CBPs also lose their spherical degeneracy under shape
distortions, and their modes no longer follow the (I, m, n)
classification. Moreover, their characteristic radial length
also becomes orientation-dependent. However, because CBP
modes are much more closely spaced in energy compared
to LSPs, the appearance of clearly resolvable new peaks is
unlikely. For nanoparticles that slightly depart from a spheri-
cal symmetry—for example, typical polyhedral morphologies
such as icosahedral particles—we expect very similar re-
sults [47]. Although the bulk plasmon spectral envelope may
broaden and its intensity slightly decreases due to the excita-
tion of multiple CBPs at nearby energies, for such geometries
the spectra may often be accurately reproduced using the
spherical nanoparticle approximation. In contrast, strongly
anisotropic structures, such as nanorods or nanoellipsoids,
should exhibit more pronounced CBP energy shifts.

IV. CONCLUSIONS

In conclusion, we have developed a nonlocal analytical
expression for the EEL spectra of electron beams probing sub-
5-nm spherical nanoparticles within a linear hydrodynamic
model. The derived expressions [Eqs. (17) and (18a)-(18e)]
describe the EEL probability within a multipolar basis, for
both penetrating and external electron trajectories. They shed
light on the nature of the Begrenzung effect and its role in
the excitation of CBPs for penetrating conditions. We have
applied these expressions to sodium nanoparticles as a canon-
ical example of a free-electron gas, demonstrating that, unlike
external trajectories, penetrating trajectories efficiently excite
both LSP and CBP modes.

Our analysis reveals two main features of the spectral
envelope of the CBPs, consistent with ab initio calcula-
tions and experiments, but not captured by widely used
local approaches. First, efficient activation of the bulk plas-
mon envelope requires a threshold impact parameter b;.
Second, the bulk plasmon envelope exhibits a pronounced
blueshift as the impact parameter shifts from the center of the
nanoparticle toward its surface (b — a), reflecting the high
sensitivity of the EEL probability to the electron beam’s im-
pact parameter.

We further find that CBP excitation follows subtler se-
lection rules than those governing LSPs, determined both
by the path of the electron beam inside the nanoparticle

and by the symmetry of the excited modes. This sensitivity
explains the effective blueshift of the bulk plasmon peak ob-
served experimentally in Al disks [24] and Bi nanoparticles
[31] with increasing impact parameters, which we attribute to
the preferential excitation of higher-order CBPs by penetrat-
ing trajectories near the nanoparticle surface.

Additionally, we show that the excitation of CBPs in EELS
also depends on the electron beam kinetic energy. For axial
trajectories, the relative excitation of a given (I, n) CBP mode
is maximized at specific values of the reduced wave number
g that correlate with the (I, n) numbers, as shown in Fig. 6(c).
Size effects further modulate these trends: As the nanoparticle
radius decreases, our analytical model predicts an increasing
blueshift of the CBP modes and an increase in the mode
dispersion. The associated increase in the energy spacing of
CBPs produces a decrease in the overlap of CBPs, which
gives rise to a reduction of the threshold impact parameter b;,
enhances the relative blueshift with increasing b, and leads to
steplike shifts in the bulk plasmon envelope with increasing b
for sufficiently small nanoparticles (¢ < 1.5 nm).

Methodologically, the hydrodynamic model achieves mul-
tipolar convergence without the ad hoc momentum cutoffs
required by the LRA treatments of bulk losses, offering a
compact and comprehensive framework to analyze the bulk
plasmon range of EEL spectra. Within the scope of the present
work—quasistatic limit, £, = &, = 1, nonrecoil approxima-
tion, and spherical symmetry—these results clearly describe
how CBP excitation depends on electron beam parameters and
particle size. In addition, they provide a useful framework for
interpreting CBP-sensitive STEM-EELS experiments as well
as ab initio atomistic TDDFT calculations [46,47].
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APPENDIX A: CALCULATION OF THE INDUCED
CHARGE DENSITY

In this Appendix, we derive the induced charge den-
sity inside a spherical nanoparticle excited by a penetrating
electron beam. We solve the inhomogeneous Helmholtz
equation [Eq. (5)] and enforce the hydrodynamic boundary
condition [Eq. (9)]. The aim is to express the induced charge
density as a multipole expansion suitable for obtaining the
induced potential and, ultimately, the EEL probability in a
spherical nanoparticle. For the sake of simplicity, throughout
this Appendix, we omit explicitly w dependence of the terms.

1. Multipole expansion of the external charge density

Exploiting the spherical symmetry of the system, we ex-
pand the external charge density [Eq. (1)] in terms of spherical
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harmonics, ¥"(2):

Qext(r) Z Z QeXt(F)Ylm(Q), (Al)
1=0 m=—1
where
ext ZOllm
o (r)=— (A2)

,
- — ®<_ - 1>Hlnl(r)
vr2, /1 — f—; b

is the radial component of the external charge density, with

21+ 1 —m)!
A = . m, (A3)
w b?
I (r) = gw(;v r?— 52)1"[" <\/ 1—- ﬁ>, (Ad)
_Jcos(x), if [ 4+ m is even,
8im(X) = {isin(x), if [ + mis odd, (A3)

O(x) the Heaviside step function, and P/"(x) is the associated
Legendre polynomial of degree / and order m.

2. Multipole expansion of the boundary value problem

We expand the induced charge density in terms of spherical
harmonics:

o™(r) = Z Z oI (NY"(Q),

=0 m=—1

(A6)

where o"(r) is its radial component. The radial part of
Helmholtz’s equation [Eq. (5)] reduces to the inhomogeneous
spherical Bessel differential equation,

d? 2d l(l+1)
dr?  rdr r2

2
:| md( ) ﬂ;’

To compute the boundary condition given by Eq. (7), we
expand Eq. (8) in terms of spherical harmonics:

00 !
=3 V@) (r),

oim(r). (A7)

¢(r) (A8)
1=0 m=—1
with the radial component of the potentials given by
47[ ! rl< /
¢lm(r) 2l + 1 / dV : [+1 le(r )v
Az 1 " /42 /
= Zl——H{r’ﬁ/O dr roim(r)
! > dr /
+r | Semt. (A9)

Here, we make use of the expansion of the charge densities
[Egs. (A1) and (A6)] and the Coulomb kernel 1/|r — r’| in
terms of spherical harmonics,

00 !
ZZ l+1 l+1

=0 m=

"(QHY™(),  (A10)

r—r/l

where r_ = min(r, ¥’) and r~ = max(r, r’). Introducing these
expansions in Eq. (9) for r = a and applying the Leibniz

integral rule [71], we write
oy I+ 1

142 d
zz+1az+z/" 20y — g2 20 )
w? [+1 [
p [+2 _ext
S - d
2l—|—1{ al+2fo rr e )

< dr
+la’—‘/ lgf,f,‘(r)},

which reduces the boundary condition to a purely radial condi-
tion for each multipole. Equation (A11) stands for the general
case of penetrating trajectories, which requires separating the
external potential in Eq. (9) into two contributions, one where
the electron beam is outside the nanoparticle (» > a), and the
other where it is inside the nanoparticle (r < a). Notice that
the Heaviside step function in Eq. (A2) sets the condition
r > b in the integrals involving o§X'(r). Thus, the lower limit
of the first integral of the right-hand side of Eq. (A11) be-
comes b instead of 0 when introducing the explicit expression
of ofX!(r) with the Heaviside step function. This constraint has
to be taken into account for calculating the integrals or derived
expressions that involve the explicit expression of of*'(r) (see
also Appendix A 6).

In addition to the hydrodynamic boundary condition, the
induced charge density must also satisfy the charge conserva-
tion principle; i.e., the net induced charge in the volume of the
nanoparticle, V, has to be zero:

/ dr o™ =0
\%4

Due to the symmetry of the / > 0 terms of the spherical
harmonics, their contribution to this integral is trivially zero;
i.e., only the pgo(r) term has a nonzero contribution, leading

1nd(r)
Car

r=a

(Al1)

(A12)

to
/ drr*oi(r) = (A13)
0
and the boundary condition for the / = 0 term as
md 2 a
o (1) @y 2 _ext
8r _ = a2ﬂ2 / drr o5y (r). (A14)

This constraint does not hold for the [ > 0 terms, for which
the boundary condition is given by Eq. (A11).

3. General solution of the inhomogeneous boundary
value problem

The solution of the inhomogeneous boundary value prob-
lem is obtained in terms of a particular solution o”(r) that
satisfies the inhomogeneous Helmholtz equation,

w2
[V? + 1?le”(r) = ﬂ;’ 0™(r), (A15)
accompanied by a complementary solution o¢(r) (also re-
ferred to as homogeneous solution) that satisfies the homo-
geneous Helmholtz equation,

[V? + 11o(r) = 0. (A16)
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The particular solution o”(r) is calculated using the Green’s
function G(r, r’) that satisfies

(V2 + 121G (r, ¥') = 8(r, 1). (A17)
Therefore, the general solution is written as [72]
2
ind _ ’ / wP ext ./ c
0" (r)= [ dr'g(r,r )EQ (r') +o°(r). (A18)

oP(r)
Exploiting the spherical symmetry of the problem, G(r, r’)
is written in terms of spherical harmonics:

o]

!
Gr,r) =" > ¥"(Q) Y (QGi(r, 1),

=0 m=-1

(A19)

where its radial component G;(r, r’) (also referred to as the
reduced Green’s function) satisfies the spherical Bessel differ-
ential equation,

|: > 2d

darr ' rdr

l(l —|2- 1) + M2:|G1(V, r/) — r_lza(r _ r/).
(A20)
Expanding the particular solution o”(r) in terms of spherical
harmonics and taking into account Eqs. (A18) and (A19), the
radial component of the particular solution Q;"m(r) reduces to

2

,32
On the other hand, the radial component of the complemen-
tary solution @, () must satisfy the homogeneous spherical
Bessel differential equation [Eq. (A7) with o7*'(r) = 0]. Im-
posing regularity at the solution, the complementary solution
is written in terms of the spherical Bessel functions of the first
kind j;(x) [the spherical Bessel functions of the second kind
y;(x) diverge at the origin]:

ol (r) = / dr' r*Gy(r, ros(r). (A21)

0iw(r) = dim ji(ur), (A22)

with dj,, a coefficient to be determined by the boundary condi-
tions. Therefore, the radial part of the induced charge density
Om 1S Written as

o24(r)y = of (r) + 05,,(r). (A23)

4. Evaluation of the boundary conditions

Although Green’s functions must satisfy the homogeneous
boundary condition, there is again a constraint for the / = 0
term. By integrating Eq. (A17) over a sphere of radius r = a
and then applying the divergence theorem, we write [73]

,0Go(r, 1)
el AL

oy (A24)

=1- sz drr’Gy(r, ).
r=a 0

From a physical perspective, the Green’s function may be
interpreted as the charge density at position r induced by a
point charge at r’; thus, the integral in the right-hand side
has to be zero for any r/, as it is the total induced charge.
Therefore,

/ drr’Gy(r,r') = 0. (A25)

0

This condition provides the following boundary condition:

1
= —. (A26)
a

0Go(r, 1)
ar

r=a

Notice that this condition ensures charge conservation for the
particular solution, when integrating over all ¥’ positions of
the external source:

/ obo(rr*dr = 0. (A27)

0

As a consequence, the / = 0 term of the complementary solu-
tion must satisfy

/ 050 (r)r*dr = 0. (A28)
0

By substituting the explicit expression of ggo(r) [Eq. (A22)]
into the integral, and applying the properties of the spherical
Bessel functions [71], we obtain the condition

doo/ Jo(ur)r*dr = dyy ji(na) =0 (A29)
0

which has to be satisfied for any w. Therefore, this imposes
doo = 0 and g, () = 0. Consequently, the boundary condi-
tion of the / = 0 term of the particular solution reduces to

2

d0po(r) w, [°
00 = azng o8\ (ryridr.

ar

(A30)

r=a

On the other hand, for the [ > 0 terms of the Green’s
function there is not a similar constraint. For these terms,
we impose homogeneous boundary conditions at the surface
r=a:

2 a

I+1 o
+ L dr ' 2G(r, ¥) — B?
0

oG (r, 1)
21 +1alt?

ar

—o.
a3

This condition sets the following homogeneous boundary con-
ditions for the / > 0 terms of the particular solution, @ (r):

w, 1+1 ol (r)
p 1+2 p 2 Im
d —ml =0,
201+ 1 al+? / " wr) =P r |,—,
(A32)

Therefore, by construction the / > 0 terms of of, () must
satisfy the following inhomogeneous boundary condition:

w; z+1/
2l+1a1+2 0

o I+1
_ 4 [4+2 _ext
_2l+1{_al+2/0drr o5, (1)

© dr
+1d! / lgf,ﬁ(r)}.

2 ancm(V)

l+2c‘
() — B oy

r=a

(A33)

023279-16



EXCITATION OF CONFINED BULK PLASMONS IN ...

PHYSICAL REVIEW RESEARCH 8, 023279 (2026)

5. The Green’s function

The Green’s function that satisfies Eq. (A20) in the sphere
has the form

a(r') ji(ur), O<r<r <a,

() ji(ur)
Gi(r.r) = +c(r)y(ur), 0<r <r<a, (A34)
0, r,r >a,

where we have assumed regularity at » = 0. Here, j;(x) and
y;(x) are the spherical Bessel functions of the first and second
kind, respectively. The coefficients a;, b;, and ¢; are deter-
mined from the boundary condition [Eq. (A26) for [ = 0 and
Eq. (A31) for [ > 0], the continuity of the Green’s functions
at r = r/, and the discontinuity of their derivative at r = r'.
After rather evolved but elementary calculations based on the
properties of Bessel functions, as their cross products and
together with the following integrals, with f; standing for j;
oryi,

f dx X2 fi(x) = X" fi (), (A35)
dx J;zl(xl) _ fz;_ (IX)’ (A36)
we obtain for [ = 0,
an(r) = pyotuar’) — 2D iy
Ji(ua)
1
- A37
a?uji(pa) (A372)
/ yl(M )
b = - (A37b
o(r') = Tiea )w o(ur’) 2 (na) ( )
o (r)

co(r’) = wjo(ur’), (A37¢)
and for [ > 0,
/ / Nl . /
ai(r) = uy/(ur) — sz(ur)
1
o, [+1 1"
-t | A38
WM, 20 + 1 a2 (A38a)
N 0 1+1
bi(r') = ——wji(ur') = — —————.,  (A38b
1 (r) MIMI(W) M 2 1a ( )
a(r'y = wji(ur), (A38¢)

where N; and M, are given by Egs. (11a) and (11b).

6. Induced charge density

The particular solution is obtained through Eq. (A21) us-
ing the Green’s function G;(r, ") given by Eq. (A34) and
the external charge density of(r) [Eq. (A2)]. Notice that
to compute the integral over the path of the electron beam
in Eq. (A21), we have to take into account that the Green’s
function depends on whether r > r’ or r < r/, where r’ cor-
responds to the position of the beam. Indeed, the presence
of the Heaviside step function in o§X'(r’) (see Appendix A 1)
sets the condition 7' > b in the integrals, and we have regions
where ' > b > r. Therefore, one has to divide the integral
into three different intervals, r <b <r',b<r < r,and b <
r < r’, which leads to

_zwﬁalm ' ext exts
=T ( ——>JI(W)/ dr'r“a(raj,, (V)+®(z—1> JI(W)/ dr' ra)(r o (r')

r<b<r'<a

+ jiur) / dr' by (r e (r') + yi(ur) / dr' r'*e(r' )Qe“(r)“

b<r<r'<a

(A39)

b<r'<r<a

By substituting the coefficients a;(r"), b;(r"), and ¢;(r), given by Egs. (A37a)—(A37c¢) for [ = 0 and Egs. (A38a)-(A38c) for
[ > 0, and the radial component of the external charge density of*'(r) [Eq. (A2)], we obtain the particular solution o ,m(r)

sz(r)

where 8(x) is the Dirac delta function, the coefficients A;,,
By, and Cyy,, correspond to

w I+1
Ay = — ——T3(b, A4l
Im = aM, 21+1 1m(b, a), ( a)
N
Bl = —— O A41b
! aM,zz+1 (@, 00), (A4ID)
1
Cpp = W[N[\Y]m(b, a) — M YViu(b,a)], (Adlc)

20 e (a<l>+w—’2’)A 4 8(1) Biyy + Com | ji( >—®(5—1)D (r)
N M2ﬂ2 Im Im Im | JILLF b Im\F) ¢,

(A40)

(

the function Dy, is defined as
1
Diw(r) = E[yz(w)%m(b, r) — ji(ur)Yim(b, r)], (A4ld)

and Z,,, O, Jim, and )y, are defined as

A )

Z.[m(rl, 7'2) = /;] dr F\/T—Z/rz, (A423)
"2 a I, (r)

Oim(r1, r2) = /;l d”m\/l_—w, (A42b)
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w(r1, 1) = i (pr) ———, c
1m (11, 12 g I T
& m(T)
ym(r,r)E/ dr,uy(/u)l—. (A42d)
1m(rys 12 g ! T 0

Additionally, we calculate the complementary solution by
solving the inhomogeneous boundary condition [Eq. (A33)]
for of (r) [Eq. (A22)] with ¢f*'(r) [Eq. (A2)] to obtain the
dj, coefficients for [ > 0 [notice that dyp = 0, as imposed by
Eq. (A29)]:

202

(I >0), (A43)

J

Im .
Qlcm = [Ajm + Biml jl(,ul’)

where we have made use of Eq. (A35).

Adding the complementary solution to the particular so-
Iution [Eq. (A40)] yields the following expression for the
induced charge density:

2% w?
Q;l:r?( ) = r_" { |:<1 + %)Alm + Blm + Clm:| j[(/LV)
v wp

- @(l-'; - I)Dlm(r)}.

This corresponds to Eq. (10), where the coefficients A;y,, B,
and Cj,, and the function Dy, are given by Egs. (A4la)—
(A414d).

(A44)

APPENDIX B: THE INDUCED POTENTIAL

The induced potential can be directly calculated via Coulomb’s potential using Eq. (8). Using its decomposition in spherical
harmonics [see Eq. (12)], with the radial component given by Eq. (13), yields the radial component of the induced potential
outside the nanoparticle q)md °(r):

; 1
ind,o _ s 142 ind /s
G (1) = mm d”’ Qn (). BD
After substituting de(r) given by Eq. (A44), we obtain
. L a
O () =% {Em / dr'r'* jy(ur') — / dr’ r”“Dzmv’)}, (B2)
b
with
I3 877:0)[2,051"1 B3
Im = m, (B3)
a)2
Elm = |:<1 + 2/32 >Alm + Blm + Clmi| (B4)

The first integral in Eq. (B2) is readily calculated with Eq. (A35). The second one involves a double integral, which is reduced
to

“ /i / 1 / /
/ dr' r'"? Dy, (r') = 7 / PRy () Jin (b, 1) = ji(ur ) Vim(b, 7], (B5)
b
with J;,, and ), given by Eqs. (A42c) and (A42d). More explicitly, we write
I1;,, (1)
dr' "2y (ur) T (ur') = / 7y ) / dr' ji(ur') s
/0 Vi ! i Ji =022
“ : 0, (1)
= | dr' i) ———= dr” "y, (B6)
/b : 1—-0%/r? J;

so that, by applying Eq. (A35), the double integral reduces to a single one. After some straightforward but involved calculations,
using cross products, identities, and recurrence relations of the spherical Bessel functions, we obtain

I+1
ind,o 0 a
oo =on,(4) ®7)
where
Ly | ji-1(na) Ji+1(pna)
DY = — 1 — T (b, ——Om m(b, BS§
Im M[{ 2l+1 Z( a) 21+1 l(a OO) 22«7[( (l) ( )
ind,i

We proceed in a similar way to obtain the radial component of the induced potential inside the nanoparticle, ¢,,,
from Eq. (13):

(r), starting

ind,i 4r 1 ’ in “dr in
¢lmd, (r)= T I:mfo dr'F" M) + rl/ e 1err?( )i| BY)
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Using o0i"(r) given by Eq. (A44), we obtain

ind.i 1 @ dr r @ dr
ind,i _ 7 42 . / ! ’
i (r)—le{Elm[r,H/ dr'r J(,U«r)-l—r/r S )}+®(1—E)r/b 7 Dun(r)

r 1 e ¢ dr ,
+ 0 E—l ) drr Dim(r) + 1! r/l_lDlm(r) . (B10)

ind,o

Finally, we evaluate the double integrals as explained for ¢,;,,"°(r) and, after some algebra, we obtain

. . ! 21 + 1
P (r) = B} ji(ur) + d>5;,%<5> = O(% = 1)L | DT (b 1) = (Vi (. )
a b w*p?
I+1 1
N Ilz,,;(b, r) (g) _ Om(b, 1) (1) :| (B11)
+1 \r 2l +1 \a
where
bl = ML,,,,E,,,,, (B12)
u?
2o [ U+ Djii(ua) ) Lji-1(pa) 1
chm - le|: QL+ )M, (1 + 2[32 Lim(b, a) + QI+ )M, Oim(a, 00) MZﬂz Oim(b, a)
I+1 W,
+ (1 +— ﬁ2>$m<b a)} (B13)

APPENDIX C: CALCULATION OF THE ELECTRON ENERGY LOSS PROBABILITY

The EEL probability is calculated by separating the path of the electron inside and outside the nanoparticle in Eq. (16):

00 l
1-‘EELS X(; Z; lnz(_l)l+m+11m{ /7; dZ(t’mdU(r)P] < )ghn(a;Z) +/(; dZ(Pmdl(r)Pl < )glnz(a;Z)}» (Cl)

where the limit of integration z, = «/a? — b%. By making a change of variable from z to » = +/z2 + b2, the integrals are then
written as

0 __ ind,0 [T (r)
Ilm - d ¢Im ( ) /1 — b2/r2’

Iy = f dr gipt(ry ) (©3)
B/ J1—=02/r2

Further introduction of the explicit expressions of c/)md °(r) and ¢md I(r) given by Egs. (14) and (15) leads to
I, = a®),0ma, 0o) (C4)

(€2

and
il

[ q) m
IS M 2 Fin(b, @) + a P} T, (b, a) — 2’/32{(21 + 1)/ dr [yi(ur)Jim(b, r) — ji(ur)Ym(b, r)]

Hlm(r)

N
+/adr [I (b r)<c—l)[+1 — Op(b r)<f)]}—n“”(r) } (C5)
A e mENa) I T

We notice that the number of required double integrals in Ilim is reduced by considering

Hlm(r)
N

sjlm(ba a)ylm(b7 ll) = /Lf drj[(/'Lr) [ylm(bv }") + ylm(r’ ll)] (C6)
b

and

a l
T, @)Ou(b, @) = / dr(’) D) {01y F) + O, ), )

=
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where we change the order of integration for the integral involving )}, (r, @) and Oy,,(r, a), respectively, to obtain

“ Hlm(r)

dr ———
,

r ! a 1+1
[(2) Olm(bv r) + (;) Z-lm(bs I’):| (C9)

Tim(b, a)Vim(b, a) =

and

“ Hlm(r)
1 —b%/r?

aLm(bs a)olm(by a) = dr
b
Taking into account these relations, I{m is

i1
i _ cplm 0,2
Ty = S 710 (0,0) + 0 @} T 0. ) -

+ 2-Flm - aIlm(ba a)OIm(b, a)},
where, we have introduced,

Em =

and

M2ﬂ2

Va:i—b? 1 b4 / ’
< wz Z wz

[ e (D)an(5) [ aerter (2 en (%)
0 r r v 0 r v

Va2—b? z ’ ’
m [ < wz / . npm | L wz

Hlm = / dZ/’Lyl(/‘Lr)P[ <_>glm( )/ dz [,L][(,b”" )P[ (_,>glm< )
0 r v 0 r v

Jiur)Vim (b, 1) + yi(ur) Jim (b, r)] (C8)

20 +1
{ (ML) [2 Him — Tinm(b, @)Vim(b, a)}

(C10)
(C11)

(C12)

Finally, by introducing the explicit expressions of I}, and Ilim in Eq. (C1), and taking into account the following property of the

associated Legendre polynomials:

P (x) = (=1)"

d+mn!

a—mt

P (x), (C13)

we obtain after some algebra the main result of the EEL probability given by Eqgs. (17) and (18a)—(18e).
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