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Abstract

A simple model is proposed and a numerical simulation is carried out to calculate the electrical resistivity of a composite of carbon black in
an insulating matrix. From load of carbon black and aggregate size and distribution, it is possible to know the resistivity of the compound
assuming a random lattice where the resistance between sites (aggregates) varies exponentially with the gap. A computer program was
developed and several samples were prepared and measured to obtain the model parameters. Numerical results are compared with experi-
mental data.q 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The introduction of carbon black into polymeric materials
imparts many interesting and useful properties to the filled
composites. Electrically, a carbon black composite is
extremely heterogeneous, consisting of a dispersion of parti-
cles of a degenerate semiconductor in an insulating matrix.
The particles of carbon black range in diameter from 10 to
300 nm and are formed by burning or cracking hydrocarbon
oils or gases. These particles tend to form themselves into
chains, instead of being randomly dispersed, and the carbon
chains give rise to the conductivity of the rubbers or plastics
[1]. The values of resistivity that may be attained lie
between 1022 and 1014 Vm.

Filled composites have been found to exhibit Ohmic or
non-Ohmic behavior, different temperature dependence,
critical filler concentration and particle size dispersion
dependence. The development of physical models to explain
all observed conductivities is a very difficult task; many
models have been proposed to explain one or other effect,
but not all at the same time.

It is the purpose of this paper to present a simple model
that allows us to obtain the electrical resistivity of 3D
composites by computer simulations. The simulation results
are compared with experimental data, and it is shown that it

is sensitive function of the filling fraction, temperature and
particle size.

2. Background

Models of electrical resistivity (or conductivity) of
composites materials have been studied for almost one
hundred years. Models can be divided into three classes:
(1) the continuum medium approach based on the Maxwell
equation [2]; (2) the discrete medium approach based on
Kirkpatrick’s work [3]; (3) and the percolation approach
for electrical conductivity.

All continuum medium theories such as the Brick-layer
Model or the Maxwell–Wagner theory, assume that the
resistivity of the medium is linear and independent of the
volume fraction of the filler. This is not true to carbon black
filled rubber, and it is well known that the electrical resis-
tivity between two aggregates grows exponentially with the
gap [4–6]. In earlier work, Polley and Boonstra [4], showed
that

the resistivity of carbon–rubber composites is not
governed by the number of through-going particle-
to-particle chains but by the width of the gaps in
these chains… the probability of the electron jumping
the gap decreases rapidly with increasing gap width
and it is this function that actually determines the
resistivity changes with loading

More recently, Kimura et al. [6], showed that the
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logarithm of electrical resistance is a linear function of the
elongation. This fact means that the current density is
proportional to exp(2v C), wherev is the gap width and
C is a constant. This shows that the logarithm of the resis-
tivity is a linear function of the gap width.

On the other hand, resistivity decreases exponentially
with temperature; this fact would suggest that the mechan-
isms controlling the process are thermally activated. Resis-
tivity r , can be expressed as an Arrhenius law:

r � r0 eDH=kT �1�
whereDH is the activation energy,T the temperature, k the
Boltzmann constant andro a pre-exponential factor that
depends on type and structure of carbon black.

With the development of the computers some simulation
models have appeared to explain electrical conductivity of
composites. An earlier report was published by Pike and
Seager [7], who analyzed the problem of percolation and
conductivity in a computer study; and, more recently, Han
and Choi [8] proposed a computation methodology to simu-
late dc and ac transport properties of 2D composites. The
former puts emphasis only in the percolation problem, while
the latter does not explain the non-Ohmic behavior neither
the temperature and particle size dependence.

3. Model

As a first approximation to the problem we can consider-
ate the carbon black aggregates as perfectly conductive
spheres immersed in an insulating polymer matrix, as can
be seen in Fig. 1. Spatial distribution may be set up arbi-
trarily or corresponds to some measured or known distribu-
tion. The proposed model assumes the following hypothesis:

• The aggregates are disposed at random into the polymer
matrix according to a uniform distribution.

• All aggregates have the same size.
• The aggregates are ideal conductors. Its real resistance is

represented by a serial resistorRs.
• The electrical resistivity between two aggregates grows

exponentially with the gap. The activation energy (DH) is
a linear function of the gap (v).

• Rp represents other conduction mechanisms that do not
take into account, as ion transport, etc.

• Each resistivity value is obtained averagingN paths and
M different networks, in order to diminish the error and
ensure the convergence.

The computer program was developed in C and a flow
diagram is shown in Fig. 2. For the different concentrations
of carbon black, the program calculates the total volume of
filler (VCB). Then, it begins to put aggregates (spheres) at
sites chosen following a given distribution (uniform by
default). The volume of each new sphere is added to the
total volume until it equalsVCB. At this point, the evaluation
of the resistivity starts up. A point, with uniform distribu-
tion, is chosen at random on the upper electrode and the
nearest aggregate is looked for. The distance to the next
aggregate is calculated and the corresponding resistivity is
computed from a modified form of Eq. (1), and added to the
Ri. Then, the nearest down neighbor is looked for, and so on
until to reach the other electrode. The resistance between
electrodes is computed, with the calculated values ofv k

according to the following equation:

Ri �
X

k

b eavk=kT �2�

wherea andb are the fit parameters.
The process repeatsN times and forM different distribu-

tions of particles. For each network the resistivityRj is
computed as the parallel of theN Ri, obtaining in this
way, a distribution ofM calculated values that follows a
gaussian distribution. The geometric mean value is taken
as the resistivity value of the sample. This value is in serial
with Rs and both are in parallel withRp.

The model has then, four parameters to adjust:a , that
depends essentially of polymer type;b , that depends on
carbon black type and rubber filler interaction; andRs and
Rp that depends on carbon black and polymer type, respec-
tively. These four parameters enable us to predict the elec-
trical properties of composites for different loads,
temperatures and aggregates sizes.

4. Experimental

In order to compute the value of the resistance from the
proposed model, it is necessary to know how it depends on
the gap between particles of carbon black. The hypothesisd
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Fig. 1. (a) Aggregates dispersed in an insulating matrix. Lines show minimal paths between electrodes. (b) Complete equivalent circuit (see text).



proposed in the model assumes an exponential dependence
for the resistance between aggregates, with an activation
energy that depends lineally with the gap. These hypotheses,
in fact, are verified experimentally, and it is possible to
obtain this dependence ofDH from the experimental data.
In order to do this, five compounds of SBR 1502 and carbon
black N330 at different loading (50, 55, 60, 65 and 70 phr—
weight parts per one hundred of rubber—see Appendix A)
was prepared. Samples were mixed in a Farrel mixer of 1.5 l
at 296 K, cold water running, 77 rpm and ram pressure
700 kPa. The cycle was: 0 min, elastomer; 1 min, carbon
black; 3.5 min, sweep; dump at 433 K. Band on a roll mill
and make three cuts from each side.

Sample resistivity was measured according to the
methodology and equipment described elsewhere [9]. The
measurements were made at different temperatures from
333 to 373 K on uncured samples. Five samples were

measured at each temperature and each load and the results
were averaged in order to lessen the experimental error. The
results are shown in Table 1.

From these data, and according to Eq. (1), it is possible to
obtain the activation energy of the process at each load. In
fact, plotting log(r ) vs. 1/T we obtainDH as the slope of the
straight line. Fig. 3 shows experimental data with the best fit
at each load.

It is clear from Fig. 3 that samples with different loads
have differentDH. Moreover, the increase of the load
decreases the distance between aggregates of carbon black
and consequently decreases the energy that an electron
needs “to jump” from one aggregates to another. Table 2
shows the activation energies for each load.

It is possible, from simple geometry arguments, to set a
relation between the distance between aggregates (v ) and
its diameters (f), (for an ideal distribution) for the known
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Table 1
Resistivity values of the experimental samples (resistivity values are inVm)

Temperature (K) 50 phr 55 phr 60 phr 65 phr 70 phr

333 6334̂ 1176 1323̂ 26 551^ 41 186^ 8 97^ 6
343 2431̂ 142 703̂ 59 297^ 17 128^ 10 79^ 7
353 1420̂ 330 540̂ 49 248^ 9 124^ 5 78^ 8
363 810̂ 77 366^ 9 182^ 12 103^ 2 74^ 7
373 560̂ 105 190̂ 18 140^ 15 80^ 9 60^ 5

Fig. 2. Flow diagram of the computational program.



load of carbon black [8].

v � f
2001 L
1:91L

� �1=3

21

" #
�3�

whereL is the carbon black load in phr and suppose that the
density of the carbon black is twice that of the polymer. As it
was pointed out by Medalia [5], this equation was derived

on what appears to be a highly unrealistic model, but
remarkably, it predicts, for example, the correct loading of
equal resistivity for two blacks of quite different particle
size [heat-treated MPC (S301) and FT (N880)].

From these considerations, and calculated values ofDH,
it is possible to express the activation energy as a function
of v andf . Fig. 4 shows this dependence and least squares
fit.
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Fig. 4. Activation energy vs. gap (in diameters) between aggregates.

Fig. 3. Arrhenius resistivity plot for measured samples. Lines are the best fit to experimental data.



5. Results and discussion

5.1. Simulation

We have carried out numerical simulations for systems of
approximately 1000 particles. For each load and tempera-
ture the program realizes ten paths from one electrode to the
other and repeats this process for 5000 different networks.
For these values ofN andM, the calculated resistivity in two
different running did not vary significantly, this means that
the solution had converged. In these conditions, the program
takes about 15 min to compute each point, running in a
300 MHz Pentium II Personal Computer.

We performed several running under different conditions
varying load, temperature and particle size. Fig. 5 shows the
best fit to our experimental data, while Table 3 shows the
corresponding parameters. These parameters adjust the
resistivity values for all temperatures analyzed. For this
fitting, we use a particle size of 170 nm according with
Sichel [10] for N330 carbon black. The obtained activation
energies are in concordance with those calculated experi-
mentally.

Fig. 6 shows the temperature dependence of the electrical
resistivity for simulated and measure data. Again, a good
agreement is obtained for log(r ) vs. 1/T representation.

Varying only the particle size we can see the tendency of
the electrical resistivity for samples with different carbon

black type. We made running for carbon black N110, N220,
N339, N550 and N660 with the same parameters given in
Table 3 and using particles sizes according with Sichel [10];
Fig. 7 shows that the results follow the same tendency that
those measured by O’Farrell et al. [11].

5.2. Fractal dimension of carbon black network

The carbon black filled rubbers are in fact, from the point
of view of the electrical conduction, a particular case of
mixtures of conductive materials (or semiconductors) with
insulating materials. In general, the electrical conductivity
of these mixtures increases drastically for a given concen-
tration of the conductive component, called percolation
concentration. This percolation threshold depends on the
size and distribution of the loads, its form and structure,
the interaction load-matrix and the mixing process.

An interesting property of the percolation phenomenon is
associated with the geometric characteristics of the resulting
structure. When increasing carbon black level, putting parti-
cles at random on the matrix of insulating material, the
structure that is formed due to the network of loads has
the characteristics of a statistical fractal. The fractal dimen-
sion is possible to calculate and it will depend on the
concentration of loads in the mixture.

The fractal dimension was calculated for different
concentrations of the load and was related with the
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Fig. 5. Resistivity vs. load: experimental data (points) and simulated values (lines). There are only three temperatures for clarity.

Table 3
Best fit parameters to experimental data

a (kJ/mol/mm) b (Vm) r s (Vm) rp (Vm)

462 150× 1026 35 1012

Table 2
Activation energies of measure samples

50 phr 55 phr 60 phr 65 phr 70 phr

DH [kJ/mol] 62.49 46.26 30.46 19.13 10.52



percolation threshold and the electric characteristics of
the mixture. Fig. 8 shows this dimension (D) as a func-
tion of the quantity of carbon black for particles of
300 nm diameter.

For D � 1 the first conduction “paths” begins to appear
and we could hope that the transition of the resistivity curve
is in coincidence with that point. It is observed in Fig. 8 that
the transition appears for values bigger thanD (or of the
load L). This is consequence of that those first “paths” that
appear have a high probability to have lost ends, surrounded
of polymer, and that they do not touch any electrode. The

transition appears forD � 1:5 �L � 55 phr� that corre-
sponds to a critical volume of carbon blackvc � 0:22 that
coincides approximately with the one calculated by Kirk-
patrick [3] for conducting spheres in an insulating media.

6. Conclusions

A numerical simulation method was presented to model
the dependence of the resistivity as a function of load, par-
ticle size and temperature for a carbon black filled rubber.
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Fig. 6. Resistivity vs. 1/T for experimental data (points) and calculated values by numerical simulation (lines). Only three temperatures are shown for clarity.

Fig. 7. Log(r) vs. load for different carbon black type.



Although the simplifications introduced in the model such
as that all particles have the same size or that overlapping
are allowed, it adjusts very well the experimental data and it
allows predicting the resistivity curve for other particle
sizes.

This method enables us to investigate the effects of differ-
ent parameters on the electrical properties of carbon black
filled rubber. These compounds are too much complicated
to try to apply first principles to explain the electrical resis-
tivity. In this sense, numerical simulation showed to be a
useful method to study the electrical properties of these
materials.

It is for a future work to introduce in the model the inter-
action between the loads and the polymer; this interaction
depends strongly on the structure of the particles of carbon
black.

Appendix A

The weightparts per onehundred ofrubber (phr) is a
common unit used in rubber industry and means that for
each 100 g of rubber, the compound containsL grams of
carbon black. The following equation relates thephr (L)
with the volume fraction (f ) for a compound that only

contain rubber and carbon black:

f � Lrr

100rcb 1 Lrr

wherer r and r cb is the rubber and carbon black density,
respectively.
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Fig. 8. Log(r) and fractal dimension vs. load for a typical composite.


