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esponentzialki jaitsiz. Bestalde, nanofotonikaren arloan interes handia sortu duen
beste sistema fisiko bat nanoestruktura metalikoak dira. Tamaina nanometrikoa
duten objektu hauetan gainazaleko plasmoi lokalizatuak kitzikatu daitezke, eta
plasmoi hauen bidez energia elektromagnetikoa oso bolumen txikian kontzentratu
daiteke. Muturreko lokalizazio honek difrakzio muga gainditzen du eta gailu
fotonikoen bitartez objektu nanometrikoak bereiztea eta manipulatzea ahalbidetzen
du. Halaber, sistemaren geometriaren arabera, gainazaleko plasmoi lokalizatuek
eremu elektriko erasotzailea = 1 — 3 magnitude-ordenatan areagotu dezakete [6-9].

Metaletako kitzikapen plasmonikoak espektro elektromagnetikoaren maiztasun-
tarte ultramorean, ikuskorrean edo infragorri hurbilean daude kokatuta. Era
berean, nanofotonikaren arloak beste kitzikapen batzuk ere aztergai ditu, zeinak
maiztasun-tarte hauetan eta gainerakoetan ere kokatzen diren. Horren adibide
dira material polarretan kitzikatu daitezkeen fonoi polaritoiak [10], eta erdieroaleei
dagozkien exzitoi polaritoiak [11]. Kitzikapen hauek induzitzen duten eremu
elektriko bortitzaren eta lokalizatuaren ondorioz, espektroskopiaren alorrean zenbait
teknikek aurrerapen nabarmenak izan dituzte, hala nola, gainazalak areagotutako
Raman espektroskopiak (ingelesez surface-enhanced Raman spectroscopy) [12—15]
edota gainazalak areagotutako espektroskopia infragorriak (surface-enhanced
infrared spectroscopy) [16-18]. Are gehiago, eremu elektrikoaren muturreko
lokalizazioaren bidez, molekula isolatuak bereiztea ere posible bilakatu da [19-21].
Oro har, material ugariren kitzipakenek dituzten ezaugarri interesgarriak direla
eta, nanofotonika arlo multidisziplinarra da gaur egun [22]. Arlo honek dituen
aplikazioen adibide gisa honakoak aipa ditzakegu: eguzki-plaketan energiaren
bilketa [23,24], terapia fototermala medikuntzan [25,26], drogen detekzioa [27] edo
informazio kuantikoaren prozesaketa [28].

Nanofonotikaren arloak tamaina nanometrikoa duten sistema fisikoetan
propietate optiko berriak aurkitu ahal izateko metodo ezberdinak garatu ditu,
zeinek argiaren eta materiaren elkarrekintza eskala nanometrikoan nola gauzatzen
den aztertzen duten. Metodo ugarik, elektromagnetismo klasikoaren esparruan
kokatuta, Maxwell-en ekuazioetan oinarrituz argiaren uhin izaera deskribatzen dute.
Halaber, Maxwell-en ekuazioak ebatzi ahal izateko, beharrezkoa da materialen
permitibitatea ezagutzea. Horretarako, esperimentuen bidez lortutako permitibitate
lokalak (hau da, uhin-bektorearen menpenkotasunik ez dutenak) edo materia-
kitzikapenak deskribatzeko eredu teorikoetan oinarritutako permitibitatearen
adierazpen analitikoak erabili ohi dira. Modu honen bidez, argia eta materia
deskribatzeko eredu klasikoak konbinatuz, sistema fisikoen erantzun optikoaren
inguruan ezaugarri ugari aurkitu eta ulertu daitezke.

Nahiz eta metodo klasikoek nanofotonikaren alorreko esperimentuetan
behatutako fenomeno ugari deskribatu ditzaketen [29], eskala nanometrikoan fisika
klasikoaren bitartez azaldu ezin diren zenbait efektu kuantiko ageri dira. Beraz,
zenbait kasutan beharrezkoa da argiaren eta materia-kitzikapenen izaera kuantikoa
aintzat hartzea [30-32]. Alde batetik, materia kondentsatuaren fisikak atomoen eta
elektroien izaera kuantikoa deskribatzen du egoera solidoko sistematan, Schrédinger-
en ekuazioan oinarrituz eta lehen printzipioetatik abiatuz. Nanofotonikaren
testuinguruan, ikuspuntu honek permitibitate klasikoek kontuan hartzen ez dituzten
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INTRODUCTION

The progress of science owes much to our innate ability to recognize patterns in
nature through simple observation. From prehistoric times, this ability has enabled
advances in agriculture, for example, as people observed the changing of the seasons.
However, science based solely on visual observation is limited by the capabilities
of the human eye. One limitation is based on the inability to detect light waves
outside the visible range, which is a small part of the electromagnetic spectrum.
Further, objects that are too faint or too small cannot be distinguished by the
human eye. In the 17 century, the limits of the scale of visible objects were
broadened due to technological advances. The telescope allowed Galileo Galilei
to observe the four largest moons of Jupiter [1], while the microscope enabled
the observation of cells [2]. These early discoveries opened up the possibility that
objects at any distance or of any size could be observed through human eyes.

However, despite improvements in traditional optical microscopes over the
following centuries, the limit of the size that could be distinguished remained
around hundreds of nanometers. This limitation is not due to technological tools,
but to the nature of light itself. The wave behavior of light establishes Abbe’s
diffraction limit, which forbids to distinguish features in these microscopes at a
resolution better than half the wavelength [3,4]. For visible light, this condition
corresponds to a size of 200-400 nm. These sizes also correspond to the maximum
field localization possible by focusing light with a lens. To observe and manipulate
sub-wavelength objects with light, additional methods are necessary. The field of
nanophotonics emerged motivated by the search of these methods.

A particular structure that allows for localization of light in sub-wavelength
regions are metallic surfaces [5]. In planar metallic surfaces, electromagnetic
radiation can couple with collective oscillations of conduction electrons in the
metal-vacuum interface, leading to the emergence of excitations called propagating
surface plasmon polaritons (SPPs). These excitations, which have hybrid properties
of light and electrons, are waves that propagate along the surface, with electric
fields that are highly localized in the interface and decay exponentially through the
normal direction. Additionally, metallic nanostructures with nanometric dimensions
in all three spatial directions can support localized surface plasmons, which can
store electromagnetic energy in very small volumes. This extreme localization
overcomes the diffraction limit and enables the design of photonic devices that
manipulate light in the nanometric scale. It has been found that, for optimized












Introduction

emitted from tunneling junctions, to determine whether they lead to equivalent
descriptions and results.

Last, after the study in Chapters 3—5 of the properties of the matter excitations
themselves, the final two chapters are devoted to analyzing the coupling between
matter excitations and electromagnetic modes in optical cavities. In Chapter 6, we
analyze in detail theoretical frameworks that are used to study systems that are in
the ultrastrong coupling regime. This regime occurs when the coupling strength
between the electromagnetic mode and the matter excitation is comparable to the
frequencies of the uncoupled excitations [58,59]. The first approach is based on
cavity QED, where the electromagnetic modes of the cavity and matter excitations
are quantized. On the other hand, we also consider classical models of light-
matter coupling that are based on two coupled harmonic oscillators. One oscillator
represents the matter excitation and the other corresponds to the electromagnetic
modes of a cavity [60]. The analysis of this chapter allows us to establish the
connection between classical and cavity-QED models in the ultrastrong coupling
regime, and to show that both approaches are equivalent for the analysis of typical
properties of the coupled system.

Having established in a sound footing the validity of the coupled harmonic
oscillator models, we use them in Chapter 7 to explore in detail the interaction
between phonons in polar materials and cavity modes. This chapter thus explores
the topic of vibrational strong coupling, which has raised considerable interest after
the finding that the coupling of molecular vibrations with vacuum fluctuations of
the electric field of a cavity mode could modify chemical reactions, without using
any external illumination [61,62]. Typically, the strong coupling regime is achieved
by filling a Fabry-Pérot cavity with molecules [63,64]. However, due to their larger
oscillator strength, phonons in polar materials can exhibit an even stronger coupling
with the microcavity modes than the molecular vibrations. Accordingly, we analyze
Fabry-Pérot microcavities filled with layers of the polar material hexagonal boron
nitride (hBN) as a versatile platform to study vibrational coupling with phonons
in different coupling regimes.

Hence, the aim of this thesis is to contribute to two main aspects of the field
of nanophotonics. The first objective is to advance the current understanding on
different classical and quantum methodologies, both within the condensed-matter
framework and within cavity QED, exploring the equivalences between different
widely-used approaches that were not clearly specified before. We then apply these
methodologies to fulfill the second main objective of the thesis, which consists in
analyzing new phenomena regarding plasmonic excitations, light emission from
tunneling junctions and light-matter interaction in the ultrastrong coupling regime.









Chapter 1. Descriptions of light-matter interaction in the nanoscale

and how different plasmonic and phononic resonances can be present depending
on the geometry of the system. Last, in Sec. 1.3 we formalize the description of
the light-matter interaction, focusing on the importance of distinguishing between
three regimes of interaction: the weak, strong and ultrastrong coupling regimes.
We compare the description of these regimes using two alternative models: one
based on classical coupled harmonic oscillators (Sec. 1.3.1), and the other on cavity
QED (Sec. 1.3.2).

1.1 Classical description of light

1.1.1 Maxwell’s equations

The most fundamental description of classical nanophotonics relies on Maxwell’s
equations, which are differential equations that model the dynamics of
electromagnetic fields interacting with any system or material [65—68]. The electric
and magnetic degrees of freedom are described by four vector fields, consisting in
the electric field E, the displacement vector D, the magnetic field B and magnetic
field strength H. Maxwell’s equations connect these magnitudes as

CD = py, (1.1a)

B =0, (1.1b)
oB

CXIH = j + 88—[;. (1.1d)

All the free charges that act as sources of electromagnetic radiation are introduced in
terms of the free charge density pf(r,¢) and current density j¢(r,t). The conservation
of charge is ensured by the continuity equation

Ops
CR+ 25 =0, (1.2)
which is obtained by taking the divergence of Eq. (1.1d) and then relating the
displacement vector with the free charge density following Eq. (1.1a).

Besides the free charge and current densities, nanophotonic systems have
bound charges whose effect on the optical response is described with the (relative)
permittivity e(r, ri¢, 5 and (relative) permeability pu(r,r5t, 5 functions. These
functions establish additional relations between the vector fields E, D, B and H to
those given by Maxwell’s equations in Eq. (1.1). The permeability relates the fields
associated to magnetism, i.e., B and H. In this thesis, we consider non-magnetic
materials, and thus p(r,r5¢,t5 = 1 in all cases. Accordingly, these fields are
related as B = ugH, where pg is the vacuum permeability. The optical response of

matter is then fully described with the permittivity, which in a general non-local



1.1. Classical description of light

description relates E and D according to the integral relation
D(r,t) = coe(r, rit tYE(rStYdrtdtt) (1.3)

where ¢ is the vacuum permittivity. Usually, it is convenient to write this equation
in the frequency (w) domain instead than in the time (¢) domain. By considering
that the system is invariant to time translations, e(r, r5t,t9 = e(r, rit — t9, and
calculating the Fourier transform of Eq. (1.3), the relation between the electric
and displacement fields becomes

D(r,w) = eoe(r, rHw)E(rSw)ar?? (1.4)

The last relation can be further rewritten by performing the Fourier transform over
space, giving the optical response of the material as a function of the wavevector q
with

D(q7w) :€0€(q,W)E(q,W). (15)

Hence, in order to fully characterize the optical response of a material, it is
necessary to know both the spatial and temporal dispersion of the permittivity
e(g,w). The spatial nonlocality (given by the dependence with q) is specially
important for phenomena at wavevectors of magnitude |q| & kg, where kg is the
Fermi wavevector of the material. Taking into account that the Fermi wavelength
of standard materials is usually less than a nanometer, a non-local description is
necessary when the characteristic wavelength of the excitations of the system is
comparable to atomic dimensions. We discuss models of non-local permittivity in
more detail in Chapter 2.

On the other hand, non-local descriptions are really difficult in most situations.
Fortunately, in many systems of nanophotonics, the relevant wavelengths of optical
waves are much larger than the atomic dimensions. Therefore, a local classical
model of the permittivity, which neglects the dependence on g in Eq. (1.5), gives
a very reliable description that agrees with experimental measurements. This local
approximation consists in assuming e(r, r5w) = e(r,w)§(r — rYy, which leads to the
relation

D(r,w) = goe(r,w)E(r,w) = eoE(r,w) + P(r,w). (1.6)

In the last relation, we have further introduced the polarization density P, which
gives the dipole moment per unit volume at any point r. While the displacement
field is related to free charges as [ID = pf [Eq. (1.1a)], the polarization density
is determined by the bound charge density pp as [ = —pp [69]. According
to Eq. (1.6), the electric field is therefore related to all (free and bound) charges
as [ H = sal(pf + pp). This means that the optical response of a system can
be obtained either via the permittivity (r,w) or via implicit treatment of bound
charges, but generally the former approach is the simplest one.

































Chapter 1. Descriptions of light-matter interaction in the nanoscale

Due to the continuity of the parallel components of the electric and magnetic
fields along the interface, the parallel component of the wavevector ks equal for
both materials, while k;j changes as

2
w
kzj = 0761' - k%_-, (1.29)

A solution with the form given by Eq. (1.28) only exists if the boundary
conditions from Eq. (1.7) are fulfilled. At any given frequency w, this only occurs
for wavevectors that satisfy [67,75]

—
kb)) = & 1°2 (1.30)
¢ e1+ten ’

A well-known analytical dispersion relation of SPPs can be obtained by considering
that the metal has a Drude permittivity e; = eP"(w) [Eq. (1.25)] and the insulator
is vacuum (g2 = 1), leading to the expression
—1
wipp = w3 + ki wh/A+ Akl (1.31)

This dispersion relation is plotted in Fig. 1.2a, and it reveals the hybrid nature
of the SPPs, which are a mixture of photons and of the electronic oscillations. This
hybrid nature can be appreciated from the behavior of the dispersion relation in
limiting cases. While in the k— 0 limit SPPs resemble pure photons as Eq. (1.31)
approaches the light line (w = ckindicated by the gray line in Fig. 1.2a), on @e
opposite limit of large wavevectors the SPP frequencies approach the value wp/ 2
asymptotically (this frequency is plotted by, the black line), and thus SPPs acquire
an electronic character. The frequency wp/ 2, which is entirely determined by the
electronic structure of the metal, is called the surface plasmon frequency wsp of a
metal. Particularly at frequencies w close to wsp, high localizations of the electric
field can be obtained in the interface. This feature can be observed in Egs. (1.29)
and (1.30), because the z component of the wavevector k, can be relatively large
in both materials, implying that at these conditions the electric field of the SPP
already decays strongly at a small distance from the interface (see Fig. 1.2b for a
sketch).

The dispersion relation of SPPs gives additional information about how to
excite them, because the frequency w and parallel wavevector k—nust be conserved.
As we observe in Fig. 1.2a, the SPP dispersion relation never crosses the light line,
and therefore it is impossible to excite SPPs with a conventional beam propagating
in vacuum. In order to overcome the mismatch of k—petween light and SPPs,
several strategies have been proposed along the last decades. On the one hand,
glass prisms can be used, either creating a thin air gap between the prism and
the metallic surface (Otto configuration [76]) or depositing a thin metallic layer
over the prism (Kretschmann configuration [77]). Since the permittivity is larger
in glasses (¢ > 1) than in vacuum, the light line inside the prisms changes to
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Chapter 1. Descriptions of light-matter interaction in the nanoscale

w=ck/ \/E, which can match the values of w and k—peeded to excite SPPs in the
metal-vacuum interfaces of the mentioned configurations. Further, gratings can be
also used [78,79], because due to the periodicity of these systems they can provide
multiples of their reciprocal lattice vectors to reach the necessary value of k—Last,
sharp tips (or other small nanoparticles) can also excite SPPs when placed close to
a metal [80-82], because the electric field confined in the small region between the
metallic layer and the tip can access the large values of k—¢f the SPP dispersion
relation.

The analysis of SPPs up to this point has been done by considering the full
solution of Maxwell’s equations. In this approach, the speed of light c¢ is considered
to be finite, which causes the hybridization between light and plasmons in the
regime k—+ w/c. Due to the effects of the finite value of ¢, the excitation following
the dispersion relation of Eq. (1.31) is considered to be the retarded SPP. On
the other hand, we are sometimes interested in analyzing plasmonic modes with
wavelengths comparable to the atomic scale and thus when the relevant wavevectors
satisfy the condition k—[w/k. In this non-retarded regime, retardation does not
affect the optical response of the system and the ¢ — oo limit can be considered,
which simplifies the calculations of the dispersion relation and other properties of
the SPPs.

A key quantity that is used to study the optical response of surfaces in the
non-retarded regime is the so-called surface response function, defined as [33,83]

g(klﬂ‘)) - pind(z; kl_:__“rd)ekuz dz, (132)

where ping(r, Kzw) is the electronic density induced by an external potential of
the form

TeTiot (1.33)

2 -
bl = =L s

ok

Vext(r, Kzw) corresponds to the two-dimensional (2D) Fourier transform of the
Coulomb potential induced by a point charge placed in front of the system at
infinite distance, with the charge oscillating in time as Qe ', In the non-retarded
regime, the quasistatic approximation can be used, where the vector potential
A does not vary in time'. Hence, Eq. (1.14a) indicates that the electric field is
fully determined by the scalar potential as E = — [IZ1 Importantly, the surface
response function contains information of the electronic excitations of the system,
as its imaginary part Im[g(Kgw)], which is called the surface loss function, is
proportional to the power absorption due to the induced electronic excitations [83].
As a consequence, the dispersion relation of the modes is given by the poles of
9(Kzw).

We illustrate next the usefulness of the classical non-retarded approximation to
study plasmonic modes with very small wavelength in more complex systems than a
single metal-vacuum interface (quantum treatments of non-local optical response are

i1 In the ¢ - oo quasistatic limit, w [ck]so that the electromagnetic field oscillating as e ~**
varies very slowly on the scale of time determined by ¢, justifying the %“ = 0 approximation.
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Figure 1.4: Optical response of systems supporting vibrational excitations. a) Real (purple line)
and imaginary (gray line) parts of the permittivity of ensembles of molecules [Eqg. (1.41)], with
oscillator strength f = 0.08 w%ib' high-frequency permittivity e.o = 2 and losses v = 0.05 wyip-
b) Real (green line) and imaginary (gray line) parts of the permittivity of polar materials [Eq.
(1.42)], with LO phonon frequency wy,o = 1.2 wro, high-frequency permittivity e.o = 2 and
losses v = 0.05 wpo. ¢) Dispersion relation of bulk longitudinal (gray line) and transverse phonon
polaritons (black lines), with the same parameters as in panel (b). The light lines corresponding
to the vacuum permittivity (¢ = 1) and to the high-frequency permittivity of the polar material
(e = €00 = 2) are plotted by the blue and red dashed lines, respectively. In panels (b) and (c),
the Reststrahlen band is highlighted by the pink area.

atoms in the lattice. Some examples of polar materials are hexagonal boron nitride
(hBN) [87] and silicon carbide [88]. In these materials, the displacement of the
atoms associated with optical phonons create a dipole moment in each unit cell,
allowing light to interact with these collective vibrations. Under the approximation
that each atom is subjected to a harmonic force, the dynamics of the atoms can be
expressed with Eq. (1.39) and therefore the response of the material due to optical
excitation is modelled with the Lorentz oscillator model. The standard form to
write the permittivity in this context is

1 > _ 2 1
£(w) = €oo 1+M . (1.42)
wi o — w? = iwy

wTo and wy o are the frequencies of the transverse optical (TO) and longitudinal
optical (LO) phonons, respectively, which are discussed below.

Comparing the permittivity of an ensemble of molecules [Eq. (1.41)] and of
a polar material [Eq. (1.42)] we find that, although they are obtained from the
same model, they are written in terms of different parameters. To justify this
difference, we plot in Figs. 1.4a and b the permittivity of Eq. (1.41) for a typical
ensemble of molecules and of Eq. (1.42) for a typical polar material, respectively.
In both cases, the imaginary part (gray line) peaks at the corresponding resonant
frequency w = wyip or w = wto. However, the real part of the permittivity shows
a key difference between the two situations. For typical molecules (purple line
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1.3. Weak, strong and ultrastrong coupling between light and matter

Figure 1.5: Analysis of the interaction between molecular vibrations and Fabry-Pérot cavity
modes. Reflectivity spectra of a) a dielectric cavity with constant permittivity e = 2, b) a cavity
filled by molecules with weak oscillator strength (f = 0.8 -10~% eV?2) and c) a cavity filled by
molecules with strong oscillator strength (f = 4-10~% eV2). The spectra are plotted as a function
of the frequency w and angle 6 of the incident planewave. The insets show a scheme of each
cavity, and the blue dashed lines in panels (b) and (c) indicate the vibrational frequency of the
molecules wy;, = 0.24 eV. In all cases, the mirrors are two gold layers of 20 nm and the thickness
of the cavity is Lcavy = 2000 nm, placed over a substrate of permittivity ¢ = 2.

eV'V at normal incidence (§ = 0°) to weay = 0.27 €V at 6 = 70°, and the mode has
a decay rate k = 0.004 eV.

We illustrate next the effects of light-matter interaction by considering that the
cavity is filled with an ensemble of molecules with the permittivity given by Eq.
(1.41). As representative values, we choose wyip = 0.24 €V (which coincides with
the bare cavity frequency wcay at the angle § = 42°), v = 0.01 €V and the high-
frequency permittivity €0 = 2, equal to the value used for the bare cavity (so that
the dispersion in Fig. 1.5a can be taken as reference). Further, a crucial parameter
that governs the light-matter coupling in this system is the oscillator strength f of
the molecules. For comparison, we show the reflectivity of a Fabry-Pérot cavity
filled by molecules with weak oscillator strength f = 0.8-10™% ev? (Fig. 1.5b) and
with strong oscillator strength f =4-107% eV? (Fig. 1.5¢).

For the cavity filled with weak oscillators, the reflectivity spectrum is nearly
identical to that corresponding to the bare cavity (compare Fig. 1.5b with 1.5a),
except for angles 6§ = 42° where the frequency of the cavity mode wcqay is close
to or on resonance with the vibrational frequency of the molecules (indicated by
the blue dashed line). Under this condition weay = wyip, the dispersion of the
mode in the cavity filled with molecules (as given by the reflectivity dips) becomes
slightly distorted compared to the smooth dispersion of the bare cavity. However,
the change is relativelly small and the frequency of the mode of the filled cavity

IV In this thesis, when we use numerical values, we use eV as units of frequency. Although eV
is an unit of energy, it allows us to compare easily classical frequencies w and quantum energies
~w using the same units. When we refer to classical frequencies, eV has to be understood as a
shorthand notation of the actual unit eV/~.
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Chapter 1. Descriptions of light-matter interaction in the nanoscale

Therefore, there is no energy separation (splitting) between the two modes and,
when this occurs, the system is in the weak coupling regime.

In contrast, the strong coupling regime corresponds to the situation where
the resonant coupling between light and matter leads to the existence of two
hybrid modes with different frequencies w+ and w— from those of the uncoupled
constituents weay and wmat- More in detail, several criteria of strong coupling have
been discussed. As a first option, any non-zero separation between the frequencies
of the two modes can be considered enough for strong coupling, corresponding
to the criteria g = @. However, this condition is often not considered to
be sufficient from a practical point of view, because the separation between the
modes could be much smaller than the spectral peak widths, a situation where no
new phenomenology distinctive of strong coupling is expecfed=—l0 minimize this

. . . . + + 2 4y2
issue, the more strict criteria g = w, g= w or g= % have all been

considered.

The consequences of weak and strong light-matter coupling can also be
analyzed by solving the equations of motion of Eq. (1.44) in time domain,
instead of in frequency domain. If the matter excitation is not coupled to any
electromagnetic mode (g = 0), the dynamics of the matter oscillator is given by
Tmat(t) = Tmat(t = 0)e VY2 1@mast Thus, the energy associated to the oscillator,
which is proportional to [Tmat(t)]? = |Tmat(t = 0)|?e™YY, decays at a rate solely
determined by the decay rate v (we plot this solution by the pink line in Fig. 1.6b).
By considering the same losses as before and a value of g = 0.02 wmat = Kﬁﬂ larger
than zero but still corresponding to the weak coupling regime, the dynamics of the
oscillator changes. Although such weak coupling strengths do not alter the real part
of the oscillator frequencies in Eq. (1.46), the imaginary part, which corresponds
to half the decay rate of the eigenstates, does get modified. This change leads
to a slower or, typically, faster decay of the matter excitation. We illustrate this
effect in Fig. 1.6b for an initial state of tmat(t = 0) = 1 and zcav(t = 0) = 0. A
faster decay of the energy of the matter oscillator [Jzhnat(t)|? is indeed observed
for such a system (purple line), compared with the uncoupled system (g = 0, pink
line). This modification of the spontaneous emission rate of the matter excitation
is called Purcell effect [93], and the ratio between the modified decay rate and the
decay rate in vacuum -y can be related to the quality factor Q, the effective volume
V and the wavelength A of the cavity mode as

3 Q.3

Fp=1+ 12V A2 (1.47)

Last, in the strong coupling regime, the energy of the matter oscillator
[Jadmat(t)[? shows several periods of oscillation before it completely dissipates.
These oscillations can be observed in the brown curve of Fig. 1.6b, where we plot
|Zmat(t)|? for the same losses and initial state as for the weak coupling situation,
but in a system with coupling strength g = 0.08 wmat = 3(k + ). Besides the
oscillations of |zmat(t)]?, we note that the energy of the cavity mode [akay(t)]?
also shows oscillations, where the maxima of the cavity energy coincides with the

34






Chapter 1. Descriptions of light-matter interaction in the nanoscale

time as e 1(@eav®ma)t whereas the counter-rotating terms ab and a'b! follow the
evolution of the form e™'(@eav+@mat)t " Close to zero detuning, the contribution of
the latter operators averages to zero at relevant time scales, because they oscillate
much faster than the former operators. Further, the diamagnetic term scales with
¢°, and it is negligible at first order of g. The RWA thus consists in neglecting
the diamagnetic and the counter-rotating terms. The RWA Hamiltonian therefore
reads

~

Hrwa = ~Weay @ + ~g(ab" +a'bh). (1.49)

By solving Schrédinger’s equation, we obtain that the ground state is at zero energy,
while the eigenfrequencies of the first two excited states are
1

(Weav — wWmat)” + 4g2. (1.50)

DN | =

W+ = §(Wcav + Wmat) *

These frequencies are exactly the same as those obtained with the classical coupled
harmonic oscillator models for small coupling strength [Eq. (1.46)] and no losses
(k = v = 0), which points out towards the equivalence of classical and quantum
models of these systems (Chapter 6).

After analyzing the eigenfrequencies of the Hopfield Hamiltonian for small
coupling strengths, we now compare the results of different methods by extending
the calculation to larger values of g. We plot in Fig. 1.6c the eigenfrequencies of the
ground state and the two excited states that in the RWA are associated to a single
excitation, for zero detuning between the cavity mode and matter excitation. The
black line corresponds to the analytical eigenfrequencies obtained with the RWA
[Eq. (1.50)], whereas the blue and red lines indicate the numerical eigenfrequencies

of the complete Hopfield Hamiltonian with D =0 and D = . For
small g, in the range highlighted by the yellow area, the three hnes almost overlap,
showing the validity of the RWA (note that since we do not consider losses, the
system is always strongly coupled in Fig. 1.6c). However, the three models start
to differ at g = 0.1 wmat, corresponding to the onset of the ultrastrong coupling
regime, highlighted by the green area in Fig. 1.6c.

An interesting feature in the ultrastrong coupling regime is that the ground-
state energy is shifted from zero when the full Hamiltonian in Eq. (1.48) (without
RWA) is considered, including the counter-rotating terms. It becomes negative
for D = 0 and positive when the diamagnetic term with D = % is included.
This shift implies that the ground state is not equal to the vacuum state, and
as a consequence, the population of the number operators a'a and b'h in the
ground state is nonzero in the ultrastrong coupling regime. However, the ground
state cannot radiate by decaying to a lower-energy state, and since these a'a and
b'h excitations cannot be then detected, they are said to be virtual [100,101].
Additionally, for the complete Hamiltonian with D = 0, the frequency of the
lower hybrid mode crosses the ground-state energy at g = 0.5 wmat, leading to the

superradiant phase transition [102,103]. In contrast, when D = ng is included,
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Chapter

QUANTUM DESCRIPTIONS OF
PLASMONIC EXCITATIONS AND OF
ELECTRON TUNNELING

In this chapter, we outline the quantum perspective based on condensed matter
theory that we use throughout this thesis. While in the previous chapter we have
given a classical description of metals based on a local permittivity, such models fail
when dealing with phenomena where charge oscillations of atomic-size wavelength
are involved. Therefore, we now go beyond classical descriptions of metallic systems,
which allows for an accurate description of the properties of plasmons and of how
electrons can excite these plasmons.

First, we focus on the calculation of the excitation spectra in metals. Under the
assumption of a weak external perturbation, it is safe to work in the linear response
regime, and therefore the properties of metallic excitations can be analyzed within
linear response theory. According to this theory, all the information about the
response of a system to any external probe is encapsulated in the linear response
function. After analyzing the main properties of this function in Sec. 2.1, we use it
to calculate the non-local permittivity of a homogeneous electron gas (HEG) in
Sec. 2.2. This system is useful for a simple description of electronic excitations in
metals, because the permittivity can be obtained analytically under the assumption
that electrons in metals behave in the same way as in a HEG. However, in real
systems the band structure differs from that of free electrons. In Sec. 2.3, we give
the necessary tools to obtain the excitation spectra of real metals in terms of their
atomic and electronic structure, under the Density Functional Theory (DFT) and
Time-Dependent Density Functional Theory (TDDFT).

After discussing the properties of plasmonic excitations in metallic systems, we
describe a mechanism to excite surface plasmon polaritons (SPPs) in such systems
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using tunneling electrons. In systems formed by two metallic electrodes separated
by an insulator barrier, electrons from one electrode can tunnel through the gap to
the other electrode. During the tunneling, electrons lose part of their energy to
excite SPPs, and these SPPs can then lead to electromagnetic radiation. In Sec.
2.4, we summarize Bardeen’s theory of quantum elastic tunneling, which gives the
basic tools to calculate the SPP excitation rate in this context.

2.1 Linear response theory

As the first step towards the extraction of the excitation spectra in metals, we
outline the basis of the linear response theory. This theory aims to explain how a
system responds to a weak perturbation created by an external probe. The probe
is usually represented by a physical magnitude X, and a particular magnitude Y of
the system is measured. The response is quantified in terms of the X-Y response
function.

In quantum mechanics, the formulation of the linear response theory starts
with a time-dependent Hamiltonian that describes the interaction of the system
with the probe in the form

I_Alsys—probe(t) = Sprobe (t)zys(t)~ (2~1)

Sprobe(t) describes the time dependence of the perturbation and depends on the
physical quantity X. Yeys(t) is the quantum operator associated to the magnitude
Y of the system written in the Heisenberg picture. The objective is to know how
the operator Kys (t) evolves in time. Usually, obtaining the analytical expression of
?sys(t) from Eq. (2.1) is very difficult or even impossible. However, assuming that

the response of the system is linear, the solution for the expectation value ﬁgys )
can be written [104, 105]

D?‘SYS@) [+  Xxx-v (t - tq%robe (tgdt'j- (2.2)

xx v (t =t is the response function and is invariant to time translations. By
performing the Fourier transform of Eq. (2.2), the expression of [¥ys[Himplifies to

Dhys (W) xx v (t = tYsprobe (e "tdt dt™
= xx_v(t— tge_iw(t_t/)§probe(tge_iwt/dt dt”
= XX Y (W)§probe(w)~ (2.3)

Therefore, the response of the system at a particular frequency w is only affected
by the external perturbation gprope(w) at the same frequency. We next analyze how
Xx v (w) is calculated using the tools of the linear response theory. Further, in
this thesis, we are interested in analyzing how the electronic density of a metallic

40



2.1. Linear response theory

system is modified due to the interaction with a probe. Thus, from now on, the
analysis focuses in the particular case of the density-density response function.

2.1.1 Density-density response function

In the formalism of linear density-density response, the system is characterized
with the electronic density pinda(r,t) induced by the probe. The interaction with
the external probe is expressed through the external potential Vexe(r,¢) induced
by this probe. To calculate how Vexe(r, t) affects the system, we consider a single
frequency w in the potential to focus on the evolution of the electronic density
just at the same frequency, i.e. pind(r,t) = pina(r,w)e '@t Further, in the
linear response regime, the external potential must be turned on adiabatically to
ensure that the system reacts slowly. This adiabatic potential can be written as
Vext(F, 1) = Vext(r,w)e™19tet (where the potential is turned on at the t — —oo
time limit), and this analysis is valid only for small > 0 so that the system-
probe interaction does not become too strong to leave the linear response regime.
Therefore, the n - 0 limit is considered finally.

The density-density response function can be obtained by making the Fourier
transform of the system-probe Hamiltonian over spatial variables as

Iqsys—probe = Vext(r7 t)Pind(r)e_iwtdr = Vext(Qvw)pi%(q)e_i(wﬂn)tdq (2-4)

Each q component of the electronic density responds only to the same g component
of the external potential. Thus, each Fourier component of the response function,
according to Eq. (2.2), reads [106]

_ pind(Q, w)

B Vext(QaW). <25)

x(q,w)

Since we only deal with density-density response functions, we eliminate the
subscript X — Y from the symbol xx _y to simplify the notation.

In order to calculate the response function, the expectation value of the electronic
density for the quantum state |¥ Cnust be calculated with [106]

pina(Q,w) = [We! e e ™MW L] (2.6)
In this equation, |¥ s the solution of the Schrodinger equation

3 —ilo+i ol
[HsysﬂLVext(qyw)Pi%(Q)e I m)t]l\I/D: Z~%, (2,7)

where a single q term of the Hamiltonian Hsys-probe is considered. Since x(q,w)
is calculated in the linear response regime, Eq. (2.7) needs to be solved just
at first order of perturbation theory. With this aim, we expand |¥[bver the
eigenstates |¢n Cof the system Hamiltonian |:|sys (i.e. which satisfy the equation
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part of the response. On the contrary, the imaginary part x;(q,w) is not invariant
with respect to time reversal, making it sensitive to the direction of the arrow
of time. Since the physical processes involved in closed microscopic systems are
usually invariant to time reversal, x;(q,w) must be related to energy absorption
due to the interaction with the environment. As a consequence, x((,w) is called
the dissipative part of the response.

Although xr(Q,w) and x,(g,w) describe different phenomena on the response
of a system, these two functions are not independent of each other. Indeed, xr(q,w)
also contains information about dissipative processes of the system and vice versa
for xi1(d,w). To analyze this relationship in further detail, let us integrate the

function XSI::;,') with respect to win the closed path Cs indicated in Fig. 2.1b.

Since there is no pole inside the area determined by the path C3, the integral
over the complete path must vanish. Further, the integral in the big half circle
(dashed lines) vanishes in the |wf — oo limit because x(q,w" scales with 1/|w"?.
Therefore, the integral has to be performed in the real line and in the small half
circle around the pole w = w which evaluates

1
demz PV dem +imx(q,w) =0, (2.15)
w—w —c0 WTW

where PV stands for the Cauchy principal value. By taking the real and imaginary
parts of Eq. (2.15), we obtain

1 (9,w5
, W
Xr(A,w)=——PV XU'J d —gdw® (2.16a)
1 ;
a@wy=—pPv %dwﬂ : (2.16b)

These important results in linear response theory are called the Kramers-Kronig
relations [107]. These relations imply that if either the real or imaginary part
of x(q,w) is known at all frequencies, the other can be calculated directly. In
many systems, the imaginary part x;(d,w) can be calculated computationally in
a considerably faster way than the real part yr(q,w). In this case, the direct
calculation of x(q,w) and the following use of Kramers-Kronig relations to obtain
XRr(0,w) can be much more efficient than calculating the complete response function
x(Q,w) from the beginning.

2.2 Permittivity of an homogeneous electron gas
under the random phase approximation

The linear response theory outlined in the previous section can be used to derive

the non-local permittivity e(q,w) of a metal. In this derivation, we start by relating

the density-density response function [Eq. (2.11)] with the electromagnetic fields
inside the metal. By taking the spatial Fourier transform of Maxwell’s equation
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(1.1a), we relate the displacement and electric fields with the charge densities of the
metal and the probe. First, the displacement field reads [directly from Eq. (1.1a)]

iq - D(q’w) = pEXt(q7w)’ (217)

where pext(d,w) is the charge density of the external probe. By using the relation
between the displacement and electric fields D = ¢gE + P, we obtain that the
electric field is written as

. 1
(A* E(q7w) = %[pext(q#*}) + Pind(Qaw)]» (218)
where ping(q,w) = —iq - P(Q,w) is the induced charge density of the system

obtained from the polarization density P(q,w).

In linear optical response, the electric and displacement fields are related as
D(g,w) = 0e(q,w)E(g,w) [Eq. (1.5)]. We then obtain the (relative) permittivity
(g, w) of the metal by inserting in the left handside of this equation the expression
of D in Eq. (2.17), and in the right handside the expression of E in Eq. (2.18).

‘We obtain

L, pnd(@w) _ y
£(q,w) = Pext(Q,w) L+ Veou(@)x(@, ). (2.19)

In the last step, we have used the definition of the density-density response function
given by Eq. (2.5), where the external potential is Vext(d,w) = Veou(q)pext(q, w)
[108] and Vcou(q) is the Fourier transform of the Coulomb potential.

We have thus shown that the permittivity of any quantum system can be
calculated directly from the response function of Eq. (2.11). However, even for
the HEG, which is the simplest model for metals, the calculation of x(q,w) is a
difficult task. In the derivation of the response function, we have considered the
interaction between the system and the probe, but the interaction between all
electrons within the system has been neglected. In the most rigorous approach, all
the electron-electron interactions should be included in the Schrédinger equation
of the system [Eq. (2.7)], in order to obtain all eigenstates |¢n Chccordingly. Due
to the difficulty of solving the complete equation, approximations must be made.

An important approximation used for the HEG is the Random Phase
Approximation (RPA). In this approach, the interaction of all the other electrons
is treated as an effective external potential for each electron. That is, the screening
field of the form Veoy(q)ping(d, w) due to the induced density is treated in the same
way as the field of the external probe Veou(q)pext(d,w). Besides the screening field
of other electrons, further contributions to the electron-electron interaction (such
as exchange and correlation, as explained in Sec. 2.3), are neglected.

As a first step, before calculating the response function of the interacting system
according to the RPA, we calculate the response function of a hypothetical system
of non-interacting electrons. In this approach, treating the screening potential as
an external contribution, the electrons can be considered as being independent of
each other. Therefore, each electron is influenced by an effective potential that
accounts for both the external potential and screening potential of other electrons.
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Figure 2.2: Excitation spectra and permittivities according to the RPA. a) Excitation spectra
obtained from the RPA. The blue area indicates the momentum-energy region where electron-hole
pairs can be excited in 2D and 3D metals. The red and black lines give the dispersion relation
of the plasmon in the 2D and 3D HEG, respectively. The energy ~w and wavevector g are
normalized by the Fermi energy Er and Fermi wavevector kp, respectively. b) Real part and
c) imaginary part of the Lindhard permittivity e“*(q,w) for ¢ = 0.01kp (blue), ¢ = 0.015kg
(purple) and ¢ = 0.02kp (red), for a 3D HEG with plasma energy ~w, = 1.6 Ex. The black dashed
line corresponds to the Drude permittivity " (w) with plasma energy ~w, = 1.6Er and damping

energy ~y =5-10~4Fp.

I :lj
G i ol = el (o

_2g2 1T 1

(~qur)? jw + ~qur —

ZMer 1 (2.24)

~2q2

2Megr

On the other hand, for ~q¢ < 2me g, we obtain the imaginary part given by

er"(d,w)
e 3w2 w ~242
- P 0=s~w=s- + ~qUF,
2 (que)? qur 2me
2 - ~2q2 2 2 2
_ T 3Wp mervr {— (~w = 7mg) S
2 (que)? ~q (~que)2 T 2mery
2,2
=0, ~qur + = ~w,
2me
while for ~q > 2me v, the imaginary part is
e"(q,w)
5 1 242 2 1
_T 3wp_mertr 1— (9~ 2,y ~0 ~quE < ~w
2 (que)? ~q (~que)? T 2mery
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Chapter 2. Quantum descriptions of plasmons and of electron tunneling

=0, elsewhere. (2.26)

The permittivity of a material contains information about the electronic
excitations that can be directly measured in an experiment. For instance, in
electron energy loss spectroscopy, an incident electron can transfer energy ~w and
momentum ~Q to an excitation of the system. If this experiment is carried out
in bulk, the loss function —Im[e7%(q,w)] is proportional to the differential cross

section of electron scattering dﬁgfﬁs per solid angle Qe [110,111]. Since the

scattering cross section of a bulk material is influenced by its excitations, the loss
function can be used to analyze bulk excitations of different materials.

In particular, the loss function —Im[e""(q,w) ™Y = eH"(q,w)/[e5"(d, w)? +
eH"(q,w)?] is nonzero in the energy-momentum region delimited by the curves
~w = ~qug % ~2¢?/2me findicated by the blue area in Fig. 2.2a), where "(q, w)
is positive. This is the necessary condition to induce a transition for an electron
from a state of momentum ~K inside the Fermi’s sphere of the metal, leaving a
hole in this state, to an unoccupied state of momentum ~(k + q). Therefore, all
the excitations measured in a metal for all these values of w and q correspond to
electron-hole pairs [106].

Moreover, the loss function is also nonzero if both €|§in and 5',‘"’ vanish, and
this condition gives raise to a plasmonic collective excitation (we have also justified
the condition e = 0 for a bulk plasmon in Sec. 1.2.1 for classical electrodynamics).
The black curve in Fig. 2.2a indicates the dispersion relation w(q) of the plasmon,
by solving numerically e5"(q,w) = 0 in Eq. (2.24) in the region of g and w
where E'l‘i”(q7w) = 0. In the q - 0 limit of local response, Lindhard’s calculation
indicates that a bulk plasmon exists at frequency w = wp, recovering the result
obtained within the Drude permittivity (Sec. 1.2.1). In contrast to the Drude
model, however, RPA calculations result in a dependence on the frequency w of the
modes with increasing ¢q. At small ¢, the resulting dispersion can be approximated

as 1 , Ol 1 -
qUF qUF
= 14— — o — . 2.27
w@=uwp Ltg5 IF 4o o (227)
In this low-g regime, the plasmonic resonance of a HEG appears as a peak of zero
width', because the loss function diverges under the condition e} = g™ = 0.

However, the plasmon is not undamped for all g. As shown in Fig. 2.2a, the
dispersion of the plasmon (black curve) increases slower than the boundary of
the region of the electron-hole excitations (blue area). Subsequently, at momenta
~q & %, electron-hole pairs can be excited at the same frequencies w(q) of the
plasmon, which opens a decay channel for the collective excitation. Therefore, the

"In real metals, plasmonic resonances have a finite linewidth even in the ¢ — 0 limit. As
we discuss thoroughly in Chapter 3, the discrepancy between this theoretical result and reality
emerges because the HEG is a too simple model for real metals.
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+ Veou(2, 25 AP (25 2 o) Vexe (2™ A o) d 2 2™
(2.35)

Indeed, the density p22 can be written in terms of this potential as
Pina(z,arw) = X" ow) Vext (2, Asw)d(= — z4). (2.36)

Importantly, the response of the 2D HEG to the effective external potential
Vext(z,qw) is fully determined by the effective response function

x?P(dsw)
(W (Qiw) — Veou(zs, 2, ApIx?P(Aw)’

X*Hlew) = 1= (2.37)
where W(Qqzw) is the so-called screened interaction. According to the last
expression, if the response function of the 2D HEG x?P(qw) is known, we can
directly obtain the response of the system in the presence of the 3D semi-infinite
HEG. However, as discussed in detail above, it is difficult to obtain the response
function of an interacting system. To simplify the calculations, we can use the RPA,
where Eq. (2.21) gives the relation between the response function of the interacting
system x?P and the response function corresponding to the non-interacting system
X35 (which can be calculated with Eq. (2.11) using single-electron orbitals). With
Eq. (2.21), we can simplify Eq. (2.37) to write it in terms of the response function
of the non-interacting system XSD as

X(Z)D(q )
(Aew)XIp(Auw)”

) = T (239)

Last, in order to calculate the effective response function with Eq. (2.38), we
must know how the screened interaction term W(qmw) is evaluated. In the absence
of the substrate metal, the term W (q ) that mediates the interaction between
electrons is equal to Veou(Qh so that we recover Eq. (2.21). However, by adding
the metallic substrate, W(q5w) transforms to

W(q Iﬂ“) :VCou(257 zs, q Iil
+ VCOU(ZS7 ZEJq I:b(gD(ZEa‘Zmy]q IﬂU)VCou(Zmy]Zm q I:hizl%izu:Ij (239)

According to this equation, the main effect of the bulk electrons is to screen the
interaction between the electrons of the surface, as given by the second term in the
right handside. Further, in the same manner as in the derivation of Eq. (2.22), we
can describe the excitation spectra of the metallic surface in terms of the screened
Coulomb interaction according to the permittivity

cel@lnw) = 1 — W(Amw)x9p (AEw). (2.40)
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scenario of two interacting electrons in an atom, the Schrédinger equation is
not analytically solvable and numerical methods are necessary. The computational
cost of this task increases exponentially with the number of particles, and thus
further approximations must be made for a metal. As a first step, a widely-used
approximation was first proposed by M. Born and R. Oppenheimer [118], by
considering that the ratio between the masses of the electrons and of the nuclei
is of the order m: [I0~3. The Born-Oppenheimer approximation consists in
separating the wavefunctions into two parts, one associated to the electrons and
the other one to the nuclei, in the form ¥(ry,ry,....rn,, R1, Rz, ..., RN,,.) =
o(r1,r2, ..., rn, )2(R1, Rz, ..., RN, )- Due to the large mass of the nuclei, the
contribution of their kinetic energy Thuc is small, and therefore it is assumed that
the electronic part of the wavefunction ¢(ri,ra,...,rn,,) is not affected by the
dynamics of the nuclei encoded in the wavefunction ®(R;, R, ...,RnN,,.)- All the
nuclei can therefore be considered to be at fixed positions inside the lattice. Hence,
the electronic wavefunction satisfies the Schrédinger equation with the Hamiltonian

2 1.2 L& N 2 1 L4
2me i 4dmeg iA |ri—RA| 4meg 2 i2j |ri—rj|'

(2.47)
Since the coordinates Ra are not longer dynamical variables of the problem, the
electrostatic potential caused by the nuclei is treated as an external contribution
in Vext. However, the term Ve|_e| that connects the positions rj of all electrons still
remains, which makes further approximations necessary to separate the Hamiltonian
into terms with a single position r;j and to solve the electronic problem.

|:|el = Tel+‘7taxt+‘7e:l-el =

Hohenberg-Kohn theorems and Kohn-Sham equations

The basic idea of DFT is to describe the system with the ground-state electronic
density po(r) instead of with all the eigenfunctions from the Hamiltonian in Eq.
(2.47). This density is defined from the ground-state wavefunction ¢o(ri) as

po(l’) = Ng dry drz - - - drNel|¢>o(r7 ra,ra, ..., rNel)|2, (248)

and is normalized so that the total number of electrons in the system is Ny, i.e. it
satisfies  po(r)dr = Ngj. The importance of this function in the full description of
the electronic system is expressed by the two Hohenberg-Kohn theorems [119], the
first of which states

o First Hohenberg-Kohn theorem: The external potential (corresponding to
the nuclei) of the system is a unique functional of the ground-state density
(up to a constant): Vext[po(r)].

Among the three terms of the electronic Hamiltonian of Eq. (2.47), ounly the
external potential Vexr depends on the system to be analyzed (i.e. on the position
and atomic number of the nuclei), while Tg and Vgl are universal operators.
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According to the first Hohenberg-Kohn theorem, the ground-state density fully
determines Vext, and thus, there is a one-to-one correspondence between po(r) and
the Hamiltonian He[po(r)]. As a consequence, all excited states of the Schrédinger
equation are also unique functionals of po(r) and therefore, all the properties of the
system can be extracted from this function. Further, the ground-state density is a
much simpler mathematical object than the wavefunctions because it is a function
of just a single position vector r. The method to find po(r) is specified in the
second theorem.

e Second Hohenberg-Kohn theorem: The ground-state energy can be obtained
using the variational principle. Accordingly, the actual ground-state density
of the system is the function that minimizes the functional of the ground-state

energy, ~wo[po(r)]-

In order to fulfill this minimization procedure, we first write the ground-state
energy in the functional form

~wolpo(N)] = ol Ter + Vext + Ver-etl 6o T3 Tei[po(r)]+Verel[po(r)]+  Vexe(r)po(r)dr.

(2.49)
This functional must be minimized under all functions po(r), with the constraint
that po(r) must be normalized according to  po(r)dr = Ngj. By using Lagrange
multipliers A, the ground-state density is given by the equation

1] 0Tei[po(r)] | 6Verel[po(r)]

5 1
~wolpo(N] = A po(rjdr” =0 = 6po(r) dpo(r)

dpo(r)

Jrvext(r) =A.

(2.50)
The main difficulty of this approach is that the exact analytical form of the electron-
electron interaction functional, Ver.el[po(r)], is unknown. In response to this, W.
Kohn and L. J. Sham proposed an alternative approach to the problem based on
the Hohenberg-Kohn theorems.
The key idea of the Kohn-Sham (KS) approach [120] is to replace the
Hamiltonian of interacting particles [Eq. (2.47)] with an effective Hamiltonian of
a fictitious non-interacting system that has the same ground-state density as the

original system, given by
— L
3 Vis(ri) - (2.51)

Hks = | “ome
The electron-electron interactions are not completely eliminated because their
effects are introduced inside the effective KS potential Vks(r) to which each
electron is subjected. Further, Hks is separable over all variables r; corresponding
to individual electrons, and thus the single-particle Schrodinger equation of the KS
Hamiltonian gives the single-particle KS orbitals ¢/S(r) and KS energies ~w!<S,

I_Z_ZQTS r) + Vis(DefS (r) = ~wlSekS(r). (2.52)

2me
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On the other hand, if the time-dependent external potential is weak, the results of
DFT can be combined with linear response theory (Sec. 2.1). Since in this thesis
we work in the perturbative regime, in this subsection we outline the procedure to
work with TDDFT in the linear response framework.

The stardard procedure begins by writing the external potential as V;()?t) (r)+
Ve(xlt) (r,w), where the zeroth-order term V;E?g (r) is the static ionic potential (which
is the same as the external potential used in Sec. 2.3.1 for DFT) and the much
smaller first-order term Ve(xlt) (r,w) is the external time-dependent perturbation
written in frequency domain (we focus on the contribution to the perturbation at a
single frequency w because in the linear regime each w component can be considered
independently, as discussed in Sec. 2.1). While the static potential V;()?t) (r) gives
the ground-state density po(r), the inclusion of the time-dependent perturbation
induces a charged density as given by the expression po(r) + p1(r,w) + ..., where we
only focus on the first-order correction of the induced density p;(r,w) neglecting
higher-order terms in the expansion. Further, within the KS theory, the electronic
density also modifies the Hartree potential in Eq. (2.57) by adding the term

p1(riw)
r—rf
Further, the modification of the exchange-correlation potential due to the

perturbation is expressed as a linear expansion with respect to the electronic
density around the ground-state density, i.e.

V(l)(r,w) =

Har

dr" (2.63)

Wse(r,w) p1(rSw)drt (2.64)

ﬁsf(r%) AL =00}

Kye (r,r’,0)

V@ (r,w) =

where we define the dynamical exchange-correlation kernel Kyc(r, r5w).

As explained in Sec. 2.1, the excitation spectrum of a metal is encoded in the
response function x(r,w) that connects the external potential and the modified
density as

pr(rw) = x(r,rIw)VE (rw)dr” (2.65)

However, a direct calculation of this response function [applying Eq. (2.11)] would
require all the eigenfunctions of the Hamiltonian of Eq. (2.47), which considers all
the electron-electron interactions. We have shown in Sec. 2.3.1 that an equivalent
description of the system is to introduce all the interactions effectively inside the
KS potential, and to solve the single-electron Schrédinger equation from Eq. (2.52).
In the linear regime, a perturbative KS potential acts as an external contribution
that modifies the electronic density following

p(rw) = XSl (rw)dr. (2.66)
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For metallic surfaces, this method consists in considering a finite number of atomic
layers in the metal. The number of layers must be sufficient to recover the bulk
properties of the metal in the innermost layers. All these atoms are introduced in
the supercell, and further, an empty space is also considered in the supercell above
the topmost atomic layer to model the vacuum. To perform the DFT calculations,
an infinite 3D system is created by repeating the supercell periodically. A main
drawback of this method is that a large number of atoms is needed for an accurate
description of the system. Additionally, the ensuing large cell demands a larger set
of reciprocal lattice vectors K in the matrix to solve Eq. (2.71), because vectors K
associated to large cells have a small magnitude. Thus, in the supercell geometry
more K vectors are needed to satisfy the condition of Eq. (2.72) for the same
cut-off energy ~weyt-o i comparison to the case of bulk crystalline metals. Due to
these drawbacks, DFT calculations in surfaces are quite expensive computationally.

Calculation of the linear response function and surface response
function with a planewave basis

Once the KS orbitals are known for a system, the next step to obtain its excitation
spectra is the calculation of the linear response function within the TDDFT
formalism, as described in Sec. 2.3.2. As done for the KS orbitals, we can
expand the response function into the reciprocal lattice vectors K to simplify the
calculations. Further, in this thesis, we are interested in calculating the response
of metallic surfaces to the specific external potential Vexe(Qgw) given by (1.33).
Since this external potential is given as a function of the wavevector q—in the plane
parallel to the metal-vacuum interface, we are interested in calculating the linear
response function in reciprocal space. By expanding the response function x(r, rtjw)
over the reciprocal lattice vectors K and performing the Fourier transform, this
function is written as

CT1T 1 . . -

x(r, rfw) = Xk K (G )l @O Tt @i, (2.73)
q; KK’

The expansion over reciprocal vectors K is very helpful, because it allows
transforming the integral equation (2.67) for each q—snd w component of the
response function into a matrix equation of the form

KS KS I:|Cou XC
XK'K/ == XK,K/ + XK.K” VK”,K/” + KKII’KIII >(|(/”,|(’7 (2.74)
K//,K/N

which is considerably easier to solve with computational methods than Eq. (2.67).
In this equation, we need the matrix elements of the KS response function XE?K,,
which after introducing the KS orbitals ¢§I§H into Eq. (2.11) can be calculated as

o ST 1 ki _ ok

KS FD
Uw) = 35 :
Xici (Arw) S ~(w + N + Wmk, ~ Wnk;+q;)

ky m n
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@ +K) % %( ) %
KS i(q+K) r=KS KS q+K’)-r=Ks
X (bmk” I nk +q (bmkH I nk;+q; >

(2.75)

where S is the in-plane unit cell area and the factor 2 accounts for the spin. The
sum of Eq. (2.75) is performed over all Knside the surface Brillouin zone (SBZ).

Further, in this equation we have introduced the Fermi-Dirac occupation factor

,r:“,;” of the state in the band n at parallel wavevector K= In the derivation of

the linear response function of Eq. (2.11), we have assumed that the system is
at zero temperature, for which the states are either occupied (with occupation

factor 1) or unoccupied (with occupation factor 0). By now including factors f,?;”,
we generalize the calculation for nonzero temperatures where occupation factors
between 0 and 1 are possible.

Last, an important quantity that directly leads to the excitation spectra of
metallic surfaces is the surface response function g(qrw). This function has
been defined in Eq. (1.32), and we have used a classical calculation based on
Maxwell’s equations to analyze the excitation spectra of planar systems in Sec.
1.2.1. Importantly, we can use the same definition of g(qQs¢) in the quantum
approach to obtain the excitation spectra of metallic surfaces. The calculation of
9(qzw) requires the density induced by the external potential from Eq. (1.33). In
the quantum approach, this information is entirely given by the response function
X(qEw). Indeed, the surface response function g(q ) can be calculated with the
response function obtained from the TDDFT approach. To demonstrate it, we
introduce Eq. (2.65) into Eq. (1.32), and we obtain the surface response function

2T ’
9(d=w) Z_?D dz dZ%(KuzK'ﬁo(Z»Z;\Clzw)eq”(ﬁz)7 (2.76)

where the matrix elements over the parallel component of the reciprocal lattice
vectors K—re defined as

L1 . L
XK K (2,25 w) = Xk (Arpw)e! =20 (2.77)
K. K.

z

Hence, if the KS orbitals ﬁ'fu of a system are known, the surface response function
9(qzw) can be directly calculated within three steps. First, we obtain the matrix
elements of the KS response function Xﬁ?K/ with Eq. (2.75). After, Eq. (2.74)
gives the matrix elements of the response function of the actual interacting system,
XK k. Last, we perform the integral in Eq. (2.76) to calculate g(qgw).

Extraction of the single-slab response function from the supercell
geometry

An additional problem of the supercell geometry, beyond the computational cost,
is that different slabs interact with each other in the periodic system due to the
long-range Coulomb potential. Therefore, each slab is influenced by the external
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potential and by the potential induced by the electrons from all the other slabs.
However, the objective of our TDDFT calculations is to determine the response of
a single slab to the external potential. As a consequence, the inter-slab interactions
must be eliminated from the calculation. We now summarize the procedure
proposed by Nazarov in Ref. [130], which we use in Chapter 3.

The response function ¥(q,w) of the supercell geometry is the result directly
achievable from TDDFT calculations according to the procedure above. The matrix
elements of this function connect the external potential with the induced density
according to  —

pk(@ow) = Xk (Quw) VS (AEw). (2.78)
K/
However, the response function x(q,w) of a single slab needs to satisfy the equation
1

pik(dow) = XK.k (W) Vigr )s (2.79)
KI

where Vi¢-dre the K-components of the effective potential Ve{F,w) to which a
single slab is subjected, i.e.

2
pnw) o (2.80)
A0 v Lother sfas) Ir—rf O

Vina (r,0)

%ﬂvw) = %Xt(raw) +

The effective potential includes the contribution of the external potential together
with the induced potential Ving(r,w), which consists in the Coulomb interactions
caused by the induced charges in all the other slabs.

In order to apply the computational procedure, we need the expansion of
the potentials into reciprocal lattice vectors K. With this aim, we separate the
effective potential as VEH(#, w) = V2 (r, w)+ViP9(r,w). By performing the Fourier
transform of VP9(r,w) in Eq. (2.80) over the rlirection and performing the
integral in the z direction for all slabs, the induced potential can be written in
terms of the induced charge density as (see Ref. [130] for a detailed derivation)

i 1
Vdiamw) = Crr (1K aehipis (Aw), (2.81)
K

with the matrix elements

47r(52 — Ksz[}(SKuvKﬁ o I%IKZ + KD Leen I__I=_1LI —BLoun 1]
, S —-e e
K” 5Lcell(52 + KZZ)(52 + KZEZ) 2

Cr.k(B) = 0k,

(2.82)
where Lce is the thickness of each supercell considered in the TDDFT calculations.
Last, we introduce the expansion of the effective potential of Eq. (2.81) into Eq.
(2.79). By noticing that the density components p;x of Egs. (2.78) and (2.79)
must be equal for every external potential, the relation between the single-slab and
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and Hg, respectively. However, when calculating the wavefunction associated with
each electrode, we do not consider the presence of the other one i.e. we extend the
gap barrier to infinity (we show in Figs. 2.4b and ¢ the metal-insulator boundary
neglected in each Hamiltonian by dashed lines). Following this procedure, and by
solving the Schrédinger equation, we obtain the wavefunctions of the states of the
left metal (see Fig. 2.4b) [134]:

1 1 _ (-
AL A ikepz | IKen+Kegap —ikopz ik <

wr)= s TRk T © =0 (2.85)
CAL A 2K —kegapz ikgry z>0

L. S ik..—K.gap

Equivalently, the eigenfunctions corresponding to the right metal have the form
(see Fig. 2.4¢)

1 O -
-A,L 2'sz e Kzgap(Z—Lgap) e'kH'rll 2z < Lga
\I/R(r) L. S [Kpr—Kzgap gap
-NL e IKer(Z=Lgap) 1 W ikKer(Z—Lgap) ik 5 Lgap

zR zgap

(2.86)

L, is the (arbitrary) length of the system in the z direction, whereas S is the
surface area of the interfaces in the r— (z,y) plane. These two parameters act as
normalization constants in the wavefunctions. Further,

—1
2’rnel_l_:ltl el
2 W

]
kzL Ry (W, Kth= Uw - Ikd3 (2.87)

is the z component of the wavevector of an electron in the left (right) metal. The
spatial decay of the wavefunction in the gap region is governed by the value
L1

2m,
kzgap (@ Kih= 5 (Ugap — ~w) + |Kl3- (2.88)

Since the electronic states of Bardeen’s theory are localized in a single metal,
the occupation of each wavefunction ¥ (r) and ¥r(r Ili_ldlctatﬁy the F%Eﬂl

L(R)( ~ol—g ™

Dirac distribution of its respective metal f, N = 1+exp T

at temperature T, with Boltzmann constant kg.

Further, in Bardeen’s theory, the interaction between the two metals that leads
to elastic tunneling is treated at a perturbative level. Each electron of the left
metal is at first in the state |¥| [{with energy ~wﬁ' and parallel component of the
wavevector K corresponding to the Hamiltonian Hy. The rest of the electronic
Hamiltonian of Eq. (2.84), I:Ie| Hy, induces transitions to states of the form |¥g ]
(with respective values ~wg and Kgy). The assumption of weak tunneling due to a
sufficiently thick gap implies that the transition rate between two particular left
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by parts:

WR@Z)(FleI - l'A|L)‘I’|_(Z)Clz

1
_ ~2 ij‘ 8\I/|_ E _ e 8‘1/|_ 6\IJF';_(‘z
T 2mem N L Lyn 9z 0z -
— 0 () 8\1156'2’) n 0V (2) 8\I/F'3_('z)d

0z . Ly 0z 0z

1
T B‘I’L )—qJL(z)a‘I’gz)EE] . (2.92)

2me z=Lgap

Equations (2.89), (2.90) and (2.92) lead to the following transition rate between
left and right states:

)3~2 z c
NI %Sé(wﬁ'—wg)(s(ktm—km) @3@8@52( L )a\Ilale(‘ E E
el

z=Lgap
(2.93)

According to Eq. (2.93), together with the energy ~w®, the parallel component
of the wavevector K—must also be conserved in the transition due to the homogeneity
of the system in the rlirection. Further, the electronic wavefunctions appear in
the expression of the transition rate in the form jgar(z) = s [V &%), V| (2) —
Uy (2)0, ¥ (2)]n; (where N, is the unit vector in the z direction) evaluated in
the boundary between the gap and the right metal. In the original work by
Bardeen, this term was associated to the transition current density of elastic
tunneling, due to its similar form of the probability current density j(z) =
e (W) OWY) — U(r) CU%T)] of a quantum state.

The current densfuy measured in an experiment is due to all possible transitions
from occupied states of the left metal to unoccupied states of the right metal.
Thus, the rate I'L _ g must be summed for all these transitions. We first consider
the sum over all final states, which leads to the transmission probability for each
incident electron through the junction. To characterize the electronic states, we
use the Sommerfeld model, where the electrons are considered to be free in a
box of dimensions determined by the parameters S (along the r—plane) and L,
(along the z direction). We further apply periodic boundary conditions in the
box. Underqjthese conditionsythe states are given by wavevectors of the form

kiry = g%nx,ﬂg%ny, %nz with integers ny, ny and n,. Considering the
large number of states, Vpe-eap substitute the discrete sum over all final states
of wavevectors Kg, L%s Ky With the integral ﬁ dKgr, which leads to the
expression

1 L, S dsz

= I_r==2-2_ 1, dK gy dwg)
- « LR o (2m)? R dw R o
R
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1252 i
47nelil dWR wdl=¢!
|:|
(] 8\IIL(k\|L,~wEI)(Z) ov R(K|L, ~wel)( )
X R(kHLF‘“El)(Z)T - \IIL(k”wail)( )T
2=Lgap
(2.94)

The effect of the integral over the final states in Eq. (2.94) is thus to impose that

the left and right states have the same parallel wavevector Kgand energy ~w|_'7

as expected for an elastic process. Further, the term %‘gg = _'Tl'(“; includes the
1 z

density of states in the metal on the right. By introducineg the expression of the
wavefunctions of Egs. (2.85) and (2.86) into Eq. (2.94), the transition rate per
incident electron is calculated as

~ 16kszszzgap ¢~ 2KzgapLgap (2.95)
merky (k2 + k2gap) (k2r + k2gap)

I'. =

The total tunneling rate is obtained after we sum I'| over all initial states of
the left metal:

17, 5 < minje Ly o5t (~0f! —U,)
Fe| = y FL 27T (27‘[‘)2 o dw,_ o dk[D
I:II_ dkzL -
fro(ku)(1 fFD(kR))FL(~wL7 )27k oy
(2.96)

We notice that for each energy ~w|_ , fherg are electronic states with wavevectors

2Mett (~wf! — Uy (ry) in the metal on the left
and on the right. Due to the conservation of Kja transition is valid only if both
metals have an electronic state for a vector Kgry. Thus, the integral has to be
calculated up to the minimum between the two extremal values |Kgry| that accept
a state in both metals. Further, in Eq. (2.96) we impose that the initial state
of wavevector K must be occupied [with probability given by the Fermi-Dirac
occupation factor of the left metal fEp(Ki)] and that the final state of wavevector
kr must be unoccupied [with probability 1 — fB5(kr)]. The calculation of Eq.
(2.96) describes the electronic properties of different junctions, such as how the
current intensity is modified according to the applied bias potential Vg.

The elastic tunneling rate I'g is a very important result of Bardeen’s theory, as
it allows the characterization of the electronic properties of tunneling junctions.
Another important magnitude related to tunneling junctions is the inelastic
tunneling rate Ijne;, which quantifies the excitation rate of plasmonic resonances
and thus describes how light is emitted from tunneling junctions. We discuss in
Chapter 5 how Bardeen’s theory describes light emission from tunneling junctions.

up to a maximal value of |Kyr)| =
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Further, we compare this theory with other methodologies and discuss the validity
of the approximations involved in the approach of Bardeen.
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Chapter

AB INITIO DESCRIPTION OF
PLASMONIC EXCITATIONS ON THE
PD(110) SURFACE

3.1 Introduction

The study of surface plasmons in different metals [33, 75, 135, 136] has gained
significant interest since Ritchie’s first discovery [137]. A particular focus has been
placed on understanding how the properties of surface plasmons, such as energy and
lifetime, vary with in-plane wavevector —As discussed in Chapter 1, for a {?etal
with Drude permittivity, the energy of the surface plasmon is ~wsp = ~wp/ 2 at
all q—{in the non-retarded regime), making it dispersionless. However, this classical
Drude model neglects non-local effects. Incorporating these effects can provide
more accurate information about the dispersion relation of surface plasmons, as
outlined in Chapter 2. Indeed, in a simple model based on the homogeneous
electron gas (HEG), Feibelman included the microscopic spatial distribution of
the electronic density close to the jellium border of the metal, predicting that the
dispersion relation of the surface plasmon in the |qg5— 0 limit is given by [138]

— Refdctase)},

~wsp = ~wsp(qr+ 0) 1-— fhdﬂ ) (3.1)

where d —ig the centroid of the induced electronic density relative to the jellium
edge. The parameter d —ig of the order of 1 A [139], and thus according to Eq.
(3.1) the surface plasmon energy is modified by wavevectors q—¢f magnitude of the
order of 1 A1, which are much larger than those corresponding to the retarded
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regime (of the order of 1073 A=), Calculations carried out for the jellium model
with the random phase approximation (RPA) [140,141] and adiabatic local density
approximation (ALDA) [142,143] show that in metals with typical bulk densities
[rs =2—6, as given by Eq. (2.62)], the centroid of the induced density lies outside
the jellium border (d — 0). This leads to a negative dispersion in Eq. (3.1). At
larger |qrly the dispersion becomes positive when higher-order terms are included.
This simple picture has been confirmed by several experiments in simple metals
such as aluminum or magnesium [144, 145].

However, the assumption that electrons behave as in a HEG is a simplistic
description of most metals and do not provide accurate predictions for all systems.
In fact, for some metals, there is a qualitative discrepancy between theoretical
predictions and experimental measurements. For instance, in the case of silver,
experimental measurements show a positive dispersion relation [146-149], as
opposed to the theoretical prediction of a negative dispersion indicated in Eq.
(3.1). This discrepancy is attributed to the presence of totally occupied 4d valence
bands in silver, which significantly alter the behavior of electrons compared to
the HEG [150-152]. Furthermore, the jellium model is inadequate for accurately
predicting the lifetime of surface plasmons. In the |qdy— 0 limit, there are no
electron-hole transitions in the HEG, and thus the surface plasmon should not
decay. According to this model, the lifetime should therefore be infinite at long
wavelengths. However, experimental measurements show that usually the lifetime
of surface plasmons is of the order of few femtoseconds or shorter, even at low |q 3

To accurately describe the phenomena observed in experiments, more advanced
and sophisticated descriptions of metals are necessary, for example based on the
TDDFT approach (Sec. 2.3). The inclusion of the complete band structure, together
with proper exchange-correlation effects, allows for the accurate consideration of
all intraband and interband transitions that can modify the optical properties
of the metal, such as the frequencies and lifetimes of excitations. In the case of
surface plasmons in solids, the TDDFT approach was first successfully applied to
the nearly free-electron metal Mg(0001) surface, where the experimental dispersion
relation was reproduced with larger accuracy than with the HEG model [153]. Ab
initio calculations applied to d metals such as silver [154] or gold [155, 156] have
successfully resolved the qualitative discrepancies of the simple HEG model, leading
to the recovery of a positive surface plasmon dispersion.

Based on the success of TDDFT to reproduce the experimental features of
surface plasmons in d metals, in the present chapter we use ab initio calculations
to study the properties of these excitations on the Pd(110) surface. This study
is motivated by a lack of accurate analysis of surface plasmons in palladium. We
calculate the electronic structure of Pd(110) and then analyze the dispersion relation
and damping of the corresponding surface plasmon. Our theoretical results allow
for comparison with several experimental works that have obtained slightly different
data. For example, electron energy loss spectroscopy experiments have measured
surface excitations between 6.8 and 7.0 eV in single-crystal surfaces [157,158], and
around 6.5 €V in polycrystalline Pd [159,160]. Other scattering experiments have
also detected energy-loss peaks in the 7.2 — 7.5 €V energy range, which may also
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Surface states that are located in the vicinity of the Fermi level can have a
particularly relevant contribution to the excitation spectra. In this regard, a surface
state of d type is found around the Y point, which is unoccupied at this point
and has a small dispersion, but upon moving towards S, the band crosses the
Fermi level and becomes occupied. On the contrary, this state remains above
the Fermi level and unoccupied along the YT direction. This surface state has
been experimentally observed [176] and is also consistent with previous DFT
calculations [177,178]. Another state with similar characteristics is also observed
around the S point, which gets occupied in the SY direction and agrees with
previous calculations [178]. The existence of such states around the Fermi level
suggests the possibility of acoustic surface plasmons in the Pd(110) surface, arising
from out-of-phase collective oscillations of charges involved in these surface states
and in bulk. In Section 3.4.3, we analyze whether the band structure plotted in
Fig. 3.1 leads to this excitation.

3.4 Excitation spectrum of the Pd(110) surface

3.4.1 Surface plasmon

Figure 3.2 displays the surface loss function Im[g(q )] of the Pd(110) surface
obtained from the band structure discussed in Section 3.3. We use the ALDA to
account for dynamical exchange-correlation effects and calculate the surface loss
function at two different directions of ¢rthe high-symmetry lines TX and I'Y. We
find that the surface loss function does not significantly differ for both directions,
indicating that the optical response of the Pd(110) surface is highly isotropic. The
surface loss function is dominated by a broad surface plasmon peak labeled as
SP (yellow-white color in the contour plot of Fig. 3.2). This peak is observed at
energies ranging from 7.3 — 7.6 eV for most wavevectors q—shown in Fig. 3.2. We
also observe a shift in the peak for values |[qrh< 0.1 A7, which occurs because
the top and bottom interfaces of the 19-atomic slab interact with each other at
such small wavevectors. Therefore, at this range of qthe considered system does
not accurately represent an ideal surface. To extract the value of the semi-infinite
surface plasmon at the |qh— 0 limit, we directly extrapolate the maxima of the

loss function from the |qd+=0.1—0.4 ATt range. This extrapolation yields a value
of ~wsp(q = 0) = 7.35 €V, which is consistent with the experimental value of 7.37
=+ 0.10 eV reported by Rocca et al. in Ref. [164].

To confirm that the shift of the SP maxima at low |qrhis due to the finite
thickness of the slab, we consider the classical dispersion of surface hybrid plasmons
in a thin slab. Specifically, we analyze a slab composed of a Drude metal with
a surface plasmon energy of ~wsp = ~wp/ 2 and thickness Lmet, for which the
energies of the two non-retarded plasmonic modes are [33,75,137)

~wzp = ~wsp(QrF 0) 1 e 1qulbme:, (3.2)
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Figure 3.2: Surface loss function Im[g(q)j,w)] of the 19-atomic Pd(110) slab along the lines of

high symmetry TX and T'Y in the surface Brillouin zone, calculated with ALDA. The dashed lines
show the classical dispersion relation for surface modes in a thin film of a Drude metal [given
by Eq. (3.2)], where the surface plasmon SP splits into two hybrid surface modes indicated by
SP* and SP~ at small lay |- The green dots indicate the experimental data points of the surface
plasmon dispersion reported in Ref. [164].

The classical dispersions of these two hybrid modes are depicted as dashed lines in
Fig. 3.2, with the value ~wgp(q—= 0) = 7.35 €V obtained from the extrapolation.
When |qth CI/Emet, the two interfaces are decoupled, and the two modes are
degenerate, with each mode corresponding to the surface plasmon of a single
interface. At |q= 0.1 A1, the two modes start to split, and at lower wavevectors,
we observe that the maximum of the surface loss function obtained with the full ab
initio calculations follows a similar tendency as the classical dispersion labeled by
SP~, which corresponds to in-phase oscillations of electrons at both interfaces [179].
However, the surface plasmon peak obtained from TDDFT calculations displays
a higher energy than the prediction of the Drude model. We attribute this effect
to interband transitions involving d valence states, which are not included in the
dispersion of Eq. (3.2). In fact, previous studies have shown that even in relatively
simple metals, such as lead, the band structure effects can deviate the excitation
spectra from the prediction of Eq. (3.2) [179].

Although the surface plasmon dispersion resulting from the TDDFT calculations
agrees reasonably with the classical dispersion SP™, no discernible feature is
observed at energies above 7.35 €V marked by the dashed line labeled with SP™.
This line corresponds to the antisymmetric mode where electronic charges of
the two interfaces oscillate out of phase. The absence of a distinct peak in the
surface loss function associated with a collective resonance suggests that interband
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Figure 3.3: Surface loss function of the Pd(110) surface at low momentum transfers. a) Im[g(qy, w)]
calculated for a Pd(110) slab of thickness equivalent to a 19-atomic slab obtained with classical
electromagnetism under the non-retarded approximation. We use the bulk permittivity of Pd
reported in Ref. [180]. b) Im[g(q),w)] calculated for a 19-atomic Pd(110) slab within the ab initio

approach along the TX line (zoom in of Fig. 3.2). The dashed lines show the classical dispersion
of the two hybrid surface modes SP~ and SP* [Eqg. (3.2)]. The white region in panel (b) at
lql <0.017 A is inaccessible in our ab initio calculations.

transitions dominate the spectra in this energy range. To support this explanation,
we plot in Fig. 3.3a the surface loss function obtained from a classical non-
retarded electromagnetic calculation using the experimental bulk permittivity of
palladium of Ref. [180]. Within the range of |qjconsidered in the figure, the
SP™ hybrid mode dominates the spectra, while the intensity of the upper-energy
SP™ peak is negligible. Furthermore, when performing corresponding calculations
using the Drude permittivity instead of the experimental one, both SP* and
SP™ peaks become clearly visible with similar intensities (not shown). Notably,
the classical calculation in Fig. 3.3a also demonstrates a deviation in the SP™
peak dispersion from the prediction of Eq. (3.2), as also observed in the results
obtained with the TDDFT calculations (Figure 3.3b zooms in on the surface loss
function plotted in Fig. 3.2 for the low-|qirange). This comparison confirms that
the Drude permittivity fails to account for the strong influence of d electrons at
small wavevectors, which suppresses the SP™ mode and modifies moderately the
dispersion of the SP™ mode.

We now shift our focus to the regime of large |5 In this case, according to Eq.
(3.2) and as also depicted in Fig. 3.2, the influence of the finite thickness of the film
diminishes significantly, and therefore the results can be interpreted as being very
close to those of a semi-infinite substrate. As previously discussed, the loss function
exhibits a peak at an (extrapolated) energy of approximately 7.35 eV for low |qly
in agreement with experimental data from the same surface reported in Ref. [164].
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Figure 3.4: Surface loss function of Pd(110) calculated at |q;| = 0.370 A™! along the TX line
using RPA (black line) and ALDA (red line).

However, when observing the behavior of the surface plasmon for increasing |q
the agreement between our theoretical predictions and the experimental data is
not so satisfactory. The experimental dispersion shows a negative trend up to 0.16
A~ along the TX direction and up to 0.12 A= along the T'Y direction, with an
unusually large slope, even for materials that exhibit negative dispersion [153].
Subsequently, the dispersion becomes positive, at least up to the maximum value
of |qd+= 0.18 AT reported in the experiment. On the contrary, the surface loss
function peak in our calculations displays a weak increase as a function of |qy
extending up to the maximum explored |qy This behavior aligns more closely
with the absence of dispersion observed for Pd(111) by Netzer and El Gomani [163].
However, the measured energy of 6.6 eV in that experiment significantly deviates
from our calculations and the more recent experimental results reported by Rocca
et al. in Ref. [164]. These discrepancies strongly suggest that band effects play
a crucial role in determining the energy and dispersion of the surface plasmon,
emphasizing the need for further analysis.

To evaluate the impact on the excitation spectrum of the approximations
used in the dynamical exchange-correlation kernel Kyc, we compare the results
obtained with ALDA (as discussed thus far) to those obtained with the simpler
RPA. Initially, we have checked that for low |qthe calculated surface loss function
Im[g(qw)] is nearly identical for both approximations. However, differences
become apparent as |qrhincreases, with ALDA generally yielding larger values
of Im([g(gzw)] compared to RPA. The most significant differences occur on the
low-energy side of the surface plasmon peak. To illustrate this, Fig. 3.4 presents the
results obtained using both approximations for one of the largest |qyvalues in our
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calculations (|gy= 0.370 A7V in the TX high-symmetry line), which corresponds
to the regime where the most pronounced deviations between RPA and ALDA are
observed. In this context, the RPA calculations indicate a surface loss function
peak centered at ~wsp = 7.7 eV, while ALDA shifts the peak to slightly lower
energies, placing it at ~wsp = 7.6 €V. Importantly, the relative difference between
the two approximations is much smaller than the width of the peak itself. This
finding indicates that dynamical exchange-correlation effects beyond the RPA have
minimal influence on the description of surface plasmons in metals with high valence
charge density, such as Pd. It is worth noting that for other metallic surfaces, such
as those corresponding to the simple Mg, these effects are more significant [153],
highlighting the dependence on the specific material under consideration.

In addition to providing information about the dispersion of the surface plasmon,
the surface loss function also reveals its decay rate, which is directly linked to the
linewidth of the peak calculated by the full width at half maximum. Interestingly,
the value of the linewidth remains relatively large even at small |qdyvalues. For

instance, at |qd+= 0.05 A_l, both RPA and ALDA calculations yield a linewidth
of = 1.8 eV. This significant value can be attributed to the efficient decay of
the surface plasmon into electron-hole pairs involving valence states of the d
bands and highlights the necessity of considering real band structure effects. In
contrast, the simple HEG model, which neglects these states, would predict a
very narrow linewidth for the mode due to the absence of interband transitions.
Furthermore, the linewidth broadens as the wavevector |qrhincreases, indicating
an increased decay into incoherent electron-hole pairs. At the largest |qdyvalue

considered (|qd= 0.4 A_l), we obtain a linewidth of 3.3 ¢V for RPA and 4.9 ¢V
for ALDA. This observation aligns with previous calculations demonstrating that,
in general, ALDA predicts a more efficient decay into electron-hole pairs compared
to RPA [128,181]. Despite the large linewidth of the surface plasmon peak, this
plasmon remains the dominant feature in the surface loss function for all the q—
vectors shown in Fig. 3.2. Consequently, the surface plasmon does not become
completely suppressed by electron-hole decay within this range of wavevectors.

3.4.2 Induced density on the Pd(110) surface

To gain further insights into the nature of the peak observed in the surface loss
function of Fig. 3.2, we now analyze the distribution of the induced charge density
pind(2,qw). This density is induced by the external potential Vexe(z, Qw),
which is given by Eq. (1.33) and represents the Coulomb potential of an oscillating
point charge placed at infinity. In Figs. 3.5a and b, we present the real and
imaginary parts of ping(z,dow), respectively, as a function of energy and the
spatial coordinate z (perpendicular to the surface) for a specific wavevector with a
magnitude of |[qfh= 0.084 AT along the TX symmetry direction. Interestingly,
near the energy ~wsp = 7.35 €V corresponding to the surface loss function peak,
Im|[ping(z, qow = wsp)] (Fig. 3.5b) exhibits a dominant maximum positioned
above the topmost atomic layer of palladium (atomic layers are indicated by

85






3.4. Excitation spectrum of the Pd(110) surface

5
(@) Vacuum (b) Vacuum
q =0.336 1/A
0 -0.4
<
N
3
g 5
A -0
10
—.04

0O 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Energy (eV) Energy (eV)

Figure 3.6: Spatial distribution for |q;| = 0.336 A™! along the TX direction of the a) real
and b) imaginary parts of the charge density pina(z,q),w) induced by the external potential
Vext (2, q),w), plotted as a function of energy. The results are calculated using ALDA. The origin
of the z coordinate corresponds to the geometrical surface position (dashed lines). Solid lines
indicate the positions of the palladium atomic layers.

the topmost atomic layer at half the distance between atomic layers (indicated
by dashed lines in Fig. 3.5, where we establish the z = 0 origin in this figure).
Therefore, the centroid of the induced charge density is located outside the surface,
contrary to the behavior observed in Ag and Au, where the influence of d electrons
pushes the charge centroid inwards the metal [33]. In this regard, the placement
of the induced charge centroid in palladium corresponds to the scenario exhibited
by simple metals. However, our calculations also present differences with simple
metals. For example, simple metals exhibit a negative dispersion at small |q]y
while we obtain a weak positive dispersion for Pd(110).

According to this discussion, the electronic structure of Pd(110) exhibits two
contrasting features: the presence of d electrons, which are considered to contribute
to a positive dispersion of the surface plasmon [33], and the centroid position of
the induced charge density outside the metal, which suggests a negative dispersion
[Eq. (3.1) with d {wsp) > 0]. Figure 3.2 shows that the overall effect is a positive
dispersion with a considerably weaker slope compared to Au and Ag. This less
pronounced surface plasmon dispersion in Pd could be attributed to the more
delocalized nature of the d states. However, it is important to note that this
conclusion is based solely on the surface loss function peak positions at |qdgvalues

larger than approximately 0.05 A_l. An accurate determination of the peak
position at smaller |qyvalues requires considering significantly thicker slabs of
Pd(110) in TDDFT calculations, which would increase the computational cost.
We explore next how the induced charge density is modified with increasing
wavevector. With this aim, we plot in Figs. 3.6a and b Re[pind(z, 0sw)] and
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Figure 3.7: Surface loss function of the 19-atomic Pd(110) slab calculated with ALDA for the five
smallest values of |q| considered in our calculations along the X direction: 0.0168 A~ (black
solid line), 0.0336 A—! (blue solid line), 0.0504 A—1 (purple solid line), 0.0672 A~ (red solid
line) and 0.0840 A—! (orange solid line). The dashed green line shows the surface loss function
calculated at q = 0 employing classical electromagnetic calculations with the experimental bulk
permittivity of Pd reported in Ref. [180] by Palik. For the latter, the inset shows a zoom in the
2.5—55 eV interval.

Im|[ping(z, qow)], respectively, evaluated at |qch = 0.336 AT along the I'X
direction. We observe a clear peak in Im|[ping(2,qzw)] at energies around 7.6
eV, which correlates well with the peak observed in the surface loss function. The
behavior of the induced density near the surface plasmon energy is similar to the
case of low wavevectors (Fig. 3.5), but it presents some notable distinctions. As
|[ghincreases, the region influenced by the external field diminishes, resulting in
a decreased efficiency in exciting the electrons within the bulk and a stronger
confinement of the electronic density of the surface plasmon close to the vacuum-
Pd(110) interface.

3.4.3 Additional plasmonic excitations

Although the surface plasmon peak dominates the surface loss function of Pd(110),
a closer examination of Fig. 3.2 at low values of |qreveals a subtle peak around
4.9 eV. To provide a clearer illustration, we show in Fig. 3.7 the surface loss function
at the five lowest |qvalues accessible in our TDDFT calculations along the I'X
direction (which correspond to vertical cuts in Fig. 3.2). The small peak observed
at 4.9 eV increases in energy and diminishes in spectral weight as |qhincreases
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until it eventually disappears at 5.0 ¢V for |qd5= 0.17 A™'. The impact of this
excitation can also be observed in the induced density shown in Fig. 3.5, where
the real part (panel a) exhibits weak resonating behavior around 4.9 €V within
the crystal, and a weak oscillating feature along z is discernible in the imaginary
part (panel b) at the same energy. Liu and Brown [182,183] detected a similar
mode at an energy of 5.2 eV without resolving its dispersion and interpreted it
as a surface feature. Given that we observe this excitation in the surface loss
function Im[g(qw)], its effects are indeed influenced by the surface. However, the
presence of resonances associated with the induced density inside the bulk suggests
that the origin of this excitation lies in the bulk properties of Pd. To validate
this, in Fig. 3.7 we indicate by the green dashed line the classical surface loss
function at q— 0 obtained using the experimental bulk permittivity of palladium
reported in Ref. [180]. A weak feature around 4.5 ¢V can be distinguished (see
inset for a zoom), and we attribute it to the excitation obtained in our TDDFT
calculations. Consequently, we have established that the bulk permittivity of Pd
already encompasses this excitation.

Hence, the surface loss function primarily exhibits two notable features: the
dominant surface plasmon peak and a relatively smaller peak around 4.9 eV. Apart
from these excitations, no other significant features are observed in the surface
loss function, regardless of whether ALDA or RPA is employed. The absence of
any prominent peak at low energies (below 4 eV) indicates that our calculations
do not provide evidence of low-energy interband plasmons or acoustic surface
plasmons. This lack of evidence may be due to the abundance of surface states
in the valence band structure of Pd(110), as observed in Fig. 3.1. Although
the presence of surface states near the Fermi level should, in principle, facilitate
the occurrence of acoustic surface plasmons with linear dispersion, the numerous
amount of transitions involving surface states discourages the formation of well-
defined resonances corresponding to collective excitations. This stands in contrast
to the situation in the bulk [166,167]. Consequently, our calculations suggest that
the Pd(110) surface may represent a scenario where the mere existence of distinct
electronic states localized in the bulk and on the surface is insufficient to generate
a surface collective mode with a linear dispersion.

3.5 Summary

In this chapter, we have presented the TDDFT-based calculations of the excitation
spectra of the Pd(110) surface. The surface loss function presents a prominent
feature corresponding to the surface plasmon, which manifests at an energy of 7.35
eV for small wavevectors. This result aligns with existing experimental data for this
surface at low |qy However, as |qrhincreases, our TDDFT calculations predict a

weak positive dispersion of the surface plasmon up to approximately |qJ= 0.4 AT
This finding contradicts the electron energy-loss experiments conducted on this
surface, as reported in Ref. [164], where a pronounced negative dispersion of the
surface plasmon was observed at low |qy Hence, the excitation spectrum of the
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Chapter

PLASMONIC EXCITATIONS IN
TWO-DIMENSIONAL ANISOTROPIC
ELECTRON SYSTEMS

4.1 Introduction

As discussed in Sec. 1.2.1, the properties of plasmonic excitations are highly
influenced by the geometry of metallic systems [86]. For instance, we have examined
the behavior of a Drude metal with bulk plasmon frequency wp, revealing that .Une
frequency of the surface plasmon at a planar metal-vacuum m{cﬁrface is wp/ 2,
while in the case of a metallic sphere, this value shifts to wp/ 3. By carefully
selecting the appropriate geometry, the frequency of the plasmonic excitation can
be engineered. However, in three-dimensional systems, this frequency tends to
converge to a finite value in the |[qfg— 0 limit. In this context, two-dimensional
(2D) materials have emerged as a highly promising alternative. Unlike in their
threeqdimgnsional counterparts, plasmons in 2D materials exhibit a dispersion as
w [J|qhwhen the wavevector q—approaches zero. Consequently, 2D materials
can support plasmons with arbitrarily small frequencies in the non-retarded regime,
even in the mid-infrared and THz regions of the electromagnetic spectrum.

The investigation of plasmons in two-dinjensignal materials was pioneered by
Stern [48], who initially calculated the w [1|q]5like dispersion, as described in
Sec. 2.2.2. This calculation was conducted assuming that the material behaves
like a 2D homogeneous electron gas and using the random phase approximation
(RPA). Subsequently, further theoretical and experimental investigations confirmed
the predicted dispersion of the 2D plasmon in metallic layers (caused by surface
electronic states) [173] and in graphene [186]. However, the energy band dispersion

91





















Chapter 4. Plasmonic excitations in 2D anisotropic electron systems

Last, when considering momentum transfers along the line gy = 3gx (panels
(c1-4) in Fig. 4.1), the acoustic plasmon is absent. Although two groups of carriers
with different Fermi velocities Vg1 and Vg, can be excited along this symmetry
direction of the system (highlighted by purple arrows in Fig. 4.1c1), these velocities
have the same component q— Vg along the direction of momentum qjand thus
electrons of both groups are excited to the same energy level as indicated by
Eq. (4.3). This lack of two different values of q— Vg prevents the appearance of
two well-separated peaks in the imaginary part of the permittivity ¢, which is a
necessary condition for the existence of an acoustic plasmon. This absence of two
peaks arises because the vector q—=4ligns with a symmetry direction of the band
structure (green dashed line in Fig. 4.1cl), similar to the case of ¢y = 0 (brown
dashed line in Fig. 4.1al). Hence, these findings indicate that to excite an acoustic
plasmon in an anisotropic 2D electron system, the momentum transferred by the
perturbation should not follow the symmetry directions present in the energy band
structure.

After examining the permittivity and loss function in three specific momentum
transfer directions, let us now generalize the discussion to any direction of q=—In
wmé(q“) and war(qy)

Fig. 4.2, we plot the energies of the two observed plasmons,
normalized to the Fermi energy, as a function of q— Figure 4.2a illustrates the
dispersion of the 2D plasmon, with dashed lines highlighting curves of constant
energy for this plasmon. The 2D plasmon dispersion is positive in any radial
direction of —and follows the triangular symmetry of the energy band structure,
consistent with the geometry of the considered electron gas. At large magnitudes
of |y the curves of constant plasmon energy wopp resemble the triangular shape
corresponding to the energy of the electronic band (first column in Fig. 4.1).
However, for small |qy the curves with constant plasmon energy wopp deviate
significantly from the characteristic triangular shape of the band, leading to a more
intricate dependence on the momentum transfer direction.

On the other hand, Fig. 4.2b presents the dispersion of the acoustic plasmon
war(q))
Er

)

. As already observed in Fig. 4.1, this excitation is prohibited at certain
momentum transfers, represented by gray areas in Fig. 4.2b. The energy of the
acoustic plasmon can be approximated as wap [Q+VE, where Vg corresponds to
the lowest Fermi velocity among the two groups of electrons that are excited with
momentum transfer q=In a system with triangular anisotropy, where electrons
possess three distinct velocity vectors Vg, for some momentum transfers only
one group of carriers exhibits a positive value for q— Vg, and thus under this
condition a single group of electrons can be excited to a state of larger energy [Eq.
(4.3)]. Consequently, the condition for the appearance of an acoustic plasmon (the
existence of two distinct groups of electrons) cannot be fulfilled, as it occurs in the
gray areas of Fig. 4.2b around ¢y = 0 and positive gx, or their sygametry-equivalent
directions (along the brown dashed lines). Similarly, in the ¢y = 3¢y direction and
its symmetry-equivalent directions (indicated by the green dashed lines), although
two carrier groups possess a positive value of q— Vg, this velocity component is
identical for both groups, and no AP is found. Further, while the AP is purely
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4.3. Excitation spectra of 2D anisotropic electron gases

forbidden by symmetry only in these specific directions, it also does not appear
in the extended regions surrounding the brown dashed lines. This absence of
an AP occurs because electronic states with just slightly different Fermi velocity
components q—Vg are involved in the electron-hole transitions, resulting in two
nearby peaks with finite linewidths in €; around q—VE. Consequently, if the
two Fermi velocity components are sufficiently close, these peaks in ¢ overlap,
preventing the realization of an AP. In other words, for the appearance of the AP, it
is necessary to have an energy range with &;(w) [Cbetween the two peaks so that
Im[¢72] contains a clear peak, requiring sufficiently different velocity components
along the direction of

4.3.2 Square anisotropy

After thoroughly analyzing the permittivity and loss function of the system with
triangular anisotropy, we now turn our attention to the case where the Fermi
surface takes a square shape, corresponding to the band dispersion parameterized
by Eq. (4.2) for N = 4. Fig. 4.3 shows the permittivity and loss function for such
a system, as a function of gy for qin three different directions: (a) gy = 0, (b)
gy = %, and (c) gy = g« (these directions are indicated by magenta arrows in
the first column of Fig. 4.3, where the colormap represents the energy wy of the
electronic band). The gy = 0 line represents the symmetry direction with the lowest
effective mass (indicated by brown dashed lines in the first column of Fig. 4.3),
while the gy = gx (or gy = —gx) line corresponds to the direction with the largest
effective mass (green dashed lines). On the other hand, we choose the direction
qQy = %’” because it is halfway between the two different symmetry directions.

The findings in Fig. 4.3 confirm the observations made for the fgiangular band
case. In the N = 4 scenario, the conventional 2D plasmon (w [1|qhfor small
[ah exists at momentum transfers in all directions, whereas the momentum space
for the appearance of the AP is more limited. Specifically, the acoustic plasmon
(w OJdd) can only be excited with momentum transfers q—n directions where
two groups of carriers with different Fermi velocity components are present. By
symmetry, this condition is not met for gy = 0 (row (a) in Fig. 4.3) and gy = ¢«
(row (c) in the same figure). Therefore, the presence of the AP requires q—ot to
be parallel to any line of high symmetry (for instance, the AP can be excited at
gy = %, as indicated by row (b) in Fig. 4.3).

Following the previous discussion for the triangular anisotropy, we illustrate in
Fig. 4.4 the complete dispersion of the two plasmons that can manifest in materials

with a square-shaped band structure, presented in the gx — gy plane. In Fig. 4.4a,
w2pp (d)) At
Er -

we present the normalized dispersion of the conventional 2D plasmon,
small |y this dispersion exhibits high isotropy, while at larger distances from
qr—= 0, the anisotropy increases, resembling the same square shape as that of the
energy band. This behavior differs from the dispersion of the 2D plasmon observed
in systems with triangular symmetry (Fig. 4.2a), where anisotropy is prominent
even at very small momentum transfers.

The dispersion of the AP, %1;7(5”), is reported in Fig. 4.4b. The underlying
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Figure 4.3: Band structure, permittivity, and loss function for a 2D system with square band
structure. al) Band structure Wi of the material (contour plot) with the two main symmetry
directions of the lowest and the largest e [edtive masses marked by brown and green dashed lines,
respectively. Thin black dashed lines highlight curves of constant energies, and the black solid line
shows the Fermi surface. The momentum qj along the g, = 0 direction is shown by the magenta
arrow. The Fermi velocities vip; and vgo of the carriers at the two edges are marked by purple
arrows. a2) Real and a3) imaginary parts of the permittivity, and a4) loss function as a function
of the momentum component ¢, and the energy w. In (a4) the 2D plasmon peak is marked
by a cyan dashed line. Row b) Same as in the panels of row (a), for momentum transfers q

with ¢, = %qx. Additionally, in (b4) the acoustic plasmon peak AP is highlighted by a magenta
dashed line (see labels). Row c) Same as in the panels of row (a), for q; with gy = ga.

mechanism for the AP in the system with a square symmetry is fundamentally the
same as in the previously studied triangular system. It arises from the existence of
two groups of carriers moving in a specific direction with different group velocities.
However, in the case of the square band structure, there are only two particular
directions where this condition is not met. Nonetheless, as depicted in Fig. 4.4b,
the regions around each symmetry line where the AP does not appear have different
extensions. In proximity to the directions with the lowest effective mass (gx = 0
and gy = 0, indicated by brown dashed lines), the AP emerges rapidly upon
symmetry breaking. Conversely, in the regions near the directions with the largest
effective mass (gy = #qgx, green dashed lines), the absence of the AP persists over
a significantly broader range. This difference can be attributed to the fact that in
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the gy = 0 line (Fig. 4.5a4). Along this symmetry dirgetie, in addition to the
conventional 2D plasmon with low-|qfdispersion w [_1|qd; a separate acoustic
mode with linear dispersion, denoted as AP1, emerges at lower energies. The
appearance of the AP1 can be attributed to the presence of three distinct groups
of carriers at the Fermi surface. The carriers located at the Fermi surface edge
with Fermi velocity Vi1 (see Fig. 4.5al) constitute a fast-moving group, and
their intraband transitions generate a well-defined peak in the imaginary part of
the permittivity €, above the electron-hole continuum, (the leftmost black region
depicted in Fig. 4.5a3). On the other hand, the carriers at the edges corresponding
to Fermi velocities Vg and Vgg (Fig. 4.5al) move in the direction of the q—yector
with the velocities —VF2 = 1 Vrs that are half the magnitude of q— VE:.
Transitions involving these slower carriers give rise to a distinct peak in €| at lower
energies (the rightmost black region in Fig. 4.5a3), exhibiting an initial dispersion
slope that is precisely half the slope of the upper peak. Further, the peaks in ¢
are highly pronounced at low momentum, while an increase in gx leads to broader
peaks. Consequently, the linewidth of the AP1 peak in the loss flgaction (Fig.
4.5a4) increases until it ceases to exist at gx valucs\hrgcr than [COR EE.

When the qyector aligns with the ¢y = ¢x/2 3 direction, as shown in Fig.
4.5b1, the components of Vg, and Vgz along this direction become distinct. In
combination with the states characterized by the Fermi velocity Vg1, the system
now exhibits three groups of carriers with different group velocities, because in
this case we obtain q—VF1 B Qr—1Ve2 B g VEs. Therefore, the electrons are
excited to three different energy levels [Eq. (4.3)]. Consequently, the lower-energy
peak in € that appears in Fig. 4.5a3 for gy = 0 splits into two well-separated
peaks, as observed in Fig. 4.5b3. The presence of three well-separated peaks in
e at small |qrhcauses the real part of the permittivity er to cross the zero line
six times (Fig. 4.5b2). This, in turn, leads to the appearance of three distinct
peaks in the loss function of Fig. 4.5b4, namely, the upper-energy optical branch
2DP and two acoustic branches with linear dispersion, denoted as AP1 and AP2.
The AP2 mode, characterized by the lowest energy (smallest group velocity) of the
two, corresponds to the out-of-phase oscillation of carriers residing at the Fermi
surface edges with velocities Vg2 and Vgz. On the other hand, the AP1 mode, with
a larger group velocity, involves the out-of-phase motion of carriers with velocities
Vi1 and Vea.

Furthermore, for momentum transfers qaligned with the gy = gx/ 3 direction
(parallel to one of the green lines in Fig. 4.5c1), only transitions involving states
associated to Fermi velocities Vi1 and Vo are allowed, because momentum transfers
in this direction cannot excite electrons with velocity Vg3 from an occupied
state to an unoccupied state at small |qy[because q—Vez = 0 in Eq. (4.3)].
Moreover, the group velocity components of the excited electrons are equal, i.e.,
both groups of carriers are moving with the same velocity q—VE1 = qQ—Vez and
are indistinguishable. As a result, a single peak appears in ¢ as shown in Fig.
4.5¢3, resembling the behavior of a conventional one-component electron gas [48].
Consequently, the electron-hole continuum in the loss function depicted in Fig.
4.5¢4 remains almost unaffected with respect to that of an isotropic electron gas,
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Figure 4.5: Band structure, permittivity, and loss function for a 2D system with hexagonal band
structure. al) Band structure Wi of the material (contour plot) with the two main symmetry
directions of the lowest and the largest e [edtive masses marked by brown and green dashed lines,
respectively. Thin black dashed lines highlight curves of constant energies, and the black solid
line shows the Fermi surface. The momentum q; along the g, = 0 direction is shown by the
magenta arrow. The Fermi velocities vgy, vga, and vz of the carriers at the three edges are
marked by purple arrows. a2) Real and a3) imaginary parts of the permittivity, and a4) loss
function as a function of the momentum component ¢, and the energy w. In (a4) the 2D plasmon
(2DP) and the first acoustic plasmon (AP1) peaks are marked by cyan and magenta dashed
lines, respectively. Row b) Same as in the panels of row (a), for momentum transfers q; with

qy = ﬁqw. Additionally, in (b4) the second acoustic plasmon peak AP2 is highlighted by a

green dashed line (see labels). Row c) Same as in the panels of row (a), for q with ¢, = %qz.

and only a single 2D plasmon peak manifests at higher energies.

To conclude, Fig. 4.6a illustrates the dispersion of the conventional 2D plasmon
for momentum transfers q—n any direction. At small |q}y its dispersion is highly
isotropic, while at larger momenta, it adopts the hexagonal form characteristic
of the electronic band dispersion. A similar behavior was displayed in Fig. 4.4
for the system with square anisotropy. However, in the case of a square-shaped
band structure, the anisotropic behavior of the 2D plasmon dispersion emerges
at smaller |qdhcompared to the hexagonal case. This outcome is expected since
the hexagonal form is closer to isotropy than the square one. Only in the case
of a triangular band structure is an anisotropic dispersion observed even at very
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Figure 4.7: Analysis of the e [edts of the degree of anisotropy on the permittivity and the loss
function of 2D materials. a) Sketch of the Fermi surfaces for di [erent anisotropy factors A between
2 and 6 [as defined in Eq. (4.4)]. Dilerent values of A are represented by solid lines of di Cerent
color as indicated by the inset. b) Real and c) imaginary parts of the permittlyiﬂ and d)/mis
function of an electron system with the square symmetry evaluated at q; = (0.15 FEF,0.075 Ef)
for the same anisotropy factors A as in panel (a) (see legend in this panel).

components in the qglirection, denoted as q—Vg. This number increases with
larger values of IV, where the Fermi surface exhibits more linear sides and the
Fermi velocities of the electrons span a greater range of directions, with a maximum
of N/2 different positive values of q—Vve. However, as N increases, the q— Vg
components become closer to each other, and the number of electrons associated to
each specific Vg vector decreases. Consequently, the peaks in the imaginary part
of the permittivity €, associated to each group overlap with each other, resulting
in a more efficient damping for each acoustic plasmon. This behavior is evident in
the N — oo limit of Eq. (4.2), which corresponds to the circular or isotropic case.
In this limit, each electron on the Fermi surface possesses a unique value of ¢V,
but since there is no distinct group of electrons with a specific Fermi velocity, no
acoustic plasmon exists.

4.3.4 Electron gas with non-ideal anisotropic dispersion

The analysis conducted in Secs. 4.3.1, 4.3.2, and 4.3.3 has assumed ideal electronic
band dispersions, where the Fermi surfaces form perfect regular polygons as
described by Eq. (4.2). However, even though anisotropy with such symmetries has
been observed in various materials, real systems often deviate from an ideal shape.
To analyze the applicability of our analysis to more realistic cases, we examine how
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Chapter

LIGHT EMISSION FROM TUNNELING
JUNCTIONS

5.1 Introduction

After analyzing the properties of plasmons in different metallic systems, we now
turn our attention to the study of the excitation process of plasmonic resonances
and the resulting emission of light. In particular, we focus on metal-insulator-
metal (MIM) junctions, which are a source of electromagnetic radiation as first
discovered by Lambe and McCarthy almost half a century ago [131]. In these
systems, light emission originates from the excitation of surface plasmon polaritons
(SPPs) by electronic injection when a bias potential is applied between the two
thin metallic electrodes, inducing a tunneling current in the insulator (see Fig.
5.1a). The first studies of light emission from MIM junctions were carried out in
planar junctions, and involved introducing some roughness on the surfaces of the
electrodes to enable radiation of the gap SPPs. Subsequently, the role of fast SPPs
localized at the metal-vacuum interface, as opposed to the gap SPP, was studied by
several authors [57,196-198]. The interest in light emission by inelastic tunneling
was revived when light emission from a scanning tunneling microscope (STM)
was first measured [199] and the role of localized plasmons was shown [200]. This
localized light emission process has been used as a spectroscopic tool to characterize
samples with nanometer, and even subnanometric spatial resolution by measuring
the spatial variations of the emitted light [21,201-203]. After these milestone
contributions, light emission in the tunneling regime has been a topic of interest
because of its many interesting features for potential applications.

Despite the many potential applications of these systems as optical sources, their
development has been hampered by the extremely low electron-to-SPP conversion
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Figure 5.1: Schematics of the light emission process from a MIM tunneling junction due to
inelastic tunneling. a) Sketch of a MIM junction. When a bias potential V3 is applied, an
electronic current of density j is induced in the system. An electron excites an electromagnetic
mode of energy ~w due to the inelastic tunneling mechanism. This mode would then emit light
towards the detectors. b) Sketch of the inelastic tunneling processes considered by Bardeen’s
approximation, where the electron decays only in the insulator gap. c) Sketch of the inelastic
tunneling processes considered by the quantum device solution (QDS) that we propose in this
chapter. The QDS includes inelastic tunneling processes of (i) the first metallic electrode, (ii) the
insulator gap and (iii) the second electrode.

rate. It was found that in optimized configurations based on localized plasmons at
the tip of a scanning tunneling microscope (STM) [204] or between the edges of two
cubes [205], the conversion rates are on the order of 1073 and 1072, respectively.
To explain the light emission by a tunneling junction, two physical mechanisms
have been proposed.

The first mechanism was based on inelastic tunneling in the insulator gap. The
inelastic process in the gap is illustrated in Fig. 5.1b. When a bias voltage Vg is
applied, electrons in one metallic electrode gain an excess energy of e|Vg|. These
electrons can tunnel through the few-nanometer thick insulator gap between the
metals to occupy an unoccupied state in the other electrode. In MIM junctions,
the dominant charge transport process is elastic tunneling, which generates a direct
current [206,207]. Alternatively, an electron can use part of its excess energy to
excite a SPP (with energy ~w < e|Vg]) in the insulator gap during tunneling. The
SPP subsequently relaxes either by absorption or radiation.

Although models of inelastic tunneling in the gap describe experimental data
in many systems, it has been reported that this mechanism does not account for
the measurements of light emission by MIM junctions. For instance, Kirtley et al.
measured light emission from metallic gratings where the electric field of the modes
is not mostly concentrated in the insulator gap of the junction. In this case, the
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tunneling, based either i) on the transition rate of electrons between two states, or
ii) on the calculation of emission by fluctuating currents. We further emphasize the
importance of using these approaches within the QDS. In particular, we use the QDS
to compute the cross-spectral density of the current density in a second quantization
framework. These results indicate that the QDS accounts for processes of non-local
electron-hole recombination within the metallic electrodes that contribute to light
emission and that are not considered by Bardeen’s approximation. Last, in Sec.
5.4, we calculate the radiative and non-radiative power due to the excitation of
different SPPs in planar junctions, analyzing in detail the differences between the
results obtained with Bardeen’s approximation and the QDS.

5.2 Descriptions of elastic tunneling

We start by reviewing and comparing the frameworks that are used to describe
electronic transport in a barrier. We first remind the main results of Bardeen’s
description of elastic tunneling in MIM junctions (for a more complete discussion
see Sec. 2.4), and we then compare Bardeen’s approach with the textbook solution
of the Schrédinger equation denoted QDS.

The tunneling junction is represented by the potential energy as shown in the
inset of Fig. 5.2¢ (also shown in Fig. 2.4a). Within this description of the junction,
the electronic wavefunctions are obtained by solving the Schréodinger equation
with the Hamiltonian He given by Eq. (2.84). From Bardeen’s perspective, the
complete Hamiltonian is separated into two approximate expressions, each related
to the left or right metallic electrode at potential energy U or Ug, respectively.
This approximation allows obtaining simple expression of the wavefunctions for
electrons in each metal, which are given by Egs. (2.85) and (2.86) and repeated
here for ease of reference (we now use the superscript BA to denote that these
wavefunctions are obtained within Bardeen’s approximation):

AL ik..z + !tthtzgap —ik.pz elk||'r” z < 0
\IJBA<I') _ L. S KL —Kzgap
|_ - - .
z z zgap
1 ] 1
2ik.g Kogap(Z—Lgap) ik T
UBA(r) = o e [(Rpr—Regn © 00 7 e 1 = Loap
R CAL L o~ iker(Z—Lgap) + !sztkzgap elker@—Leap) oikr S a
L. S iK:R —K:zgap gap

In this expression, the wavevectors k,| (ry and kzgap are given by Eqgs. (2.87) and
(2.88) for an electron with parallel wavevector Kenergy ~w® and effective mass
mMe |_,—_|i.e.

2me

e L
koL Ry (W™, K= — W -Ury —IKkd3
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Figure 5.2: Comparison of the Bardeen’s and quantum device solution (QDS) approaches for
electron tunneling mechanisms. a-b) Schematics of the processes of elastic tunneling (I'¢;) and
inelastic tunneling (IM;,e1) using (a) the wavefunctions NJEA and WEA corresponding to Bardeen’s
approximation, and (b) the wavefunctions WSDS and WgDS of the QDS. The wavefunctions are
vertically shifted by their energy, where ~w®! is the initial electronic energy and ~w|(z‘)‘ is the

energy of a SPP excited by the electron due to inelastic tunneling. c¢) Elastic tunneling rate Iy,
per unit of surface area S of the metallic interfaces, calculated with Bardeen’s approximation
(black dots) and the QDS (orange line), plotted as a function of the bias potential V5. The inset
is the same figure as Fig. 2.4a and shows the schematics of the potential energy U(z) of electrons
in the MIM junction and the occupied states in each metal.

and 1
2m,
kzgap(w®, Kph= %%gap —~w®) + |k,

where Ugap is the potential energy in the insulator gap (see Sec. 2.4 for a more
detailed definition of the parameters involving these equations).

According to Bardeen’s theory, electrons are initially in an eigenstate of the
Hamiltonian of the left metal H|_, and the interaction Hamiltonian He| — H|_ induces
transitions to states corresponding to the right metal (as schematically shown in
Fig. 5.2a by the arrow with the T'g| label). Under the assumption of weak tunneling,
the calculation of the tunneling rate is done using Fermi’s golden rule. We obtain
that the elastic tunneling rate per electron in the left metal is given by Eq. (2.95),
ie.

~ 16ksz2szgap e_2kzgap|—gap
me rda (kgL + kzgap)(kgR + kzgap)

We now turn to a more rigorous approach that does not use Bardeen’s
approximation. The eigenstates of the Hamiltonian of Eq. (2.84) for a rectangular
barrier are analytically solvable. For a fixed energy ~w® and parallel wavevector

.=
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rLr) and ¢ Ry give the reflected and transmitted amplitudes. The wavefunctions
\I/(BDS(I’) in Eq. (5.1) and \I/gDS(r) in Eq. (5.2) are the textbook solutions to
describe quantum tunneling from the left metal to the right metal and vice versa,
respectively. Since the wavefunctions are calculated in the complete MIM device,
we refer to these wavefunctions as the quantum device solution (QDS).

It is possible to obtain exactly the elastic tunneling rate using the QDS. Since
the electrons under this description are already in an eigenstate of He from the
beginning, the tunneling properties are included in \IISDS(I’), as we indicate in Fig.
5.2b by the arrow with the I'g label. From this wavefunction, we can obtain its
associated probability current density from the general definition [213]

; ov(r) ov Hr)
i~e St
jz(r) = v —U(r A4
o) = 5 T e (54)
which for Eq. (5.1) is constant over space with the value j,(z) = —é%lzﬂ_lz.

Since this expression gives the amount of charge that crosses the junction per unit
of area and time, the tunneling rate I‘SDS is directly calculated as

s
DS .
RS = —_Je- (5.5)

By introducing the value of the coefficient ¢ [Eq. (5.3d)] into Eq. (5.1) and
applying Eq. (5.4) to calculate the current density j,(z), we obtain

QDS _
- Me iz
x{(1+ 6_4kzgapLgap)(k§gap + k%L)(kggap + kgR)

- 26_2k2gapLgap [(kggap - kiL)(kggap - k;R) - 4k§gapk2LkZR]}_l'
(5.6)

16/65,_ ksr kggape—ZKzgap Lgap

The tunneling rate given by Bardeen’s approximation [Eq. (2.95)] is identical
to the expression that is obtained from the rate of the QDS [Eq. (5.6)] under the
assumption of weak tunneling, i.e. for kzgapLgap [T 1l0 analyze the validity of this
assumption, we focus on an Al-AlOx-Au junction as a particular example, which is
typically used to analyze elastic and inelastic tunneling phenomena [54,131,198].
For these metals, we use through this chapter numerical values of the Fermi energies
EE = 115 eV and ER = 5.5 eV [129]. Further, it has been measured that the
effective mass of the electrons in junctions with AlOx is me—= 0.23me (where me
is the electron mass) [214], and we fix the height of the barrier on a typical value
of Up = 2 eV. Since Bardeen’s approximation works accurately for k;gapLgap [ 11
the largest mismatch with the QDS occurs in the regime of very thin layers and
of high bias potentials, where kygap is low according to Eq. (2.88). However,
even for values of Lgap = 1 nm and Vg = 3 V, we have checked that Bardeen’s
approximation underestimates the tunneling rate I'L of the electrons at the Fermi
surface only by a factor of 0.4%.
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Chapter 5. Light emission from tunneling junctions

the current density given by jp(r,w)jq(rfw = 276 (w + wYSj j. (r, riw) (where

the symbol T denotes the ensemble average of x):

PJQ

© L 1
P= dw2wpo dr dr” Sy i (r, rw) Im[Gpq(r, rSw)). (5.19)
0 P.g

It is thus necessary to know Sj j. (r, rSw) in the nonequilibrium situation of a
biased junction, which can be computed using the statistical properties of the two
reservoirs on both sides of the junction. In most works [55,212,226], the emitted
power was calculated by using the form

elg 11—
Si.i.(r,riw) = = %B_eVB E8lr —rY, (5.20)
1—exp oT

where Ig is the intensity of the elastic current (which can be calculated following
the methodology outlined in Sec. 5.2 and using Iy = —elq;). Typically, the limit of
Eq. (5.20) at T'= 0 has been used, which predicts a linear spectrum proportional
to eVg — ~w. It was further assumed that the correlation function is nonzero in
the gap and zero outside. Finally, it was assumed that the correlation function is
delta correlated.

All these assumptions prevented a comparison of this model with the Fermi’s
golden rule result derived in the previous subsection. To obtain an equation that is
consistent with the approach presented in Sec. 5.3.1, we now report a calculation of
the power cross-spectral density of the current density. We start by introducing the
form of the field operator for an arbitrary number of electrons in the conduction
band [104]: —

U(r,t)=  Un(r)On(?). (5.21)

Here, we use the subscript n = (K, 1) where I = L, R labels the state with wavevector
k and propagation coming from the left or the right metal. Op is the Fermionic
annihilation operator of the n state. The current density operator is then given
by [104]

§(r,t) = (9 (r, ) CTF, ) — B (r, £) CBMr, 1) (5.22)

2mer—

The time dependence of each Fermionic operator can be cast in the form

On(t) = On exp(—iwnt). (5.23)
where ~wp = % + Ul (ry- It follows that the current density in frequency domain
is . 1 e

J(ryw) = j(r,n,nY2n6(w — wnn) O O, (5.24)
n,n’

where j(r,n,n = 5-¢ = [(WLth) O (r) — U (r) ESY)] and wnn = wnr — wh.
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Chapter 5. Light emission from tunneling junctions

current density j__ r has a similar phase for all L - Rrtragsitions. The equations

r__ R
describing this condition are i) # = —'EZR =— E& +fVB, if z is in the left
S —
— R
metal and z"in the right metal; and ii) ZZ@ = — EFI:VB if z is in the right
F

metal and zMin the left metal. Both cases are indicated by dashed lines in Fig.
5.3b.
We further analyze how the currents are correlated for different points in the

direction parallel to the interfaces r—2 rand for varying values z = zU as shown

in Fig. 5.3c (we consider z B xMbut y = yY. The correlations are oscillatory as
a function of the difference « — 2 and become weaker for distances larger than
the Fermi wavelength. The periodicity of these oscillations is of the order of 1
nm. We also observe that the width of the peak of Sj_j, (r=f5¢v) is not constant
for z = zPclose to the insulator gap and becomes broader inside the gap. This
effect can be easily included in the approximate Eq. (5.20) by broadening the
delta function §(r — rY in the parallel direction. Therefore, the assumption of
delta-correlated currents in Eq. (5.20) needs small corrections to describe current
correlations along the r—lirection due to the finite thickness of the corresponding
peak, but the assumption completely fails to capture the second peak observed for
the correlations along the z direction.

In order to understand the physical origin of the current correlations in the
two metals, we now focus on the correlations of the electronic charge density
fluctuations. The charge density p, _, r, associated to each transition from an initial
state \IISDS(r) to a final state \IJSDS(I‘), is obtained from the current density j__ R
of Eq. (5.13) by using the continuity equation

dpL_R
ot

CJ_r+ =0. (5.29)
The cross-spectral density Spp is then calculated with Eq. (5.26) after substituting
JjL_Rr With p_ _r.

For the analysis, we fix the point 2= —3 nm in the left metal, and observe the
cross-spectral density of the current density Sj,j. (Fig. 5.3d) and charge density
Spp (Fig. 5.3e) for any second position z and for r rDmThe latter correlations
oscillate more strongly in space as compared to those associated to the current
density. In the results of Spp, we observe a clear peak in the position zP= 2 as
happens for Sj,j,. More importantly, the second peak in the opposite metal also
appears, but whereas the correlation is positive for the current density, we obtain
negative values in the case of the charge density. We attribute this result to the
presence of a hole with positive charge and opposite velocity. In other words, as a
negative charge moves toward the barrier in the left electrode, a positive charge
also moves toward the barrier in the right electrode. The double peak in Spp and
Sj.j. disappears inside the gap, where the electron and the hole recombine. These
currents in the metal electrodes give a contribution to the light radiation apart from
the correlations just inside the gap. Therefore, the QDS introduces in a natural

126


















Chapter 5. Light emission from tunneling junctions

Figure 5.5: Analysis of the power transferred by the tunneling current to the slow mode. a)
Spectral power P(®) per surface area S of the junction, with thicknesses Lgap =3 nm, La; =10
nm and La, = 20 nm (see sketch in Fig. 5.4a), and bias potentials V3 = 0.6 V (orange), 1.2 V
(red), 1.8 V (purple) and 2.4 V (blue). Dots correspond to the gap contribution to the power,

P]gsli, according to Bardeen’s approximation, and the solid lines to the joint contribution of

processes in the gap and in the metals calculated using the QDS, PS])DS. The inset shows the

total inelastic tunneling rate Fl(;ll per surface area in logarithmic scale as a function of the bias
potential. Colored squares correspond to the values of Vg that we choose in the main panel. b)

Ratio between the spectral power contributions PS&S/P]S; as a function of the gap thickness

Lgap and SPP energy ~w§)‘ . The applied bias voltage is Vg = 3 V. The color bar is in linear scale.
c-e) Schematics of the distributions of the fluctuating electronic current density Re(j. 1.—r) for
an electron initially in the highest occupied energy level (blue) and the electric field £, (brown)
of the slow mode for gap thicknesses Lga., and energies ~w|<<S)H indicated by the dots in panel (b):

c) ~wf<s)‘ =1.6¢eV and Lgap = 1 nm; d) ~w|<(s>” =25eVand Lgap = 1 nm; and e) ~w§<s)u =25ev
and Lgap = 4 nm. The wavelength of the electronic current density and the decay length of the

SPP are indicated in each panel.

be observed by comparing Fig. 5.5d for ~w,(2)” = 2.5 eV with 5.5¢ for ~w,(2)” =1.6
ev).

On the other hand, the inelastic electronic current j| _ r oscillates in space. For
larger Lgap these oscillations can give not only destructive interferences between
the processes in the gap and the metals, but also constructive ones under some
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circumstances. Due to the oscillations of ji g (whose wavelength varies between
5 and 9 nm in the energy range considered in Fig. 5.5b), the integrand of the
matrix element of Eq. (5.12) has the same sign in some regions of the metal as
in the gap, leading to a constructive interference. Since the contribution close to
the gap leads to a destructive interference, the wavelength of the electronic current
should be small compared to the SPP decay length to have an overall constructive
interference, which happens for large Lgap (Fig. 5.5¢), because the SPP decay
length increases with the gap thickness. After accounting for all constructive and
destructive interferences within the metal according to the QDS, the interference
averages to be constructive for all electrons in junctions with Lgap & 1.6 nm, and
the excitation power at 2.5 eV can be even twice as high as that predicted by
Bardeen’s approximation. At larger energies, the slow mode contains significant
losses, and thus the description based of non-lossy Hermitian Hamiltonians that
we present in this work loses its accuracy.

In general, Fig. 5.5b illustrates that Bardeen’s approximation can underestimate
or overestimate the excitation power of the slow mode up to a factor of two.
Importantly, while the slow mode is non-radiative in perfectly planar junctions, it
can dominate light emission in other systems, such as in localized gap tunneling
junctions [209], commonly used in STM, or in planar junctions with sufficient
surface roughness. In these systems, the QDS gives a more appropriate description
of radiation than Bardeen’s approximation that only considers the gap contribution.

5.4.3 Excitation rate of the fast mode

The formalism of inelastic tunneling predicts that the excitation of the fast mode
is far less efficient than for the slow mode, due to the considerably weaker electric
field inside the gap (see Fig. 5.4d). In particular, as shown in Fig. 5.6a, the

spectral power Pég of the fast mode at Vg = 0.6 V is of the order of 10! s71

m~2, which is 107 times smaller than Pésg\ for the slow mode. However, the
study of the excitation rate of the fast mode is important, because in perfectly
planar junctions it is the only process that leads to radiation. Although for many
systems with surface roughness, or in situations where a localized gap mode is
produced, the slow mode can be dominant, its radiative efficiency depends on the
roughness and on the details of the geometry. It was estimated that in gratings
with a periodicity of hundreds of nanometers, the emission of the fast mode may
overcome the emission by the slow mode by a factor of 10? [196]. Indeed, the main
discrepancy between the theory of inelastic tunneling and experiments was firstly
observed for gratings [57,197]. The results that we present for planar junctions
can be generalized to describe the contribution of Bardeen’s approximation and
the QDS in other kinds of systems where the fast mode is the leading mechanism
of light emission.

Interestingly, when the QDS is applied, we already observe a difference from
Bardeen’s approximation at Vg = 0.6 V in the calculation of the spectra P®.
Although this variation is only 18% in the integrated power P® it is considerably
larger than for the slow mode at the same bias potential. This suggests that
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Figure 5.6: Analysis of the power transferred by the tunneling current to the fast mode. a-c)
Spectral radiative power P(®) per surface area S of the junction, with thicknesses Lgap =3 nm,
Ly =10 nm and La, = 20 nm, and bias potentials Vg = 0.6 V (a), 1.2 VV (b) and 1.8 V (c).
Dots indicate the contribution of the gap according to Bardeen’s approximation, and the solid
lines refer to the full results of the QDS. d) Spectral radiative power P() per surface area S under
bias potential Vg = 2.5 V. We compare the results obtained using Bardeen’s approximation (dots)
and the QDS (solid line) for L, = 20 nm. Dashed lines indicate the results according to the
QDS for La, = 10 nm and La, = 30 nm. The upper inset shows the results within Bardeen’s
approximation for L, = 10 nm, 20 nm and 30 nm. The lower inset shows the electric field of
the fast mode at energy 1.8 eV for L, = 20 nm and the corresponding fluctuating inelastic
current density of one electron. All results in this panel have been obtained for L,; = 10 nm and
Lgap =3 nm.

including the metal contribution is significant for the fast mode as pointed out by
Kirtley et al. [208]. The discrepancy between Bardeen’s approximation and the
QDS increases considerably for Vg = 1.2 V (Fig. 5.6b) and continues to grow with
Vs. Further, at Vg = 1.8 V (Fig. 5.6¢), local minima and maxima in ng)s are
observed at different energies, which is related to the oscillatory behavior of the
inelastic current density for each electron, as shown in the lower inset of Fig. 5.6d
together with the electric field of the fast mode. The wavelength of the oscillations
inside the metal depends on the energy of the electrons, leading to constructive or
destructive interference with the contribution of the insulator gap in the integral of
Eq. (5.12), which relates the current density according to Eq. (5.13) with the field
distribution of the mode [Eq. (5.8)]. However, we do not expect these oscillations to
be as predominant in experiments, because the position of the maxima and minima
in the spectra PS?DS is very sensitive to the thicknesses of the metals and the gap.
In real systems, metallic surfaces present small roughness, and thus the contribution
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Figure 5.7: Consideration of the non-local optical response in the light emission induced by the
excitation of the fast mode. a) Schematics of the ground state density po(z) (gray) and the
induced charge densities for two di[erent possible metals (p;nq1(2) in brown and pjhq2(z) in
green). The dashed lines indicate the position of the centroid of the induced charge density of the
same color. The blue area indicates the step-like positive charge background that is considered in
the jellium model of metals. b) Schematics of the distribution of the electronic current density
Jz,1.—r(2) considered in the calculations, up to the boundary of the ionic positive background.
We also show the spatial distribution of the permittivities considered in our non-local approach
for each pinq(z) distribution shown in panel (a). c) Spectral radiative power per surface area S
for di Lerknt distances zp from the boundary between the aluminium and vacuum permittivities
(corresponding to the position of the centroid of charge) to the boundary of the step-like ionic
positive background. zp is indicated in panel (b) and in the inset of panel (c), and we consider
that the boundary between permittivities is inside the ionic background [brown color in (a) and
(b)]. All these calculations are done for a junction with two aluminium layers of thickness L) =
5 nm, and parameters Lgap = 2 nm and Vg = 0.5 V.

we need to calculate the integral of Eq. (5.12). The regions of this integral are
delimited by the volumes of the insulator gap (Vgap) and of the metals (Vmet).
In all the calculations shown up to this point, we consider a local approach of
electromagnetism to calculate the electric field of the SPPs. This perspective
implies that in the metallic regions (inside the volume Vmet) the system has a
Drude permittivity, and that outside this region the permittivity is constant over
frequency and positive. Accordingly, the electromagnetic fields drop strongly
exactly at the interface between these two regions, so that the electronic current
interacts with the electric field of the gap and the weaker electric field inside the
metallic regions, while it does not interact with the strong electric fields in vacuum
and in the substrate (see Fig. 5.4).

However, according to the non-local theory of optical response of metals, the
tunneling electrons could interact with the strong electric fields close to the
metal-vacuum boundary. To visualize this, we show in Fig. 5.7a a sketch of
the electronic density distribution close to this boundary. As an example, we
consider a simple jellium model for the metal, where the ions create an uniform
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to calculate the excitation rate of SPPs in planar junctions and the corresponding
light emission. We find that these differences are negligible for the slow mode
at small energies. In contrast, we have found that the processes in the metallic
electrodes contribute mostly to the excitation of the fast mode, which is known to
dominate in the case of periodically corrugated planar junctions. Further, under a
non-local description of optical response in the metallic electrodes, processes close
to the metal-vacuum interfaces can also contribute to light emission significantly.
Since the QDS accounts for these processes in the electrodes and close to the
interfaces, and improves the results of Bardeen’s approximation considerably, it
does no longer appear necessary to invoke a different hot electron mechanism to
account for additional light emission.

In summary, the approach presented here generalizes the current theoretical
framework of light emission by inelastic tunneling, and could be extended to many
other systems with different geometries.
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Chapter

COMPARISON OF CLASSICAL AND
CAVITY-QED MODELS IN THE
ULTRASTRONG COUPLING REGIME

6.1 Introduction

The results presented in Chapters 3, 4 and 5 have been devoted to the properties
and excitation of plasmons, without considering their interaction with any external
optical resonance. However, a rich variety of phenomena can be observed when
matter excitations (in molecules, quantum dots, two-dimensional materials...)
interact with the electromagnetic modes of an optical cavity or resonator. As
discussed in Sec. 1.3, an important interaction regime occurs when the coupling
strength g between the cavity modes and the matter excitations exceeds the losses.
In this strong coupling regime [41,238], hybrid modes appear that are known as
polaritons and have a different frequency and properties compared to those of the
uncoupled resonances.

In order to characterize the properties of the hybrid modes, we need to use
appropriate descriptions of light-matter interaction. These descriptions can be
based on classical or quantum models, which have been discussed in Secs. 1.3.1
and 1.3.2, respectively. Models based on cavity quantum electrodynamics (QED)
have been successfully used to evaluate the frequencies of the hybrid modes and
also to explain phenomena related to strong coupling beyond the classical realm,
such as nonlinearities due to the Jaynes-Cummings ladder [239], emission of
strongly correlated light [240], and changes on the chemical reactivity [62] or on
the conductivity [241] of molecules situated in optical resonators.

Further, cavity-QED models can be particularly interesting in the ultrastrong
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coupling regime, where the coupling strength of the system overcomes the 10% of the
frequencies of the uncoupled excitations, because additional quantum phenomena
emerge in this situation. For instance, a shift of the energy of the ground state is
predicted, together with the appearance of virtual excitations in this state [242].
These effects are attributed to the breakdown of the rotating-wave approximation
(RWA), which makes necessary to include the counter-rotating terms [i.e. the
combined operators ab and a'b" from Eq. (1.48)] in the Hamiltonian. However,
two different Hamiltonians have been considered when studying the ultrastrong
coupling regime, where the difference stems from the presence or absence of a
contribution to the energy called diamagnetic term, corresponding to the term
Hﬂigp in Eq. (1.48). This diamagnetic term is also known as the A2 term, where A
refers to the transverse vector potential of the electromagnetic mode. Introducing
this term avoids a superradiant phase transition [102], for example. However, the
inclusion of the diamagnetic contribution is still under discussion [95,103,243-245]
and it depends on the system [246,247].

We focus on three situations of interest. First, we consider conventional dielectric
cavities. In this case, the electromagnetic fields of the cavity modes are transverse
and expressed with the vector potential. As a consequence, the diamagnetic term
is necessary to model the interaction of these modes with excitations of molecules
introduced in the cavity (see schematics for a dielectric Fabry-Pérot cavity in Fig.
6.1a). On the other hand, if molecules interact with a cavity via Coulomb coupling,
the interaction is mediated by longitudinal fields. This type of interaction occurs,
for instance, in systems with plasmonic cavities of nanometric dimensions (such
as metallic nanospheres, as shown in Fig. 6.1b). In this case, we can use the
quasistatic approximation that neglects the effect of all transverse modes, leading
to the disappearance of the diamagnetic term. In a general system, both transverse
and longitudinal fields may appear. By decomposing the total electric field into
these components, the incorporation of the diamagnetic term for each component
depends on whether it exhibits transverse or longitudinal characteristics. We
illustrate in Fig. 6.1c the case of an ensemble of molecules inside a Fabry-Pérot
cavity. In this system, each molecule couples with the transverse electromagnetic
modes of the cavity and with other molecules via longitudinal Coulomb interactions
(we discuss in Sec. 6.5.3 how this system can be treated in a simplified case).

On the other hand, light-matter interaction can also be modelled with fully
classical models based on coupled harmonic oscillators [60,248,249]. These systems
are appropriate when linear phenomena dominate, e.g. when many molecules
are introduced in a cavity to obtain large coupling strengths. These classical
coupled harmonic oscillator models have successfully described the avoided crossing
of the hybrid modes [250], Fano resonances [251], stimulated Raman [252] and
electromagnetic induced transparency [253-255]. Further, they are used to fit
experimental data and to extract the coupling strength g, the frequencies of
the hybrid modes and the fraction of light and matter corresponding to each
mode [256,257]. However, it is often not clear the exact physical magnitude that
each oscillator represents, which can make it difficult to determine the value of a
given observable in an experiment. Further, in a similar way as we have described
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Spring Coupling (SpC)
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Figure 6.2: Comparison of the Spring Coupling (SpC), Modified Coupling (MC) and linearized
models. a) Schematics of the SpC model in analogy to an oscillator model in classical mechanics.
The coupling mechanism of strength gs,c is analogous to a force Fs,c exerted by a spring and
that is proportional to the oscillator displacements zcav and xzmat. b) Schematics of the MC
model. The coupling mechanism of strength gy is analogous to a force Fyc proportional to
the time derivatives of the oscillator displacements zcav and zmat. €) Eigenfrequencies w4 as a
function of the cavity frequency wcayv, obtained from the SpC model [blue solid line, corresponding
to Eq. (6.3)], MC model [red dashed line, Eq. (6.6)] and the approximate linearized model
[black dots, Eq. (6.8)], for coupling strength g = 0.1wmat. The thin gray lines correspond to the
bare cavity frequency wcay and the bare frequency of the matter excitation, wmat. d) Same as
panel (c), for coupling strength g = 0.3wmat. €) Minimum splitting between the hybrid modes
Qmin =, —w_, as a function of the coupling strength g for the SpC model (blue solid line),
the MC model (red solid line) and the linearized model (black dots). All frequencies in panels
(c-e) are normalized with respect to the fixed frequency of the matter excitation wmat-
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6.2. Classical models of coupled harmonic oscillators in nanophotonics

On the other hand, a different classical coupled harmonic oscillator model is
also used [268-270]:

Teav + Wgavxcav — 29mc®mat = 0, (6.4a)

Tmat + Wrznat«Tmat + 2gmcTcav = 0. (6'4b)

These equations are very similar to Eq. (6.2), but in this case the coupling
terms are proportional to the time derivatives of the displacements #cay and
Zmat (i.e. to the velocities of the oscillators, in the analogy with the coupled
masses). Equivalently, the coupling terms are proportional to the frequency w in
the frequency domain [258]:

(wgav - C'LJZ)xC:’:lv + 2iwgrcTmat = 0, (653)

(wrznat - wz)xmat — 2iwgncTeav = 0. (6.5b)

Due to the modification of the coupling term with respect to the simple picture
of coupled mechanical oscillators, we call this model the Modified Coupling (MC)
model (Fig. 6.2b). Similarly to the case of the SpC model, we emphasize that the
frequencies in the MC model [appearing in the second term in the left handsides in
Eq. (6.4)] are the bare frequencies weay and wmat, as renormalizing these frequencies
is equivalent to a change in the coupling term (see Sec. 6.6) and thus it would
correspond to a different type of model. The frequencies of the hybrid modes
according to the MC model are

1 ——

— 1

W+, Mmc = % wgav + OJrz’nat + 491%10 * (Wgav + wrznat + 491%10)2 - 4w§avwﬁﬁat' (6.6)

At moderate coupling strengths g, corresponding to a system in the strong but
not in the ultrastrong coupling regime, the frequencies of the hybrid modes are very
similar for the two models. In this regime, by considering that the eigenfrequencies
w+ do not differ too strongly from the bare frequencies wg (o = ’cav’ or @ = 'mat’),
we can make the approximation wg + w = 2w to solve the equations for w+. The
frequency-domain equations of both the SpC and MC models become linear in w:

(Wcav - w)mcav + GiinTmat = 0 (6-73‘)
(wmat - W)icmat + gllin:ukcav =0, (6'7b)
with ¢, = gspe (SPC model) or gy, = igue (MC model). The resulting
eigenfrequencies are in both cases
1
We tin = Weav + Wmat £ (Wc;v - Wmat)z + 4|91m|2 ) (6.8)

The validity of these linearized equations for g = 0.1 wmat (conventionally defined
as the onset of the ultrastrong coupling regime) is analyzed in Fig. 6.2c, where we
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compare the eigenfrequencies of the SpC model (blue solid line), the MC model
(red dashed line) and the linearized model (black dots). These eigenfrequencies
are given by Eqgs. (6.3), (6.6) and (6.8), respectively, and plotted as a function of
the cavity frequency weay (all values in Fig. 6.2 are given as the ratio with the
frequency wmat, which remains fixed in all the panels of this figure). We find that
the three curves follow a nearly identical dependence on the cavity frequency weay,
and the agreement is even better for g < 0.1 wmat. Thus, for systems not in the
ultrastrong coupling regime, the three models can often be used equally with very
small implications to the results.

In contrast, for even larger coupling strengths, corresponding to a system well
into the ultrastrong coupling regime, the choice of the model is crucial. The
differences between the three models are illustrated in Fig. 6.2d for coupling
strength ¢ = 0.3 wmat. In this case, the three models predict significantly
different eigenfrequencies of the coupled system. The difference is smaller for
large cavity frequencies, weay [“werlat, because the oscillators become uncoupled
and the eigenfrequencies approach the bare frequencies weay and wmat in all models.
However, even for a relatively large wecay/wmat = 1.5, the difference between the
values of w+ according to the different models is around 10%.

Further, comparing the three models in resonant conditions at zero detuning,
Weav = Wmat, the splitting Q = w+ — w— between the two eigenmodes is equal to
twice the coupling strength in the linearized and in the MC model, i.e. 2 = 2g.
This is the minimum splitting in these two models [271,272]. On the other hand, in
the SpC model the relation between €2 and the coupling strength for zero detuning
is different:

o1 1 1
29se _ s

Wmat Wmat

(6.9)

QSpC = W+,5pc — W—,spc = Wmat 14

We find Qg,c = 2.11 g5, for the values used in Fig. 6.2d. Further, according to
this model the minimum splitting between the branches does not happen at zero
detuning, but at cavity frequencies larger than the matter excitation frequencies.
To further emphasize the difference in the splitting between the models, we plot
in Fig. 6.2 the minimum splitting Q™" for the SpC model (blue solid line) as a
function of the coupling strength, as compared to the Q™" = 2¢ linear relationship
of the MC (red solid line) and the linearized model (black dots). For couplings
too small to reach the ultrastrong coupling regime (g/wmat - 0.1), the splitting
of the three models follows the same linear tendency. However, for larger values
of g, within the ultrastrong coupling regime, the minimum splitting according to
the SpC model deviates strongly from linearity, and close to the so-called deep
strong coupling regime (g/wmat = 1), QM1 is approximately the double than for
the other two models. Last, Fig. 6.2d shows that a striking difference appears for
small cavity frequencies, weay [ wedat. According to the MC model, for decreasing
weav the lower mode frequenc;iﬁuc tends towards weay, but the upper branch
approaches the limit w4 e =  wi g + 492 instead of the bare matter frequency,
and thus this hybrid mode is affected by the coupling even in this highly detuned
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6.2. Classical models of coupled harmonic oscillators in nanophotonics

situation.

The behavior of w— and w+ in the asymptotic limits of we¢ay has an interesting
consequence on the range of energies where hybrid modes can exist according
to each model. The dispersion of the MC model shows two hybrid modes for
afi-vajues of the detuning and indicates that there is a band between wmat and

w24t + 492, with no modes available (as can be appreciated from the limits of
the eigenfrequencies for weay — 0 and weay — ©0). For the SpC model, the upper
mode approaches the bare frequency wmat for vanishing weay, but the lovlze_r_l mo

29spc
Wmat

ceases to exist (w— s,c becomes imaginary) under the condition e <
ma’

Further, by considering the total dispersion of the SpC model, we emphasize that
we obtain hybrid modes at any frequency wx+ ¢, by tuning the bare frequencies
wWeav and wmat, and thus there is no forbidden band as opposed to the MC model.
Last, the dispersion of the linearized model lies between the dispersions of the
other two models. In this case, there is a band of forbidden modes of spectral
width half the value given by the MC model, and the lower mode disappears
as in the SpC model but undﬁ dli_.%rent inequality, because w—_ jin becomes

negative for frequencies $= < = The finding of these bands has important

consequences on describing the optical response of materials supporting vibrational
excitations, as done in Chapter 7. Specifically, in Sec. 7.5 we connect the bands
observed in Fig. 6.2d with the Reststrahlen band of polar materials (Sec. 1.2.2),
and show that we can only reproduce the experimental dispersion with the correct
width of the Reststrahlen band by using the MC model.

The analysis of Fig. 6.2d thus emphasizes that the three classical models
considered can lead to distinctly different predictions of the eigenfrequencies of light-
matter coupled systems in the ultrastrong coupling regime. These differences imply
that the coupling terms of the SpC and MC models are related to different types of
interactions between light and matter, and that not all electromagnetic interactions
are mathematically equivalent to two coupled mechanical springs (i.e. to the SpC
model). In order to better understand the origins of the SpC and MC models and
their relation with Coulomb interactions and with interactions based on transverse
electromagnetic modes, we derive in the next section the corresponding classical
equations from a general Lagrangian description of electrodynamics. Further, this
section has focused on the eigenfrequencies, which can be extracted directly from
the equations of coupled harmonic oscillators without an exact knowledge of what
the displacements x¢ay and xmar represent. However, a clear physical interpretation
of these parameters often becomes necessary to evaluate magnitudes of interest
such as the electric field at a given position. We discuss in Sec. 6.5 how x¢ay and
Tmat relate to relevant physical quantities for representative systems.

149



Chapter 6. Classical and cavity-QED models in the ultrastrong coupling regime

6.3 Derivation of the equations of motion in the
classical coupled harmonic oscillator models

We have presented the classical SpC and MC harmonic oscillator models based on
an intuitive perspective of classical mechanics. We show in this section that these
models can be obtained in a more rigorous way from the Euler-Lagrange equations
of motion associated to the Lagrangian of electrodynamics. To particularize this
discussion, we focus on the specific systems shown in Figs. 6.1a and b, which
consist in a molecular excitation interacting with a transverse electromagnetic
mode or with the near field of a plasmonic nanoparticle.

We start considering the general Lagrangian description of electrodynamics.
The form of this Lagrangian depends on the gauge. We first choose the Coulomb
gauge, which leads to the expression given by Eq. (1.18):

L5 = L

+ |A]2 = 2| CXIAP) +je - A dr.

Lcou = —m;if? — —
Cou i 47T€0|ri - I’jl 2 (

i 2 i,j>i
In this Lagrangian, the electromagnetic degrees of freedom are encapsulated in
the dynamical field variable A(r), which represents the vector potential of the
fields, with the condition [—A = 0 due to the choice of gauge. On the other
hand, all the dynamics related to the matter structure are expressed by the spatial
positions rj of each point-like charge indexed by . Each point charge, of mass m;
and charge @, interacts with all the others according to the Coulomb potential
energy (second term in the right handside) and with the transverse electromagnetic
fields asindiqated in the last term of the Lagrangian (of the form j¢ - A), where
jf(r) = Qifio(r —rj) is the current density at any position r [Eq. (1.13)].

We have proven in Sec. 1.1.2 that the equations of motion for the variables A(r)
and rj obtained from the Lagrangian in Eq. (1.18) are completely equivalent
to Maxwell’s equation for a general system. We are interested in obtaining
the equations of motion that describe the dynamics of systems formed by
molecules interacting with cavity modes in the strong and the ultrastrong coupling
regimes. First, we focus on the terms of the Lagrangian related to the transverse
electromagnetic field (which in the Coulomb gauge is entirely described with the
vector potential A), in order to separate them into the contribution of different
cavity modes. The vector potential is Separate@f) the copapegents Aq(r) of
all transverse modes « of the cavity as A(r) = JAa(r) = 4AaZa(r)Ng. For
each « index, the field is polarized in the direction determined by the unit vector
Ng, the amplitude is given by Ag and the fields have spatial distribution Zq(r),
normalized so that Z¢(r) = 1 in the position where the field is maximum. Further,
we consider that the e modes form an orthogonal basis and the integral of the field
distribution over space gives the effective volume Ve g of the mode, i.e.

EG(OEcﬁr)dr = Verada,o - (6.10)
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—1 )
= iwAinc  feav €08 finc.cave "L, (6.21a)

.. 2 cav ' Ndmat cav ‘' Nrre mat " MNrre
Ng Ng —3(ng Nrrel) (Ng Nerel)
Tmat + WmatTmat + 3
471'50|rcav - rmatl
1

= iUJAinC fmat COos ainc’mate_iwt. (6.21b)

cav

Therefore, the incident field is incorporated into the SpC equationy of 1 of motion [Eq.
(6.2)] by adding tlme—d%pendent forces of amplitude Fray = iwAinc  feav €08 Oinc cav
and Fmat = WwAine  fmat €0SOinc,mar to the nanocavity and the molecule,
respectively.

6.4 Comparison between cavity-QED
Hamiltonians and classical models

We have derived in Sec. 6.3 the SpC and MC harmonic oscillator models from a
fully classical Lagrangian description. We show next how the classical Lagrangian
is related first to the classical and then to the different cavity-QED Hamiltonians
with or without the diamagnetic term [i.e. with or without the term Hﬂ'gp in
Eq. (1.48)]. In this way, we establish a key result of this chapter, which is the
connection of the SpC and MC models with the cavity-QED Hamiltonians. We
further note that all the connections established in this section are summarized in
Table 6.1 at the end of the chapter.

6.4.1 Modified coupling model

We have shown in Sec. 6.3 that the MC model corresponds to the coupling between
a dipole (which can be associated to a molecular excitation, for example) and a
transverse electromagnetic mode of a cavity, as depicted schematically in Fig. 6.1a.
We now focus in this particular system to derive its corresponding cavity-QED
Hamiltonian. In this derivation, we start with the Lagrangian of Coulomb gauge
given by Eq. (6.14), which for a single dipole interacting with only one transverse
mode becomes

1
2 fmat

To simplify the analytical expressions in the following discussion, Eq. (6.22)
considers a specific case where the molecule is placed in the position of maximum
field of the mode and oriented in the same direction as the field polarization, so that
Z(rmat) cosf =1 in Eq. (6.14). However, the discussion of this section remains
valid for other values of Z(rmat) cos 6.

The next step is to derive the classical Hamiltonian of the system. With this aim,
we obtain the canonical momenta related to the vector potential (of amplitude A)

(d? — w2 0¢d?) + Ad.  (6.22)

eoV .
LEGE(d,d, A A) = 255 (A2 — w2 A%) +
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of the transverse electromagnetic mode and to the dipole moment in the Coulomb
gauge as

al—Cou

Mcou = A = coVe A, (6.23a)
Il cou d
= — = + A. 6.23b
Y (6.235)
According to these expressions, the dynamical variable Ilco, expresses the
transverse electric field of the cavity mode from the relation E = %—’i‘ On

the other hand, the relation between the dipole moment d and its canonical
momentum pcey is more complicated because pcou depends not only on d but
also on the vector potential. Using Eq. (6.23), the calculation of the Hamiltonian
Hg(')[‘j ¢ — Allcou + dpcou — LMINC is straightforward:

Cou

112 1w? 1
HrCntl)?J ¢ = (::\;: + EOVe I‘ljl:av'A2 + fr'r21at Pcou T 5 9 fnT:tt d* - fmatPcouA + §fmatA2-

(6.24)

This expression has the well-known form of the minimal-coupling Hamiltonian [Eq.
(1.22)], and thus we refer to this form of the coupling with the superindex "min-c"
in the Lagrangian of Eq. (6.22) and in the Hamiltonian of Eq. (6.24).

On the other hand, the Hamiltonian of Eq. (6.24) is not the only one that
can be used to describe the interaction of a molecular excitation with a transverse
electromagnetic mode, because the form of the Hamiltonian depends on the
gauge. In particular, besides the Coulomb gauge used up to this point, the
dipole gauge [273] is also widely used in cavity QED. We now derive the classical
Hamiltonian in this new gauge, so that we can then apply the canonical quantization
procedure in both gauges and establish a complete connection between the classical
coupled harmonic oscillator models and commonly used Hamiltonians.

To obtain the new Hamiltonian, we first note that the Lagrangian in the
Coulomb gauge Loy of Eq. (6.22) can be transformed to any other Lagrangian
LPwith the operation L™= Loy + w , by using a general function G(A,d,t).
The particular choice that leads to the dlpole gauge is G = —dA, which is equivalent
to the Power-Zienau-Woolley transformation [274] in cavity QED, with the unitary

operator 1 1
U=exp - P-Adr , (6.25)

where P is the polarization density. After applying the gauge transformation to
Eq. (6.22), the Lagrangian of the system in the dipole gauge is

1

GT- (d? — w2 0d?) — Ad.  (6.26)

- . . oV .
Bip °(d. d. A A) == 5 (A2 — wf A) +

We repeat the procedure implemented in the Coulomb gauge to obtain the
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classical Hamiltonian in the dipole gauge, so that the canonical momenta are
calculated as

aLDip

pip =— < = Ve A~ d. (6.27a)
olpip  d

p == = 2% 6.27b

Pbip od fmat ( )

In the dipole gauge, ppip is only related to the time derivative of the dipole moment.

However, the canonical momentum associated with the cavity mode, Ilpjp, depends
on both d and the vector potential, in contrast to the result of the Coulomb
gauge. Thus, in the dipole gauge this variable represents the displacement vector
IIpip CJD| = |eoE + PJ instead of the transverse electric field of the cavity mode
as happens in the Coulomb gauge, i.e. Ilgoy, [JH|. The resulting Hamiltonian in
the dipole gauge is

. 12, 1 f 1w? pipd d?
Hmin-c __"Dip T+ gV 2 A2 4 matpz' 4 —Xmat 2 Dip )
Dip T 9 Ve 2 0 ety 2 Poip T ot coVern 2¢oVern
(6.28)

We have thus shown that the coupling between a molecule and a transverse
electromagnetic mode of a cavity is described by the minimal-coupling Hamiltonian,
which for the Coulomb gauge has the classical form of Eq. (6.24) and for the dipole
gauge it is given by Eq. (6.28). To obtain the quantum Hopfield Hamiltonian of
the form of Eq. (1.48), we use the following quantization relations that are used in
cavity QED [72,94,275]:

—
A= g Emn@+a), 6.29a
) 2Wcavifovelil( I ) ( )
I:I—V
f(r) = =i~ () - a"), (6.20D)
f
d= (G40, 6.29c
2Wmat( ) ( )
N . “Wmat 5 7t
= b=1b). 6.29d
P2 S T (6:294)
Following the quantization procedure in Eqs. (6.24) and (6.28), we obtain
- - —— —1
qmi 25 w PO
g](IJT;_C =~Wcav a'a + =+ ~Wmat b'D + - +1~9uc mat (fL + dT)(b — bT)
2 2 Weav
g2
+=2(a+ah)?, (6.30)
Weav

157









Chapter 6. Classical and cavity-QED models in the ultrastrong coupling regime

arbitrarily, are related to the vector potential and to the dipole moment of the matter
excitation. We now exploit this connection to show in detail how several physical
observables in systems under ultrastrong coupling (e.g. the spatial distribution of
the electric field) can be obtained with classical models (in an equivalent way as
with cavity-QED models, due to the equivalence shown in Sec, 6.4). To illustrate
the procedure, we analyze the same three canonical examples in nanophotonics
that we have already introduced (Fig. 6.1) and for which different classical or
quantum (with and without the diamagnetic term) models are appropriate. In
Sec. 6.5.1, we focus in the textbook case of a single molecule interacting with
transverse electromagnetic modes of a resonant dielectric cavity (Fig. 6.1a). As
the next example, we analyze in Sec. 6.5.2 a molecule close to a small metallic
nanoparticle, where the coupling is governed by longitudinal Coulomb interactions
(Fig. 6.1b). The last example (Sec. 6.5.3) consists in an ensemble of molecules
(representing a bulk material) inside a Fabry-Pérot cavity, where the molecules
couple with each other as well as with the transverse electromagnetic modes of the
cavity (Fig. 6.1c¢).

6.5.1 A molecular excitation interacting with a transverse
mode of a dielectric cavity

We consider first the canonical quantum-optics system consisting in one dipole
interacting with a single transverse mode of a resonant dielectric cavity. The dipole
is associated to matter excitations, and it can represent an excitonic transition
of a molecule or a transition between vibrational states, for example. Cavity-
QED models of this system have successfully described phenomena such as the
modification of the spontaneous emission rate of a molecule [93,276], of the photon
statistics of the emitted light [277,278] or of the coherence time of the quantum
states [279].

To analyze how the physical observables associated with this system can be
described classically, we first note that it has been demonstrated in Sec. 6.3
that this system is described with the MC model. Further, we have obtained
that the cavity oscillator amplitude zcay in the MC model [Eq. (6.4)] is given
by Zcav = A oVer Therefore, the oscillator amplitude xca, can be used to
calculate the spatial distribution of this potential as A(r) = AZ(r) = %E(r)
Equivalently, the amplitude of the oscillator corresponding to the matter excitation

is directly connected with the induced classical dipole moment d as xmat = A%.
mat

These relations are schematically shown in Fig. 6.3a and allow us to obtain physical
magnitudes in the system from the classical harmonic MC model, such as the
electric field at any position inside the cavity.

We first show how to obtain the spatial distribution of the electric fields
corresponding to each hybrid mode. The transverse cavity mode field [given by
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Chapter 6. Classical and cavity-QED models in the ultrastrong coupling regime

From this expression, the fields at the frequency of each hybrid mode are calculated
by replacing into Eq. (6.38) the dipole moments of Eq. (6.37) induced at the mode
frequencies w+ gpc.

The electric fields associated to the upper and lower mode frequencies, which
at both frequencies are real and polarized along the x direction, are plotted in the
top and bottom panels of Fig. 6.4b (blue lines), respectively. We further show the
decomposition of the fields into the contribution of the cavity (black dots) and the
molecule (black dashed line) as given by the first and second terms in the right
handside of Eq. (6.38), respectively, which is useful to characterize the different
properties of each mode. In particular, it can be appreciated from Fig. 6.4b that
when the upper hybrid mode is excited, the dipoles associated to the cavity and
the molecule are oriented to the same direction (same sign). In contrast, for the
lower mode, the dipoles point towards the opposite direction.

The near field plotted in Fig. 6.4b is useful to analyze the behavior of the hybrid
modes but is difficult to measure, and most experiments focus on the far-field
spectra, such as the scattering cross-section spectra oscq. Neglecting retardation
effects due to the small molecule-nanocavity distance that we consider, ogcq is
related to the total dipole moment of the system as [67]

_ w* %cav (w) + dmat (UJ)
67T5(2)C4 |Einc| |Einc|

w? feavTcav (W) SfmatZmat (W) @
— = Ndmat[7-

= Ndcav +
6775(%04 = |Eincl ca |Eincl

Usca(UJ)

(6.39)

We show in Fig. 6.4c the scattering cross section for the same nanoparticle-molecule
system in the outset of the ultrastrong coupling regime (gs,c = 0.1weay). Since
the oscillator strength of the cavity is much larger than that of the molecule
(feav [fwht), the spectrum is fully dominated by the contribution of the cavity,
given by Eq. (6.37a) [however, in other systems, where both oscillator strengths
are similar, feay = fmat, it is crucial to consider both contributions in Eq. (6.39)].
The scattering cross-section spectra are shown for two different detunings between
the nanocavity and the molecule. At zero detuning (weay = Wmat = 3 €V, solid
lines in Fig. 6.4c¢) the upper hybrid mode has a (moderately) larger cross section
than the lower hybrid mode, mostly due to the w?* factor in Eq. (6.39). However,
when the molecular excitation is blue detuned with respect to the cavity (weay = 3
eV and wmat = 3.2 €V, dashed line), the strength of the peak in the cross-section
spectra associated to the lower hybrid mode increases and the upper hybrid mode
becomes weaker. This behavior occurs because, for this detuning, the lower hybrid
mode acquires a larger contribution of the cavity resonance that dominates the
scattering spectra, while the predominantly molecule-like behavior of the upper
mode results in a smaller cross section due to fmat [T fed/-

To assess the importance of using the classical SpC model to describe this
system, we compare the results of the scattering cross-section spectra calculated
with this model with those obtained using the MC and linearized models. For this
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purpose, it is first necessary to obtain the expressions of the scattering cross section
for the latter two models under external illumination. By introducing forcing terms
in the equations of motion of the MC model [Eq. (6.4)] to account for the external
field, we obtain the corresponding oscillator amplitudes

Fcav(wrznat - w2) — Frat2igumcw

= 6.40
Teav() (Wgav - wz)(wtgnat - wz) - 491%/10“)2 ’ ( 2)
Feay2i F 2 e—w?
xmat(w) _ ( 2cav ZQMCW'|2‘ mat(wmat w ) (6.40b)

Weay — w?) (What — w?) — 4¢3 w? .
On the other hand, by repeating the procedure with the linearized model [Eq.
(6.7)], we obtain

_ i Feav(Wmat — w) — FmatGin
4w (wCaV - w)(wmat - OJ) - glzin ’

Teav(w) (6.41a)

. i Fmat(wcav - W) — FeavGin

4w (weav — w)(Wmat — w) — g2, .
We calculate the scattering cross section according to each classical model by
introducing the corresponding values of Zcay(w) and zmat(w) in Eq. (6.39). Figure
6.4d shows the spectra for the system at zero detuning (weay = Wmat = 3 €V) in
the strong coupling regime but far from the ultrastrong coupling regime, with
g = 107%weay. The spectra calculated from the three models overlap almost
perfectly, as expected (black line: MC model; gray line: linearized model; blue line:
SpC model). Concretely, the difference between the three calculations is less than
10% at the hybrid mode frequencies wx g,c. This small error is consistent with the
good agreement of the eigenfrequencies in Sec. 6.2 for this relatively low value of g.

In contrast, if the system is well into the ultrastrong coupling regime, with
coupling strength g = 0.3 weay, the spectra obtained with the three models are
very different (Fig. 6.4e). There is a clear disagreement in the peak positions,
due to the difference in the eigenfrequencies of the three models (see Fig. 6.2d).
Further, the MC model predicts that the strength of the peak corresponding to
the excitation of the upper hybrid mode is two times larger than the equivalent
value for the SpC model. These significant differences emphasize the importance
of the choice of the model in this regime. We note, however, that for such large
coupling, higher-order modes of the nanocavity likely play an important role in
the coupling in realistic systems, which would need to be taken into account [284].
Further, it would be interesting to examine how this analysis is modified by going
beyond the quasistatic description.

(6.41b)

xmat(w)
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Peou + WhatPcou — WinatA = 0. (6.46b)
V.
With the transformatign zcay = oVerA used in Sec. 6.5.1, and with the new
transformation x5, = %p@u, Eq. (6.46) becomes
.. 2 2 _ [
Feav + (Weay + 490ic)Teav — 29mcWmatTmar = 0, (6.47a)
Frmat + WinatTmat — 20ucwmatTeay = 0, (6.47b)
—1
with the same coupling strength gyc = % ;:JT‘:H that is used to describe the

cavity-dipole coupling within the MC model.

Equations (6.45) and (6.47) (the former corresponding to the MC model) have
been derived for the same system, and thus must result in the same response of the
system. However, several interesting aspects can be observed. First, in Eq. (6.47)
x%at is related to pcoy, while xmat is related to d in the MC model. Thus, it is
important to consider this difference when calculating physical observables as in Sec.
6.5.1. Second, Eq. (6.47) contains coupling terms proportional to the oscillator
displacements Tcay and x5, (as in the SpC model) instead of to the time derivatives
Tcay and Imat (as in the MC model)Fasf, in Eq. (6.47) the frequency of the cavity
mode is renormalized from weay to  wZ,, + 492. The different coupling term and
the frequency renormalization compensate each other, so that Eq. (6.47) gives the
same result as the MC model. Therefore, the molecule-dielectric cavity system
can be equivalently described with coupling terms proportional to the oscillator
displacements or to their time derivatives, if the frequency of the cavity mode and
the oscillator amplitudes are modified appropriately.

6.6.2 Interaction of a molecular excitation with a transverse
cavity mode described within the dipole gauge

We have shown that the results of the MC model can be recovered by equations
with a different coupling term and a renormalized frequency of the cavity mode.
Here, we use the dipole gauge to show that we can also obtain equivalent equations
by renormalizing the frequency of the matter excitation. In this case, we start from
the Hamiltonian of Eq. (6.28) and obtain the following Hamilton’s equations of
motion:

o OHBI _ Hpjp +d

A= = , 6.48a
Jllpip eoVer— ( )

) HHmin-c

Ipip = —% = —eoVerwla A, (6.48b)

d= % = fmatpDip (6.48(‘,)
apDip ’

Pbip = _ oMo — —“fznatd _ Hoip +d (6.48d)

P od fmat 50Velil. ’
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6.6. Alternative classical models of coupled harmonic oscillators

The choice of variables A and d to obtain second-order differential equations
leads to the transformation from Eq. (6.48) to Eq. (6.45). Therefore, for these
variables the MC model is obtained independently of the considered gauge. On the
other hand, with the choice of the variables d and Ilpjp, we obtain

ﬂDipE«i}gavHD}p + oéld =f 0 (6.49a)
d 2 mat g+ LM i = 0. 6.49b
o Wmae coVer— + coVera P ( )

This equation can be rewritten in terms of oscillator amplitudes. By using the
matter oscillator amplitude zmar = ¥4— and the new cavity oscillator amplitude

mat

0o _ Mpip ;
Teay = */—m%v’ the equations are

‘%lc:.":lv + Wgavxgv + 29mcWeavmat = 0, (6.50a)

Tmat + (wrznat + 4g§w)$mat + 29Mcwca\,$g\, =0. (6.50Db)

The last system of equations gives the same results as the MC model, but with the
coupling term proportional to the oscillator displacements x5, and @Iand with
the frequency of the matter excitation renormalized from wmat t0 W3¢ + 462

6.6.3 Interaction of a molecule with a metallic nanoparticle

In Secs. 6.6.1 and 6.6.2 we have shown that the coupling between a molecular
excitation and a transverse cavity mode can be described equivalently with the MC
model (coupling terms proportional to the time derivatives @cay and &mat) or with
models where the coupling terms are proportional to the oscillator displacements
and the frequencies of the oscillators are modified. Here, we show a similar result
for dipole-dipole interactions: they can be described by the SpC model (coupling
terms proportional to the amplitudes zcay and zmat) or with alternative equations
that contain coupling terms proportional to the time derivatives dcay and Zmat (as
they appear in the MC model), together with renormalized frequencies.

To show the alternative model to describe this system, we consider the
Hamiltonian of dipole-dipole interactions given by Eq. (6.31) (which is the same
in the Coulomb and dipole gauges). By calculating the equations of motion for
the oscillator variables x¢ay = Meav . apd Tmat = 3% as in previous subsections,

cav mat

we recover the equations of the SpC model [Eq. (6.2)]. However, we can again
make another choice for the variables to obtain an alternative model of harmonic
oscillators. Using the oscillator xcay = ey a9 considered previously and the new

cav

. f . .
oscillator z3, = ijtpman the equations of motion are
ma

Fcav + (w(%av - 4ggc)xcav - QQSE}\)cjgat =0, (6-513)
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i}rl:‘nat + wrznatzrmnat + 2gsi:[‘,ci?cav =0, (6.51b)
—1
with the coupling strength ggc = Jspc &’;;Vt, slightly modified compared to the

SpC value gg,c used in Eq. (6.19). We have thus shown that the results of the SpC
model can also be obtained with a model where the coupling terms are proportional
to the time derivatives tcqy and , but in this case the cavity frequency has
been renormalized from weay to w2y, — 492

6.7 Summary

We have analyzed the application of classical coupled harmonic oscillator models
to describe nanophotonic systems under ultrastrong coupling and the connection
of these models with quantum descriptions. The study mainly focuses on the
two classical models typically used in this context, here referred to as the Spring
Coupling (SpC) and Modified Coupling (MC) models, where the difference relies on
whether the coupling term is proportional to the displacement of the oscillators (SpC
model) or to their velocities (MC model). The choice between these models typically
does not have significant consequences in the weak and strong coupling regimes,
where both can be approximated to the same linearized model (this approximation
is equivalent to the rotating-wave approximation in quantum models). However, the
SpC model and the MC model result in very different eigenvalues in the ultrastrong
coupling regime. We demonstrate that the SpC model represents light-matter
coupling via Coulomb interactions, such as those governing the interaction between
different molecules and between molecules and small plasmonic nanoparticles, and
that this model results in the same eigenvalue spectra as the quantum Hopfield
Hamiltonian without diamagnetic term. On the other hand, the MC model
reproduces the spectra of systems for which the diamagnetic term should be present
in the Hamiltonian, corresponding to systems where matter excitations interact with
transverse electromagnetic fields (for example, in conventional dielectric cavities).
We thus show that the SpC and MC models are capable of capturing the same
information than a cavity-QED description about the spectra of nanophotonic
systems under ultrastrong coupling, but using a simpler framework. We generalize
this discussion in Sec. 6.6 to other alternative models of classical oscillators. We
summarize in Table 6.1 all the correspondences between classical and cavity-QED
models that we have discussed in this chapter.

Additionally, classical oscillator models are typically used to calculate the
eigenvalues of the system, but we also discuss how they provide other experimentally
measurable magnitudes in three canonical systems of nanophotonics. We first show
that the MC model can be applied to calculate the electric field distribution of each
hybrid mode in a dielectric cavity filled by a single molecule. On the other hand,
for the SpC model, we consider a molecule situated near a metallic nanoparticle
and calculate the near-field distribution and the far-field scattering spectra. Last,
the two models are combined when considering an ensemble of molecules that
interact with each other due to Coulomb interactions (SpC model) and also with
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Chapter 7. Microcavity phonon polaritons

[129], such as on the electrical and thermal conductivity, ferroelectricity [291],
and superconductivity [292], so that controlling the coupling strength between
infrared photons and phonons in microcavities may become an interesting platform
for future fundamental and applied studies. For example, recent studies suggest
that cavity-mediated strong light-phonon coupling may trigger quantum phase
transitions without the need of an external pump [289].

In this chapter, we demonstrate that infrared microcavities comprising polar
van der Waals materials are a versatile test bench to study the interaction of optical
phonons and photons. Specifically, we study microcavities containing layers of
hBN, which is an insulating polar material exhibiting phonons in the mid-infrared
spectral range [87]. This system is described in more detail in Sec. 7.2. The
theoretical analysis of the coupling between cavity modes and phonons is then
performed in Sec. 7.3. We first calculate in Sec. 7.3.1 the coupling strength g of the
system from the reflectivity calculated by transfer-matrix simulations. The value of
g is extracted from the spectra by describing the system using a classical coupled
harmonic oscillator model, based on the analysis of Chapter 6. We demonstrate
that strong coupling can be achieved for layers as thin as a few nanometres, leading
to the formation of microcavity phonon polaritons. Ultrastrong coupling is possible
for thick layers, and we systematically trace the evolution from the weak to the
ultrastrong coupling regime. Further, in Sec. 7.3.2 we show that a microscopic
model that accounts for the interaction of phonons with Fabry-Pérot modes leads
to an analytical expression of the coupling strength that agrees with the results
of transfer-matrix simulations. The theoretical results presented in this chapter
have also been verified experimentally by the groups of Luis Hueso and Rainer
Hillenbrand from CIC nanoGUNE, and we show the comparison between the
theoretical predictions and experimental data in Sec. 7.4. Last, we discuss in Sec.
7.5 how the dispersion of the cavity fully filled with hBN is directly connected with
the intrinsic properties of hBN, such as with its bulk permittivity and dispersion.

7.2 Description of the system

In this section, we describe in more detail the hBN microcavities that we analyze
in this chapter. We use Fabry-Pérot cavities containing hBN layers of variable
thickness. A schematic diagram is shown in Fig. 7.1. The cavities are formed by
planar layers, and all the interfaces are perpendicular to the z axis, as shown by
the coordinates axes included in the scheme. In all the calculations the incident
medium (i.e. the medium from which the system is illuminated) is vacuum, the
substrate is CaF» and the mirrors are 20 nm-thick gold layers. The inside of the
cavity, i.e. without considering the mirrors, extends from z = 0 to z = Leay (Lcav
is the total thickness), and it contains a layer of thickness Lpgn placed between
z = L1 and z = L. Unless stated otherwise, we consider that the layer is in the
center of the cavity, between L; = % - L*ZJ and L, = % + L*% In many
of the transfer-matrix simulations, and also in all the experiments shown in Sec.
7.4, the material of this layer is hBN, and we refer to this particular case as a
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Figure 7.1: Schematic diagram of the hBN microcavities. We indicate the coordinates axes and
the material and thickness of each layer. In some simulations, hBN is substituted by a material
with constant permittivity e,gn, 0, PMMA or a material which has vibrations characterized by a
weak oscillator strength.

hBN-filled cavity. In other simulations, we replace hBN by a material with constant
permittivity engn,co, Which corresponds to the high-frequency permittivity of hBN.
We refer to these cavities as bare cavities, because the contribution of the hBN
phonons is eliminated. The rest of the cavity (the layers between z =0 and z = L
and between z = Ly and z = Lcay) is filled by MoS,, which does not show any
resonant feature in the analyzed range of frequencies.

In the transfer-matrix simulations, we have modelled the materials of the system
as follows. For the incident medium we use the vacuum permittivity, and the
(relative) permittivity of the substrate material CaF5 is ecar, = 1.882. The gold
mirrors are described by a Drude function that fits the low-frequency experimental
data from Ref. [71], i.e. the permittivity follows Eq. (1.25) with plasma frequency
wp,Au = 73114.15 cm™?* and damping frequency yay = 571.04 cm™? [230].

We model hBN with a diagonal permittivity tensor €pgn(w), in order to
take into account the anisotropy of this material. hBN is characterized by
a layered atomic structure, so that the phonons that are polarized along the
plane of the atomic layers (in-plane phonons) have different frequencies compared
to those polarized in the normal direction, i.e. parallel to the anisotropic
axis (LJout-of-plane phonons). In our configuration, the plane of the atomic
layers is parallel tq all the Fabry-Pérot interfaces (z — y plane). We thus have
gnhen(w) = diag engn(w), eneN (W), enen, ) , where we omit a second subscript
in the z and y components for brevity (notice that the x and y components are
identical). The in-plane permittivity tensor component engn(w) follows a Lorentzian
function given by Eq. (1.42). For our analysis, the exact value of the TO phonon
frequency wto determines the detuning between the cavity mode and the phonon,
which is a crucial parameter when analyzing strong coupling. Therefore, to obtain
the value of this parameter that is consistent with the experimental samples, the
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Figure 7.2: Linear fitting of the permittivity of MoS2. The dots indicate the experimental resonant
frequency of the di[erent Fabry-Pérot modes and the corresponding permittivity extracted from
these values according to the procedure described in the text, for three cavities fully filled by
MoSy of nominal thickness L¢,, = 660 nm (red dots), Lcay = 740 nm (green dots) and Lcay =
960 nm (blue dots). The dashed line corresponds to the linear fitting of all dots, given by Eq.

(7.1).

experimental collaborators measured the reflectivity spectra of a 100 nm-thick
hBN layer. A clear resonance was observed at wto = 1364 cm™*, which is the
value that we consider in the simulations. This frequency is very close to the value
wro = 1360 cm ™! reported in Ref. [91]. For all the other parameters in Eq. (1.42)
we use the values of Ref. [91]: the high-frequency permittivity engn,co = 4.52, the
LO phonon frequency wi o = 1610 cm™* and damping frequency v = 5 cm™?.

Equation (1.42) properly describes the optical response of hBN in most of
the results of this chapter, because we focus on calculating the response of the
system to normal incident light. In this case, the electric fields are directed
along the x direction and thus hBN can be treated as an isotropic material of
permittivity engn(w). However, in Sec. 7.4.1 we consider focused illumination to
describe experimental data, where it is necessary to take the anisotropy of hBN
into account. In this case, the permittivity tensor component along the z axis
enN, r{w) follows the same Lorentzian function as in Eq. (1.42), except that the
values of the parameters are epgn,co = 4.52, wro, F 746 cm ™Y, Wi o = 819 cm ™1
and vy 4 em™! (taken from Ref. [91]).

In order to obtain the permittivity of MoS,, the experimental collaborators
fabricated three microcavities fully filled by MoS, of different nominal thickness:
Leay = 660 nm, 740 nm and 960 nm. The geometry is the same as in Fig. 7.1
but without the hBN layer. The reflectivity spectra was measured to obtain the
frequencies of the Fabry-Pérot modes for each cavity up to 8000 cm™*. We then
perform transfer-matrix simulations (Sec. 1.1.1) of the cavities and find the value
of the permittivity emos, required to reproduce the position of the experimental
dips. We show in Fig. 7.2 the experimental frequencies of the dips for the three
cavities and the corresponding value of epmos, that we obtain from the theoretical
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analysis. A linear fitting of these results (dashed line) gives the permittivity that
we use in the simulations:

EMos, (w) = 14.689 + 0.000151w, (7.1)

where w is in units of cm™?.

Last, in some simulations in Sec. 7.5, we replace hBN with poly(methyl
methacrylate) (PMMA) or with a molecule presenting a vibration of low oscillator
strength. For PMMA, we use the permittivity given by Eq. (1.41), with high-
frequency permittivity €eo = 1.99, vibrational frequency wyip = 1742 cm™1,
damping frequency v = 13 cm™?! and oscillator strength f = (223.76 cm™1)? [293].
When we consider molecules with weak oscillator strength in Sec. 7.5, we use
the same values as for PMMA, except for a 100 times smaller oscillator strength:
f=1(22.376 cm™1)2.

7.3 Evolution of the coupling strength with the
cavity filling factor

7.3.1 Transfer-matrix simulations and classical coupled
harmonic oscillator model

In this section, we explore the coupling between phonons in hBN and Fabry-Pérot
cavity modes. With this purpose, we first calculate the evolution of the reflectivity
spectra as the cavity resonance is detuned from the phonon frequencies, and then
analyze these results using a coupled harmonic oscillator model that gives the
coupling strength g between phonons and cavity modes. To obtain the spectra,
we perform transfer-matrix simulations of the reflectivity spectra under a normal
incident planewave as a function of the total cavity length, Lcay, while keeping
fixed the thickness of the hBN layer (Lpgn) that is placed in the middle of the
cavity. The frequencies of the modes of the system are obtained from the poles

of the reflection and transmission coefficients of the system, which are calculated
SE) g 5P

from the analytical expressions of 754, total PY extending the permittivities
of the materials to complex frequencies (as explained in Sec. 1.1.1). The mode
frequencies are very close to the dips in the reflectivity spectra (see, e.g., Fig. 1.1),
and therefore, we can also identify the modes of the system by the frequencies of
minimum reflectivity. This method is particularly useful to obtain modes from
experimental data.

We first consider a thin layer of Lhgny = 10 nm, and compare calculations for
the bare cavity (i.e. with the hBN layer substituted by a medium with permittivity
€hBN,o0, Fig. 7.3a) and the hBN-filled cavity (Fig. 7.3b). We observe that the

first (j = 1) and the third (j = 3) modes of the bare cavity (wéjaz, indicated by
colored dashed lines in Fig. 7.3a) split into an upper and a lower branch when the

hBN layer is included (wg) and w® in Fig. 7.3b). Importantly, the anticrossing
of the branches at the TO phonon frequency manifests the typical signature of
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Figure 7.5: Evolution of the coupling strength as a function of the cavity filling factor. a)
Calculated coupling strength g between the TO phonon and the bare-cavity modes, for an hBN
layer of thickness Lypn in the middle of a cavity of thickness Lcav, as sketched in the inset.
The evolution of g for varying Lygn is shown for the first (blue solid line) and the second (red
solid line) cavity modes. The coupling strengths corresponding to the strong coupling regime
are highlighted by the beige area, and the green area corresponds to the ultrastrong coupling
regime. b) Zoom into the panel (a) for small fiIIinq@rsLﬁN/Lc.dv for the first cavity mode
(blue line). The analytical approximation g =332 Lygn/Lcay cm~1! [according to Eq. (7.20)]
is shown by black dots. Purple dots in panels (a) and (b) indicate the experimental coupling
strengths gexp. €) Sketch of the intensity distribution of the electric field of the first and second
cavity modes. We note that the hBN layer is placed at the maximum of the intensity of the first
cavity mode and at the minimum for the second cavity mode.

g = 105 ecm™?! for the 100 nm-thick layer and g = 428 cm™? for the cavity fully
filled by hBN. These values are very close to half the Rabi splitting {)r, as expected
from the analysis of Chapter 6.

Further, although we have calculated g for the particular case where the cavity
is tuned to the TO phonon, we show in Fig. 7.4 that these values of g enable to
fully describe the evolution of the polaritonic frequencies as the cavity is detuned.
Specifically, Fig. 7.4 shows the polaritonic frequencies obtained from the MC
model with (a) g = 34 ecm™2, (b) g = 105 cm™?! and (c) g = 428 cm™? (red dots)
compared with those given by the poles of the total reflection and transmission
coefficients for (a) a cavity with a 10 nm-thick hBN layer, (b) a cavity with a 100
nm-thick hBN layer, and (c¢) a fully filled cavity (dashed blue lines), as a function
of the total cavity thickness Lc¢ay. These values are superimposed to the contour
plot of the calculated reflectivity of the cavity. The frequencies obtained from
the MC model, from the poles of the Fresnel coefficients and from the reflectivity
minima are almost identical for all Lcay and for the three cavities considered. This
agreement shows the adequacy of the MC model in the description of this system.

We generalize next this calculation and study systematically the evolution of
the coupling strength with the thickness Lpgn of the hBN layer. We plot in Fig.
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Figure 7.6: Dependence of the coupling strength on the hBN layer position. a) Coupling strength
g between the TO phonon and the first cavity mode as a function of the hBN layer position, for
Lysn = 10 nm (blue line), Lygny = 100 nm (red line) and Lygn = 200 nm (black line). The
layer is moved from the position closest to the bottom gold mirror (corresponding to the left of
the x axis in the figure, see sketch) to the center of the cavity (right of the x axis). b) Evolution
of the coupling strength g as a function of the filling factor hBN . Blue line: the hBN layer is
placed in the middle of the cavity, interacting with the first caV|ty mode Red line: the hBN layer
is placed in the middle of the cavity, interacting with the second cavity mode. Red dots: the hBN
layer is separated into two equally thick hBN layers, which are centered at the intensity maxima
of the second cavity mode, interacting with this mode. The insets show the intensity distribution
of the second cavity mode interacting with either a single hBN layer of thickness Lygn in the
center of the cavity or two hBN layers of thickness h2BN Solid lines correspond to the results
shown in Fig. 7.5. The beige area indicates the values of g in the strong coupling regime, while
the green area corresponds to the ultrastrong coupling regime.

7.5a the resulting coupling strength ¢ as a function of the filling factor Lngn/Lcav
for the first (blue line) and the second (red line) cavity modes. We observe that g
increases with the filling factor for both modes, more strongly for the first mode,
which is a consequence of the intensity distribution of the electric field across the
cavity (Fig. 7.5¢). The second cavity mode exhibits an intensity minimum in the
center of the cavity, where the hBN layer is located. Thus, the coupling between
hBN phonons and the second cavity mode is generally much smaller than for the
first cavity mode, that exhibits its intensity maximum in the cavity center. This
observation is consistent with the absence of a polariton gap for the second cavity
mode in Figs. 7.3b and d. The interaction between the TO phonon and the second
cavity mode remains weak until the hBN layer is thick enough to sufficiently overlap
with the off-center intensity maxima of the cavities (shown in the right panel of
Fig. 7.5¢).

We can identify the weak and strong coupling regimes in Fig. 7 5a according
to the fulfillment of the conditions K%Ly < 1 (blank area) and K+y > 1 (beige
area), respectively (see Sec. 1.3.1). For the first cavity mode, remarkably, the
strong coupling regime starts for Lngn/Lcay = 0.0025, which corresponds to hBN
slabs for about 3 nm thickness (about four atomic hBN layers, see Fig. 7.5b for
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modes with each other, for instance following an approach based on quasinormal
modes [295,296]. However, the analysis in this and the following section would be
only weakly affected by these effects.

7.3.2 Microscopic model of interaction between phonons
and Fabry-Pérot modes

Coupling strength of a TO phonon with a Fabry-Pérot cavity mode

In Sec. 7.3.1, we have described how the coupling strength g in hBN cavities
can be calculated numerically from transfer-matrix simulations and the classical
MC model. We now present an alternative approach based on the microscopic
interaction between the phononic material and the modes of a Fabry-Pérot cavity,
which allows for a derivation of an approximate analytical expression for g, and
can give additional physical insight about the coupling. An analogous approach
has been followed in Ref. [297] to model the coupling strength between molecules
and guided nanowire modes.

In this derivation, we consider a simplified picture where we model each unit
cell of hBN as a harmonic oscillator characterized by a transition dipole moment
dn. The dipole is induced by the vibrations of the ions. From this perspective, the
material is a collection of Ngej dipoles interacting with the cavity mode. Due to the
homogeneity of the material, the transition dipole moments of all unit cells are the
same: dn = d. All dipoles are oriented parallel to the electric field, and in order to
deduce the magnitude dn = [dn|, we first consider the electric susceptibility xpol,
which for a polar material such as hBN is

2 2
“YLo ~ WTo
W) =€0o—5—"—5——. 7.3
Xpol («) w2 o — w? —iwy (7.3)

From this expression, we can directly obtain the polarizability an of each dipole
induced in an unit cell of volume V¢gj. We consider that the polarization density P

is related to the electric field E as P = Vaffu E = coXpolE, and we therefore obtain

an(w) = 5OVceIIXpoI(W)~ (7.4)

We can now relate the transition dipole moment dp, and the classical polarizability
by [67]

2w d?
an(w) = =12 5 S (7.5)
~  WHo — w? —iwy
and, from Eqgs. (7.3)—(7.5):
1
dn = s VeellE0Eoo (WP o — w2 g). (7.6)

This expression allows us to characterize the coupling strength gn between the
dipole associated to a particular unit cell and the cavity mode with quantized

190






Chapter 7. Microcavity phonon polaritons

of the bright collective excitation that represents the TO phonon,

Negr=1"] 2

H = ~wD 4T a+~wroblbet+~ aTa _ o ( o (h.—bt ~9° . A2

Hop cav Tobcbe+~wTO enn—i~g(a+a')(be CHTJTO (a+a")?,
n=1

(7.11)
where we have also added the annihilation ¢, and creation ¢, operators of the
Neen — 1 dark collective modes that are uncoupled to the cavity mode. Equation
(7.11) can be derived from Eq. (7.10) by using the Dicke transformation

NEr 1 Neg=t ] NEpr—1 N
blbn = blbe + el en, Inbn = gbe, gnn =g, (7.12)

n=1 n=1 n=1 n=1

where g takes the value [298]

Nfe! 1
g= lgnl? (7.13)

n=1

so that the commutation relation [be, ] = 1 is fulfilled. The operators of the dark
modes fulfill the commutation relations [¢n,, é),.] = n, .n, and [be, &h] = 0. Thus,
Eq. (7.13) gives the coupling strength between the cavity mode and the collective
excitation (the TO phonon) in terms of the coupling strengths gn associated to the
individual dipoles of each unit cell. g is evaluated by introducing Eq. (7.9) into Eq.
(7.13), and transforming the sum into an integral (since the dipoles are distributed
in a continuous way). The result is

N -
R
_, wTO 4 S e(zHIE(zH2dz"

n=

lg|? =

_ UJc(:J;R/ WEO - UJ-zro VceII€m|5(2)|2 dNeell v
wTO 4 S e(ZH|2(25)2d=E dVv

_wRwlo—wdy  cwlE(2)Pd

7.14

wTo 4 e(z912(29]2d=1 (7.14)

where in the last step we have taken into account that the density of dipoles is
% = ﬁ and the effective surface area S of the mode is eliminated after the

integration in the x — y plane. The integral of the denominator in Eq. (7.14) is
evaluated in the entire cavity, while the integral of the numerator is bounded to the
region of the phononic material. Therefore, in this subsection we have obtained an
expression that enables to calculate the coupling strength between the TO phonon
of a polar material and a Fabry-Pérot mode of a cavity with an arbitrary spatial
distribution of the permittivity £(z) [and thus arbitrary field distribution =(z)].
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7.3. Evolution of the coupling strength with the cavity filling factor

Application to hBN microcavities

We now focus on the particular system that we analyze in this chapter, a cavity
of thickness Lc¢ay with MoS; as a spacer and containing a layer of hBN (Sec. 7.2).
First, we need to calculate the field profile Z(z) of the modes of the bare cavity,
in order to evaluate the coupling strength g through Eq. (7.14). Labelling the
positions of the MoS,-hBN interfaces as L; and L, (indicated in Fig. 7.1), the
spatial distribution of the permittivity £(z) of the bare cavity is described by the
function 1
Emls,, 0<z<1iy
E(Z) = N, o0 Li1<z<Ly . (715)
€MoSs Ly < z < Leay

In each interval with constant permittivity en, the field profile Z(z) satisfies the
Helmholtz equation

d?Z(z) n en(wc('az,

dz? c?

Further, since the cavity is assumed to be bounded by perfect mirrors and we
only consider modes at normal incidence (so that the electric field is completely
polarized in the direction parallel to the mirror planes), the electric field vanishes
at both ends: Z(0) = Z(Lcay) = 0. In order to verify the boundary conditions,
Z(z) needs to be continuous and differentiable in all interfaces, which leads to the
solution

)2
2(z) =0, (7.16)

—1 |:(|]. 1
) .
—n wcavx/ishBNm,_lﬂpm |:(] v .
yay l ] i | ] ] wcjazr 0 L
= LW S =& EMoS, < <z< Iy
sin_ —¥ "Eyos, L
= ) )
E(z) = Asin —= "EppN ooz + ¢ Li<z<Ly
[;Iw _ 1
n Ceav Vg———0 —1,+@) |:(| v 1
= ] iy 9
) S =5 EMoS, (2= Leav) , Lo < z< Lecay

vV,
2Y Y EMoS, L1

sin 22
(7.17)
A is the normalization constant chosen so that the maximum of the field profile is

Z(z) = 1, while wd, and #d) are the 7™ solution of the system of equations
—1 q 1

=i W&V :
EMoS, €Ot % EMos; L1 =  €hBN,eo COt v €nBN,co L1 + qS(J) (7.18a)
[ ! 1 [ ! 1
R Wca%l\/ - Wca?l v G)
€Mos, cot . EMos, (L = Lcay) = EhBN,oo COt — EhBN,eoL2 + @

(7.18b)

We can obtain g by inserting Eq. (7.17) into Eq. (7.14), with the integral
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Figure 7.9: Experimental measurements of ultrastrong coupling in cavities fully filled with hBN.
a) Experimental reflectivity spectra of fully filled cavities (plotted with a vertical o [Sek). Cavity
thicknesses (from bottom to top) are: 1080 nm, 1500 nm, 1665 nm, 1900 nm, 2100 nm, 2500 nm.
b) Reflectivity spectra of a cavity fully filled with hBN as a function of the cavity thickness Lcay
and obtained with transfer-matrix simulations (same results as in Fig. 7.3f). Red and yellow
symbols show the spectral position of the experimental reflectivity dips extracted from panel (a).
The shadowed area highlights the Reststrahlen band.

coincides with the frequency of the in-plane TO phonon, wtgo, according to transfer-
matrix simulations of the bare cavity.

First, it was verified that the hBN flakes in both samples exhibit a sharp phonon
line at wto = 1364 cm ™1, by measuring the reflection spectra prior to the fabrication
of the top mirror (Figs. 7.8a and d). Additional to the narrow phonon lines, we
observe broader dips, which indicate that the stacks act as detuned open cavities of
a low quality factor. By closing the cavities (i.e. fabricating the top gold mirror),
we clearly see a splitting of the reflection dip at the TO phonon frequency into two
dips that are shifted to a lower and a higher frequency, w® and wil ), respectively
(Figs. 7.8b and e). Transfer-matrix calculations match well the experimental
reflection spectra (Figs. 7.8c and f) upon slight modification of the nominal values
of the cavity parameter (see caption of Fig. 7.8). The need for such modification
is attributed to uncertainties in the thickness and permittivity measurements.
Further, the agreement between theory and experiments is also observed in the
values of the splitting between reflectivity dips associated to polaritonic modes,
because in experiments we observe splittings of 76 cm™* and 215 cm™?! for 10 nm-
and 100 nm-thick hBN layers, respectively, while the corresponding theoretical
values are 68 cm ™! and 213 cm™!. From the analysis of Sec. 7.3, we know that the
double dip observed in experiments appears due to the strong coupling between the
cavity mode and the TO phonon. Further, since the cavity and phonon resonances

match reasonably well, i.e. Wy = wTo, wWe can estimate the coupling strength
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Figure 7.10: Reflectivity spectra calculated for cavities fully filled with hBN under focused
illumination. a-c) Comparison between the spectra of a cavity with thickness Lc,y = 1665 nm
obtained for normal incident light (black solid lines) and focused illumination (red dashed lines).
(b) and (c) correspond to zooms of di[erent regions of the spectra in (a). d) Reflectivity spectra
under focused illumination as a function of the total cavity thickness L., and frequency w of the
incident light. Dots are a guide to the peak positions in the region near the anticrossing that
occurs due to the coupling of the cavity mode of order 1 and the out-of-plane phonons. The
green shadowed area in (c) and (d) represents the Reststrahlen band of the out-of-plane phonon,
limited by frequencies wro | and wro,| -

rfé?a)u is the &-dependent reflection coefficient of the full system for a s(p)-polarized

planewave, which is discussed thoroughly in Sec. 1.1.1. The upper limit of the
integral is given by the numerical aperture of the microscope used to focus light,
NA = sinfmax- In the experiments performed in this work, the corresponding
value is NA = 0.4, and thus, max = 23.5°. Furthermore, we set Omin = 10° for
the lower bound of the integral, because the microscope used in the experiments
obstructs the propagation of the central part of the light incoming to the focusing
lens, which eliminates the contribution from the small-angle components.

We have verified that, for cavities embedding a 10 nm layer of hBN, the
results of the transfer-matrix simulations using focused illumination are nearly
identical compared to the spectra for normal incidence. Crucially, light travels at
considerably smaller angles inside this cavity than in free space, due to the high
permittivity of MoS2, emos2, which fills most of the cavity for such a thin hBN
layer. In particular, the angles inside MoS, range from 2.6° to 5.9°, and thus the
difference with the case of normal incidence is very small.

We next consider a fully filled hBN cavity of thickness L¢ay = 1665 nm (whose
first cavity mode is resonant with the TO phonon frequency) and show in Fig.
7.10a~c the reflectivity spectra under focused (red dashed line) and normal-incidence
illumination (black solid line), both calculated by transfer-matrix simulations. The
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Chapter 7. Microcavity phonon polaritons

Figure 7.12: Polariton dispersions. a) Measured (black symbols) and calculated (black curves)
phonon polariton dispersion obtained from hBN layers that fully fill the cavity. Green curves
show the bulk phonon polariton dispersion of hBN. Red dashed lines indicate the light lines

— ck — ck — - - _
w(k) = m and w(k) = N where e(w = 0) = 6.29 and epN,oc = 4.52 are the low

and high-frequency permittivities of hBN. The Reststrahlen band of bulk hBN is marked by the
purple area. b) Calculated (black curves) phonon polariton dispersion obtained from cavities that
are filled with a 10 nm thick hBN layer. c) Calculated (black curves) polariton dispersion obtained
for cavities that are fully filled with molecules exhibiting a C=0 vibration. Green curves show the
bulk polariton dispersion of the filling material. d) Dispersion for a 10 nm thick molecular layer
embedded in the cavity. e) Calculated (black curves) polariton dispersion obtained for cavities
fully filled with hypothetical molecules exhibiting a vibration of arbitrarily reduced oscillator
strength. Green curves show the dispersion of the filling material. f) Dispersion for a 10 nm thick
hypothetical molecular layer of arbitrarily reduced coupling strength embedded in the cavity.
Schematics illustrate the cross section of the cavities.

7.5 Dispersion relation of microcavity phonon
polaritons

After emphasizing the agreement between theory and experiments in the polaritonic
modes of the fully filled cavity (Fig. 7.9), we now use these data to establish a
connection between the dispersion relation w(k) of microcavity phonon polaritons
and inherent bulk properties of hBN, such as the dispersion of bulk phonon
polaritons and the bulk permittivity. To obtain the dispersion relation w(k) of
microcavity phonon polaritons, we extract the wavevector k from the reflectivity
spectra according to [Eq. (1.11)]

(7.22)
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assuming perfect metal mirrors and where Lcay, is the cavity length at which
the cavity eigenmode of order j and frequency w is found. In Figs. 7.12a and
b, we compare w(k) for the cavity that is fully filled with hBN (obtained from
Fig. 7.3f) and the cavity embedding a 10 nm thick hBN layer (obtained from
Fig. 7.3b), respectively (calculations are shown by black curves and experimental
values by black symbols). Note that for the fully filled cavity, the hybrid modes
resulting from the coupling with all cavity modes j were considered, whereas for
the cavity filled with 10 nm of hBN we considered only the first mode (j = 1). Both
dispersions feature anticrossing, separating into a lower and upper microcavity
phonon polariton branch, with large Rabi splitting amounting to Qr = 856 cm ™!
and Qr = 63 cm™?, respectively.

To appreciate the dramatic coupling strengths between infrared microcavity
modes and phonons with respect to typical molecular vibrations [259], we show
in Figs. 7.12c and d the calculated polariton dispersions obtained (analogous to
Figs. 7.3b and f) for cavities embedding molecules that possess C=0 vibrations.
Specifically, we consider the ensemble of C=O0O oscillators of PMMA, whose
electromagnetic response is described as specified in Sec. 7.2. Clear anticrossing
can be observed for the cavity fully filled with PMMA (Fig. 7.12¢), but the Rabi
splitting Qr = 159 cm ™! is more than five times smaller than that of the cavity
fully filled with hBN. For the cavity filled with a 10 nm thick PMMA layer, we
do not find anticrossing (Fig. 7.12d), revealing that the system is in the weak
coupling regime, in contrast to the strong coupling regime achieved with a 10 nm
thick hBN layer (Fig. 7.12b). We note that the C=0 vibrations are rather strong
and that many molecular vibrations can be much weaker. To demonstrate the
coupling between microcavity modes and weak molecular oscillators by way of an
example, we reduce the oscillator strength in the permittivity model of PMMA
by a factor of 100 and recalculate the dispersions. In both the partially and fully
filled cavity we do not observe anticrossing (Figs. 7.12e and f), highlighting that
for weak molecular oscillators strong coupling cannot be achieved by placing them
into a microcavity.

We now compare the dispersions of the material in the fully filled cavities with
the bulk polariton dispersion of the same material, w(k) = % [Eq. (1.26)],
where £(w) is the permittivity of the filling material (green solid lines in Figs.
7.12a, c and e). Interestingly, we find that the polariton dispersion obtained from
fully filled cavities is identical to that of the bulk phonon polariton dispersion of
the filling material, independent of whether phonon or molecule oscillators (weak
or strong) are embedded into the cavity. The maximum splitting is determined
exclusively by the material properties as clearly shown by the analytical expression
of g in Eq. (7.19) and is also highlighted in Refs. [258,297,305]. These results
show that the maximum coupling strength between a cavity mode and a dipolar
excitation is governed by that of photons and bulk, implying that fully filling a
resonant cavity with a specific material does not enhance the coupling strength
between light and matter. The cavity merely enforces the strongly coupled state by
selecting the corresponding wavevector. Importantly, strong coupling in a cavity
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typical molecular vibrational strong coupling in fully filled cavities, the coupling
strength is about five times larger due to the high oscillator strength of crystal
phonons. Notably, we have shown that for Fabry-Pérot microcavities, the coupling
strength between the cavity modes and the vibrations depends on the amount of
material inside the cavity, but the maximum coupling strength achievable is solely
determined by the oscillator strength of the material. Following the analysis of this
chapter, by using van der Waals materials with even larger oscillator strength than
hBN, the deep strong coupling regime may be reached [309-311].
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CONCLUSIONS AND OUTLOOK

This thesis addresses the importance of quantum descriptions in nanophotonic
systems. To achieve this goal, three primary areas of study have been chosen: i)
how quantum calculations based on the framework of condensed matter theory
lead to an accurate first-principles description of plasmonic excitations in metals by
considering their electronic structure; ii) how a complete solution of the Schrodinger
equation in tunneling junctions allows for a more accurate calculation of the light
emitted by the system; and iii) how equivalences can be established between models
based on cavity quantum electrodynamics (QED) and on classical coupled harmonic
oscillators that are used to describe the strong and ultrastrong coupling between
cavity modes and matter excitations. We summarize in the following the main
findings obtained throughout this thesis.

First-principles description of plasmonic excitations in metallic
systems (Chapters 3 and 4)

e We employ Time Dependent Density Functional Theory (TDDFT) to
investigate the properties of plasmonic excitations on the Pd(110) surface.
Our analysis focuses on calculating the surface loss function, which reveals a
dominant peak corresponding to the surface plasmon. The frequency of the
surface plasmon in the classical limit of small wavevectors aligns with existing
experimental data. Nevertheless, we observe a weak positive dispersion in
the study of non-local optical response when the associated wavevectors
are of the order of 1 nm™2, contrary to the previously reported negative
dispersion observed in experiments on this surface. Further, we report that
this system displays bulk and surface electronic states with distinct Fermi
velocities. However, although previous studies have suggested that metallic
surfaces with such electronic states can support acoustic plasmons, we do
not identify any acoustic excitation with linear dispersion for the Pd(110)
surface. This finding indicates that the mere existence of bulk and surface
states close to the Fermi level is insufficient to generate acoustic plasmons.
Instead, a consideration of the complete band structure is essential to identify
all excitations of a metallic surface.

o We investigate the plasmonic excitations in anisotropic two-dimensional (2D)
electron gases with band structure of triangular, square, and hexagonal
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shapes. With this aim, we calculate the loss function in these systems. For all
geometries, we observe a plasmon characterized by a dispersion proportional
to the square root of the wavevector. This excitation is also present in
isotropic 2D metals. However, we discover an additional, acoustic plasmon
with linear dispersion that does not exist in the isotropic case. The number of
these acoustic plasmons varies depending on the shape of the band structure
of the material. Triangular and square-shaped systems exhibit a single
acoustic plasmon, while the hexagonal system displays two such excitations
with reduced lifetime compared to those corresponding to the other two
geometries. The number of plasmons is related to the number of groups
of electrons with the same Fermi velocity in each system. Previously, the
presence of acoustic plasmons was predominantly observed in systems with
distinct types of electronic states. Our findings thus suggest that anisotropy
serves as an additional mechanism for the emergence of acoustic plasmons,
even in materials characterized by a single electronic band.

Light emission from tunneling junctions (Chapter 5)

e We develop theoretical approaches to model the light emission that results
from the excitation of surface plasmon polaritons (SPP) in tunneling junctions.
Specifically, we revisit two methods commonly employed in the literature to
evaluate the SPP excitation rate, consisting in calculations within Fermi’s
golden rule and in the calculation of the power radiated by fluctuating
currents. We establish the relationship between these two methods, which
reveals that they provide equivalent results. Moreover, we show that the
accurate calculation of the SPP excitation rate requires the use of appropriate
wavefunctions for the tunneling electrons, obtained from the solution of the
Schrédinger equation of the entire device by considering both the insulator
gap and metallic electrodes. We call this approach the quantum device
solution (QDS). The QDS is an improvement of the widely utilized Bardeen’s
approximation that considers the wavefunctions just in the insulator gap
region. We find that the QDS predicts a significantly larger excitation rate
for the fast SPPs localized at interfaces several nanometers away from the
gap, in comparison to the result obtained within Bardeen’s approximation.
Further, the QDS provides additional qualitative insights into light emission
compared to Bardeen’s approximation. In particular, the QDS shows strong
correlations in the tunneling current between opposite metals, which Bardeen’s
approximation fails to capture. These strong correlations can be interpreted as
an electron-hole pair that recombines in the gap and that gives an additional
contribution to light emission that Bardeen’s approximation does not consider.
In general, this analysis extends the current framework of light emission from
tunneling junctions.

Coupling between cavity modes and matter excitations (Chapters 6
and 7)
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e We perform a comprehensive study of cavity-QED models and classical
coupled harmonic oscillator models that describe light-matter interaction in
the ultrastrong coupling regime. By deriving these two types of models from
the Lagrangian of electromagnetic fields, we establish the connections between
them and show that the same eigenvalue spectra and values of experimentally
measurable observables can be obtained classically and quantum mechanically,
but that care is required when defining the models. In particular, we focus
on two main classical models and two cavity-QED Hamiltonians. The first
classical model is the spring coupling (SpC) model, which mathematically
corresponds to two coupled mechanical springs. We demonstrate that this
model accurately represents longitudinal Coulomb interactions (for example,
the coupling between a molecule and a plasmonic nanoparticle within the
quasistatic approximation) and that it reproduces the behavior described with
a cavity-QED Hamiltonian that does not include a diamagnetic term. The
second model that we investigate is the modified coupling (MC) model, where
the coupling term is proportional to the time derivatives of the oscillator
amplitudes. This model is shown to be appropriate to analyze the coupling of
matter excitations with transverse electromagnetic modes in dielectric cavities
and is equivalent to the cavity-QED Hamiltonian with the diamagnetic term.

o We study the coupling between optical phonons and Fabry-Pérot cavity
modes within cavities filled with layers of hexagonal boron nitride (hBN).
We demonstrate that the strong coupling regime can be achieved even with a
hBN layer only 3 nm thick and that the coupling strength increases rapidly as
the hBN layers become thicker. The ultrastrong coupling regime is obtained
with a hBN layer of approximately 150 nm thickness, and for fully filled
cavities the coupling strength is more than 30% the bare phonon frequency. A
numerical study of the coupling strength based on transfer-matrix simulations
is supplemented by a microscopic model that leads to an analytical expression.
Notably, this analytical model emphasizes that in fully filled cavities the
coupling strength is solely determined by the bulk properties of the material,
rather than by the cavity properties. As a consequence, a coupling strength
larger than that determined by the bulk properties of the material cannot be
obtained in Fabry-Pérot cavities. Further, we demonstrate that the dispersion
of the hybrid modes that emerge due to the phonon-photon ultrastrong
coupling in fully filled cavities is directly related to the bulk permittivity
and the bulk phonon polariton dispersion of hBN. These findings indicate
that microcavities filled with polar materials are a promising platform for
studying the influence of strong and ultrastrong light-matter coupling on the
properties of polar materials.

The findings presented in this thesis also raise new questions for future research.
For instance, an immediate question raised by the results of Chapter 3 is the origin
of the discrepancy between the theoretical and experimental dispersions of the
surface plasmon on the Pd(110) surface. Answering this question would require
future work from both a theoretical and an experimental perspective. Regarding
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the theoretical description, we note that our treatment has not fully captured the
accurate dynamics of the electrons that excite the surface plasmon. Instead, the
results have been evaluated with a simpler description based on the surface loss
function. Additionally, while our investigations of Chapter 4 have revealed that
anisotropy in the band structure serves as a mechanism for the emergence of acoustic
plasmons, the calculations in this thesis have utilized idealized band structures.
Thus, it would be intriguing to explore whether our findings are confirmed in
realistic metals, after performing calculations with more rigorous approaches such
as TDDFT.

In addition, Chapter 5 has emphasized the significance of considering the QDS
to accurately describe light emission from tunneling junctions. However, we have
limited this study to the specific case of planar junctions. Thus, future work can
generalize the QDS to other systems, such as gratings or nanoantennas that include
narrow junctions. Furthermore, our model for describing tunneling electrons could
be further improved. The metallic layers in our calculations possess finite thickness,
which is considered in the calculation of the electric field distribution of the SPPs
but not in the calculation of the electronic wavefunctions of the QDS. Future
work may investigate how to implement more appropriate boundary conditions to
the Schrédinger equation to obtain more accurate wavefunctions within the QDS
approach.

Last, regarding the chapters exploring ultrastrong coupling between cavity
modes and matter excitations, a first open question is how losses can be rigorously
incorporated in classical coupled harmonic oscillator models in an equivalent manner
as in cavity-QED models. Although the implementation of losses in classical and
cavity-QED models is well understood in the strong coupling regime, it has been
recently shown that the usual method to consider losses in cavity QED (based
on Lindblad operators) fails in the ultrastrong coupling regime. As a result, a
more rigorous procedure to consider losses in the cavity-QED approach has been
adopted, which uses generalized master equations. Future work could shed light on
the implications, if any, of these improvements on the classical approach. Another
noteworthy question relates to the study of ultrastrong coupling in microcavities
filled with polar materials, as presented in Chapter 7. In particular, according
to previous studies, strong coupling with electromagnetic modes can alter the
chemical reactivity of molecules introduced inside a cavity. Future work could find
whether modifications of other physical properties can occur in the case of polar
materials coupled to a cavity. Further, we have found that the maximum coupling
strength in the cavity is not larger than the intrinsic coupling strength in a bulk
material, which emphasizes the interest of exploring reasons of the modification
of the physical and chemical properties that go beyond the value of the coupling
strength.

In conclusion, we hope that this thesis contributes to improving the
understanding of a large variety of quantum effects in nanophotonics.
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Appendix A

Origin of the strong current
correlations at opposite metals in
tunneling junctions

In Fig. 5.3b, we plot the cross-spectral density Sj_j. (2, z'j,w(,zﬁ) associated with the

spatial correlations of the current density due to electrons tunneling through
a narrow gap (for r—= r% This calculation is performed by introducing
the wavefunctions of the quantum device solution (QDS) in the definition of
Sj.j. (z, ZD,w,(zl?) from Eq. (5.26) and then solving the integral numerically over
the wavevectors K. and Kr (corresponding to electronic states of the metals in
the left and the right, respectively). We discussed that the electronic currents
are strongly corrqlateq for z = z9but also for points satisfying the condition
2= Lgap = —2 EFR;}:EVB
analytically the origin of the latter strong correlations.

The cross-spectral density S j. (2, ZD,w,(z;) depends on the expression for the

at opposite metals. In this appendix, we analyse

current density j__ r associated to each particular transition [Eq. (5.13)]. We
consider the QDS and thus use Eq. (5.1) for the wavefunction ¥ (r) of the initial
state for an electron that tunnels from the left metal, and Eq. (5.2) for the
wavefunction Wr(r) of the final state associated with an electron tunneling from
the right metal. The final state Ur(r) has a lower energy than the initial state
U (r). By introducing their corresponding expression in Eq. (5.13), we obtain the
following expressions for the z component of the current density:

e For 2 <0,

i~e 1 ik L i(k+L+k’L)z-(k+ )
= — z gap e z z 7 _—
2me EZS R zL zL

—rLe_i(kjL_k;L)zi(k;_ + k)

JzL-R(2)
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Appendix C. Transformation from individual to collective oscillators

discrete set of Kby assuming that the cavity has a long but finite size in the
lateral dimensions and using Born-von Karman periodic boundary conditions for
Eq. (C.1)]. We further assume that the direction of the transition dipole moments
of the molecules is the same as that of the electric field of the mode (parallel to the
mirror planes). As a consequence, the coupling strength between each molecule
placed in the position rj = (rm@d the nkFabry-Pérot mode is calculated

with the expression gi?ck”'i) =1 sz‘{‘/“;EnkH (ri) [Eq. (6.17)]. By introducing the

field distribution of Eq. (C.1) in the expression of the coupling strength explicitly,
the equations of motion of the system [Eq. (6.42)] become

L1 [

mat . nmzi —iky-r;
sin. —— e Il =0, (C.2a)
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mat sin i €|k' e

. 2 .
Tmat,i T WmatTmat,i + Leav,n’k’,
Lk coVer Lcay
@i.J)
+ 2WmatYspc’ Tmat,j = 0. (C.Qb)
jEi

In Eq. (C.2a), we already observe that the oscillator Teav,nk of the nk—gavity
mode is coupled to a collective matter operator. By defining the collective oscillator
of the nk—natter mode as

) —1 1
e . NTZj
Tmat,nk, = e "KITl sin > Tmati, (C.3)
Ne 1 i cav
Equation (C.2a) becomes
) ) L1
Lcav,nk + Wcav,nkH ZLcav,nk; — Ne CdicTmat,nk; = 0. (0-4)
1
where Gyc = % ez‘(‘/a; is the maximum achievable coupling strength in this system
between a single molecule and a cavity mo molecules placed in the antinodes
of the mode. As discussed below, Ner== |E,-,k‘| (ri)|? is the effective number of

molecules that couple with the cavity mode, whose exact relation with the total
number of molecules Nmat depends on the system and the spatial distribution of the
modes. Further, we observe in Eq. (C.4) that the coupling strgngth between the
cavity mode and the collective oscillator mode increases as guo Ner—1This scaling
of the coupling strength [together with the scaling as 1/ Ner—of the collective
oscillator in Eq. (C.3)] is the same as in the quantum Dicke model [285], showing
that the classical oscillator models are consistent with descriptions based on cavity
QED.

The next step is to transform Eq. (C.2b), which requires considering Nmat
equations simultaneously, one per molecule at position rj. To do the transformation,
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