
http://www.ehu.es/p200-shenhm/en/
http://www.ehu.es/p200-shenhm/en/










Acknowledgments

3 Helicity and random media 69

3.1 Operators, symmetries and transformations . . . . . . . . . . . . . . . . . 70

3.1.1 Complete set of commuting operators . . . . . . . . . . . . . . . . 71

3.1.2 Operators and symmetries . . . . . . . . . . . . . . . . . . . . . . . 71

3.1.3 Fields and modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.2 Helicity preservation in an inhomogeneous medium . . . . . . . . . . . . . 77

3.2.1 Macroscopic approach . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2.2 Microscopic approach . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4 Quantum plasmonics 95

4.1 Brief introduction to open quantum systems . . . . . . . . . . . . . . . . . 96

4.1.1 Von Neumann equation . . . . . . . . . . . . . . . . . . . . . . . . 96

4.1.2 Open quantum system . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.1.3 Designing the open quantum system - case study . . . . . . . . . . 100

4.2 Raman scattering from molecules in plasmonic cavities . . . . . . . . . . . 103

4.2.1 Quantization of excitations . . . . . . . . . . . . . . . . . . . . . . 104

4.2.2 Cavity-vibrations interaction Hamiltonian . . . . . . . . . . . . . . 108

4.2.3 Master equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.2.4 Numerical solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.2.5 Linearized Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . 115

4.2.6 Breakdown of the linearization . . . . . . . . . . . . . . . . . . . . 117

4.2.7 Dependence on the laser detuning � . . . . . . . . . . . . . . . . . 118

4.2.8 Correlations of the emitted light . . . . . . . . . . . . . . . . . . . 120

4.3 Optomechanical cavities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

Final remarks and outlook 127

A Mie theory 129

A.1 Vector spherical harmonics . . . . . . . . . . . . . . . . . . . . . . . . . . 129

A.2 Scattering of a planewave . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

A.3 Scattering of radiation of a dipolar emitter . . . . . . . . . . . . . . . . . 134

A.3.1 Electric dipolar emitter . . . . . . . . . . . . . . . . . . . . . . . . 134

A.3.2 Magnetic dipolar emitter . . . . . . . . . . . . . . . . . . . . . . . 136

B Linearization of the optomechanical Hamiltonian 139

B.1 Analytical treatment of the system . . . . . . . . . . . . . . . . . . . . . . 139

B.1.1 Quantum Langevin equations of the original Hamiltonian . . . . . 140

B.1.2 Analytical solution to the linearized Hamiltonian . . . . . . . . . . 140

B.1.3 Steady state of the linearized Hamiltonian . . . . . . . . . . . . . . 141

B.1.4 Quantum regression theorem . . . . . . . . . . . . . . . . . . . . . 143

B.1.5 Phonon population . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

B.1.6 Quartic dependence of Stokes intensity on the enhancement of the
incident �eld . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

vi













Resumen

localizados en su proximidad. Se demuestra que estos sistemas pueden alcanzar presta-

ciones similares a las de sus an�alogos plasm�onicos, mediante el acoplo de los emisores

con canales de decaimiento puramente radiativos, lo que permite mantener o incluso au-

mentar su e�ciencia cu�antica intr��nseca. Adem�as de analizar las cotas del rendimiento

que se puede alcanzar en las antenas diel�ectricas, se propone una descripci�on simpli�-

cada del aumento de la tasa de emisi�on espont�anea, mediante un modelo que describe

la interacci�on entre el emisor dipolar y la excitaci�on dipolar de la part��cula diel�ectrica.

Esto puede hacerse gracias a la gran separaci�on espectral entre los modos dipolares y

los de orden superior que presentan las estructuras diel�ectricas.

El modelo de interacci�on dipolo-dipolo puede extenderse para analizar la respuesta de

una estructura de tipo d��mero formada por dos part��culas diel�ectricas, caracterizadas

por una polarizabilidad el�ectrica y magn�etica arbitrarias. Se analiza en detalle la hib-

ridizaci�on de los modos dipolares de las part��culas individuales, y c�omo esta hibridazi�on

da lugar a modos de tipo d��mero que pueden ser clasi�cados de acuerdo a la simetr��a

que presentan. Es especialmente rese~nable que la energ��a de estos modos de tipo d��mero

no se debe �unicamente a la interacci�on entre pares homog�eneos (el�ectrico-el�ectrico y

magn�etico-magn�etico) de los modos dipolares de las particulas individuales, sino que es

tambi�en necesario considerar la interacci�on electromagn�etica entre pares heterog�eneos de

dipolos (el�ectrico-magn�etico). Este estudio anal��tico se compara con c�alculos num�ericos,

lo que nos permite incorporar las modi�caciones espectrales debidas a la forma y la

estructura de las nanopart��culas. Los resultados te�oricos que explican las complejas hi-

bridaciones de los modos diel�ectricos se han con�rmado experimentalmente gracias a la

caracterizaci�on �optica de las estructuras de d��meros desarrolladas en colaboraci�on con

el Laser Zentrum Hannover e.V.

En el �ultimo apartado del Cap��tulo 2 analizamos las prestaciones de los d��meros diel�ectricos

como antenas que intensi�can la emisi�on de emisores individuales el�ectricos o magn�eticos

situados en la cavidad formada en el centro del d��mero. Encontramos que los modos de

esta estructura de d��mero pueden inducir un considerable aumento de la tasa de emisi�on

espont�anea de los emisores dipolares, fundamentalmente debido al acoplo con modos

radiativos, manteniendo al mismo tiempo las altas e�ciencias cu�anticas incluso cuando

se incluyen las p�erdidas intr��nsecas del silicio. Estos resultados permiten concluir que

los sistemas diel�ectricos de dimensiones sub-microm�etricas pueden ser utilizados como

elementos viables de una familia alternativa de antenas nanom�etricas y metamateriales.

Al derivar las expresiones que describen la intensi�caci�on de la tasa de decaimiento de
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los emisores dipolares acoplados a nanopart��culas diel�ectricas en el cap��tulo 2, se uti-

liza una metodolog��a sencilla: se expande el campo el�ectrico originado por un emisor

dipolar el�ectrico en una serie de arm�onicos esf�ericos vectoriales, y �estos son transforma-

dos, remplazando los campos el�ectricos por campos magn�eticos y, simult�aneamente, el

emisor el�ectrico por un emisor magn�etico (detalles indicados en el Ap�endice A). Esta

trasformaci�on es un caso espec���co de la transformaci�on dual m�as general, que mezcla

las componentes el�ectricas y magn�eticas del campo electromagn�etico a medida que �este

se propaga en un medio homog�eneo. Sin embargo, tal y como se discute en el Cap��tulo

3, esta transformaci�on tambi�en se puede aplicar a los campos electromagn�eticos en un

medio inhomog�eneo. Podemos diferenciar dos casos en la aplicaci�on de esta trasnfor-

maci�on. El primero, el caso macrosc�opico, requiere un medio homog�eneo a trozos que

presente la misma relaci�on entre la permitividad y la permeabilidad en todo el sistema.

El caso microsc�opico, en cambio, concierne a con�guraciones aleatorias de part��culas dis-

persivas duales, es decir, part��culas con id�entica polarizabilidad magn�etica y el�ectrica.

En esta tesis, analizamos este segundo caso en detalle, y demostramos la validez de

la transformada dual para un campo que se propaga en una distribuci�on de part��culas

duales de silicio con dimensiones submicrom�etricas.

La transformaci�on dual puede ser formulada utilizando su generador, el operador de

helicidad. De manera m�as espec���ca, si el sistema dual es iluminado con luz de helicidad

bien de�nida (es decir, si el campo incidente puede ser descompuesto en una serie de

ondas planas polarizadas circularmente de quiralidad �ja), en este caso la luz dispersada

preserva su helicidad y, por tanto, tambi�en la quiralidad de la ondas planas polarizadas

circularmente que constituyen el campo dispersado. Es efecto puede constituir una nueva

herramienta para la caracterizaci�on de medios aleatorios.

Por �ultimo, en el Cap��tulo 4 se considera el efecto de dispersi�on Raman no-resonante en

mol�eculas situadas en cavidades plasm�onicas. La motivaci�on de este estudio viene dada

por una serie de resultados e implementaciones recientes de este tipo de experimentos,

que han sido posibles como consecuencia de un mejor dise~no de los substratos y soportes

para la realizaci�on de medidas de Dispersi�on Raman Aumentada por Super�cie (SERS

por su acr�onimo en ingl�es). Algunos de los resultados obtenidos con esta t�ecnica de SERS

no pueden ser descritos mediante un tratamiento cl�asico del aumento de los campos

electromagn�eticos dentro de las cavidades plasm�onicas [40{42], y requieren el desarrollo

de una descripci�on cu�antica de los campos electromagn�eticos .

En este cap��tulo presentamos un modelo m�as fundamental de la interacci�on no linear

entre los cuantos de excitaci�on de la cavidad plasm�onica y la estructura vibracional de
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Introduction

At the very heart of this thesis, lies an e�ort to propose new e�ects related to the inter-

action of light with matter and to provide better explanations to a variety of reported

phenomena. The challenge we undertake is not a new one, as one could hardly imag-

ine a time in history where the very notion of light or the perception of colors, would

not trouble curious minds. Luckily, unlike the �rst discoverers, we are equipped with

an advanced mathematical framework, the cornerstone of modern science, the scienti�c

method, as well as with devices that allow us to see not only objects too small to be

observed with the sharpest sight, but even smaller than the wavelength of visible light.

And yet, despite all the sophistication of the available tools, we are still, just like the

pioneers of science, awed by the great show of bright coloring of the feathers of birds

[1], the iridescence of beetles’ shells [2] and vivid colors demonstrated by some species

of monkeys and opossums [3] (see Fig. 1). All these, and many other optical phenomena

occur because, through evolution, Nature has equipped birds, butter
ies, beetles and,

somewhat surprisingly, certain mammals, with mechanisms to assemble subwavelength

particles into complex, photonics structures.

Therefore, in an e�ort to understand and mimic Nature’s inventions, scientists have been

studying building blocks of such systems, and uncovered the fascinating properties of

metallic and dielectric nanosystems that allow them to localize light [4{7], mold its 
ow

[8{13] and tune its interaction with another toy of Nature, molecules [14{18]. Following

their e�orts, in the four chapters of this thesis we present four stepping stones, set up

to facilitate our progress towards an understanding and control over light.

The �rst chapter of this thesis describes nanosystems designed to focus light through the

excitations of localized surface plasmon resonances (LSPRs), a phenomenon in which the

electric component of incident illumination induces coherent oscillations of conduction
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Chapter 1. Spectral characteristics of plasmonic nanoparticles

(~!SPP = ~!p=
p

10:5 � 2:8 eV in this model). Interestingly, the dispersion depicted

with the orange dashed line appears to have two branches, one laying outside of the

light cone, denoting the SPPs and bounded in energy by the surface plasmon frequency,

and a high-energy one, found inside the light cone. The latter branch describes the

bulk plasmons (although we should keep in mind that, as can be easily shown from

Eq. (1.1) and the following discussion, for ! > !p=
p
"1 the dielectric function becomes

predominantly real and positive and the plasmonic nature of the excitations is lost).

Finally, with the dot-dashed lines we denote the SPP dispersion calculated with the use

of the dielectric function from the literature [54] which accounts for interband transi-

tions and thus yields a signi�cantly broader spectrum of the imaginary part of kSPP

(Im(kSPP)). This di�erence between the Drude-Sommerfeld model and the realistic di-

electric function, which for gold becomes striking in the most interesting spectral region

near the surface plasmon frequency, will be the focus of this chapter.

1.1.2 Localized Surface Plasmons

The coupling between the electromagnetic �eld and the collective oscillations of the elec-

tron gas can be of course induced also in �nite systems, which do not exhibit translational

invariance. The �rst example of such localized surface plasmon resonances (LSPRs), is

provided by considering the scattering of light by a small metallic sphere of radius a and

the dielectric function "m, embedded in a homogeneous dielectric medium ("1) and illu-

minated by a monochromatic planewave with frequency ! and wavenumber k = !=c
p
"1.

Similarly as in the previous section, we will indirectly investigate the onset of LSPRs

by identifying resonant features in the mathematical formulas governing their scattering

and absorption properties. In this case, we consider the respective cross-sections of the

sphere which, in the quasi-static limit (denoted by superscript qs), ka� 1, are given by

�qs
sca(!) =

k4

6�
j�qs(!)j2; (1.12a)

�qs
abs(!) = kIm[�qs(!)]: (1.12b)

The dipolar polarizability of the sphere �qs is de�ned as

�qs(!) = 4�a3 "m(!)� "1

"m(!) + 2"1
: (1.13)
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Chapter 1. Spectral characteristics of plasmonic nanoparticles

1.3 Summary

In conclusion, building on a well-established theory of MWLWA, we have designed a

simple model of dipolar plasmon resonances which accurately predicts the position and

the relative shifts of the scattering and absorption spectra of metallic nanoparticles. Our

model addresses the most appealing, yet di�cult regime where the interband transitions

break down the description based on the simple Drude model, and additionally predicts

the onset of non-exponential dynamics of the plasmon excitations in particles resonant

in the visible range. The detailed studies of the time dependence of the decay of the

plasmon excitation is particularly interesting in light of the recent experiments on gen-

eration and coherent manipulation of plasmons with few-femtosecond pulses [88, 89].

We explore this e�ect to identify the transition to the exponential decay regime and

investigate the relationship between the plasmon decay rate and the widths of di�erent

spectral pro�les.
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Chapter 2. Dielectric nanoantennas

With the bene�t of hindsight, one could ask the following questions: can we trade away

some of the radiation suppression o�ered by the WGMs and focus on lower order modes

of attainable sub-micron nanoparticles? How would such scatterers perform as antennas

for redirecting, absorbing or localizing incident light? Finally, how would they couple

with nearby emitters?

These questions were prompted a few years ago in two independent studies reported by

Aitzol Garc��a-Etxarri et al. [35] and Andrey B. Evlyukhin et al. [36]. Their calcula-

tions of the near-IR light scattering by sub-micron silicon spheres showed that dielectric

nanoparticles of high refractive index can e�ciently scatter light through dipolar geo-

metric resonances and, even more surprisingly, scatter it also through strong magnetic

excitations. This discovery led to a number of fascinating studies and designs which

make use of both the magnetic activity of dielectric scatterers [8, 10, 15, 95, 96] and

their low-loss properties [7, 97].

In this chapter, we discuss in details two of such concepts investigated during the course

of this doctoral study: the use of dielectric spherical nanoantennas as platforms for

enhancing the spontaneous decay rate of electric and magnetic dipolar emitters and the

hybridization of dipolar modes in pairs of such dielectric nanoparticles.

2.1 Mie theory

The process of light scattering on nanoparticles lies at the very center of classical nanoop-

tics. Its importance has assured a considerable attention in the last century, which in

turn provided numerous analytical, and - thanks to the rapid development of computa-

tional techniques - numerical tools to address this problem. One of the most fundamen-

tal, and possibly the most elegant analytical methods for describing the light scattering

process was proposed by Gustav Mie [70]. In Appendix A we outline the derivation and

some of the results obtained within the Mie theory of scattering of light by spherical

particles.

The elementary result of the Mie theory is the formulation of the closed, analytical for-

mulas for the scattering �sca and extinction �ext cross sections of a homogeneous sphere

of radius a and dielectric permittivity "2, immersed in a homogeneous lossless medium

with dielectric permittivity "1, as shown schematically in Fig. 2.1(a). If the particle is il-

luminated by a planewave with frequency ! and wavevector k0 = �kẑ = �!=c
p
"1(!)ẑ,

its cross sections are given by a weighted sum of the so-called Mie coe�cients an and bn,
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2.2 Single dielectric-particle nanoantennas

In Ref. [15] we provided a detailed comparison of the decay rate enhancement factors

with the case of a dipolar emitter coupled to a silver nanoparticle. We concluded that

the performance of silicon nano-antennas coupled to electric emitters matched that of

the plasmonic systems, and showed some improvements over their metallic counterparts

when applied to controlling the emission from magnetic emitters.

2.2.2 Dipole-dipole interaction

The electromagnetic coupling in the previous examples was often dominated by the

dipolar modes induced in the sphere. By limiting the sum in Eqs. (2.4c, 2.4d, 2.5c, 2.5d)

to the n = 1 terms and taking the explicit form of the spherical Hankel function h
(1)
1 ,

we obtain the following expressions for the enhancement of the decay rates within the

dipole-dipole approximation:

�?;etot

�0

�����
dip

= 1� 3

2�kz4
Im

�
�Ee

2ikz

�
1 +

2i

kz
� 1

(kz)2

��
; (2.6a)

�
jj;e
tot

�0

�����
dip

= 1 +
3k

8�z2
Im

�
�Ee

2ikz

�
1 +

2i

kz
� 3

(kz)2
� 2i

(kz)3
+

1

(kz)4

��
+

3k

8�z2
Im

�
�Me

2ikz

�
�1� 2i

kz
+

1

(kz)2

��
; (2.6b)

�?;mtot

�0

�����
dip

= 1� 3

2�kz4
Im

�
�Me

2ikz

�
1 +

2i

kz
� 1

(kz)2

��
; (2.6c)

�
jj;m
tot

�0

�����
dip

= 1 +
3k

8�z2
Im

�
�Me

2ikz

�
1 +

2i

kz
� 3

(kz)2
� 2i

(kz)3
+

1

(kz)4

��
+

3k

8�z2
Im

�
�Ee

2ikz

�
�1� 2i

kz
+

1

(kz)2

��
; (2.6d)

where the electric �E and the magnetic �M dipolar polarizabilities are associated with

the �rst order Mie coe�cients according to

�E = i
6�

k3
a1; �M = i

6�

k3
b1; (2.7)

respectively.
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Chapter 2. Dielectric nanoantennas

2.3.1.2 Dimer symmetry group D2h

Figure 2.10: Schematic representation of the irreducible representations of the D2h

dimer symmetry group and their coupling to the incident planewave. (a) Modes B3u

and B2g are directly excited by the incident TM-polarized light as they exhibit non-
vanishing total dipoles parallel to the respective components of the incident light. (b)
Similarly, modes B2u and B3g couple to the incident TE-polarized light. While the
remaining homogeneous modes shown in (c) do not directly couple to light in any of
those polarizations, the B1g and B1u can be excited indirectly due to the coupling
between the scatterers. (d) Schematic of the coherent homogeneous modes in which
the magnetic dipoles are induced in the "1" (left) or "2" (right) sphere by the incident

magnetic �eld H0. The magnetic Green’s function
$
GM then couples this dipole to the

perpendicular, electric dipole in the other sphere. The coherent sum of these two modes
can be rewritten as the coherent sum of two modes B1g and B2g.

In a slightly more pictorial manner, we can consider the modes of the dimer as irre-

ducible representations of the dimer symmetry group D2h. While this approach allows

for a detailed analysis of the symmetries of the modes, we will use it predominantly to

simplify the description presented above. For an interesting example of a more elaborate

analysis, we note the recent contributions in Refs. [107,109]. We have gathered these
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Chapter 2. Dielectric nanoantennas

Figure 2.16: Scattering of normally incident light with electric �eld perpendicular
to the axis of a dimer of silicon scatterers. (a) Energy-level diagram describing the
hybridization of electric (red arrows) and magnetic (green arrows) dipolar resonances
of single scatterers with the representations of the D2h symmetry group: B2u, B3g

and B1u. (b) Calculated scattering intensities of dimer structures (solid red line) for
separations of d = 320, 100, 50, and 5 nm (top to bottom) compared to the experimental
results (black line). The spectra are decomposed according to the hybridization scheme
of electric and magnetic modes: B2u (green dashed line), B1u (blue dashed line) and
B3g (orange dashed line). Scatterers are identical to those used in Fig. 2.15.

have been fabricated on a glass substrate by a laser printing method which has been

recently developed for Si nanoparticles with resonant optical responses.

For small interparticle distances the electric and magnetic dipolar modes of single scat-

terers hybridize and form homogeneous electric-electric, magnetic-magnetic, and more

complex heterogeneous electro-magnetic modes, following the hybridization scheme dis-

cussed herein. These �ndings are reproduced very accurately by numerical simulations,

which further allowed us to access information about the exact shape and composition

of the scatterers. We conclude that tunable and strongly interacting dielectric dimers

are a versatile tool for studying the coupling of light in dielectric nanostructures.
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Chapter 3. Helicity and random media

media, and (ii) the boundary conditions on the interface between 
1 and 
2:

n̂� (E1 �E2) = n̂� (H1 �H2) = 0; (3.28a)

n̂ � ("1E1 � "2E2) = n̂ � (�1H1 � �2H2) = 0; (3.28b)

where n̂ is a unitary vector normal to the boundary between two media. If we apply the

duality transformation to both sets of �elds in the two media

� ~E�
i

~H�
i

�
= D�

�
Ei

Hi

�
; (3.29)

we arrive at the obvious question whether these �elds ful�ll both Maxwell’s equations

and the boundary conditions.

In their work, Fernandez-Corbaton et al. [119] prove that these conditions are ful�lled

if and only if the ratios of the permittivities and permeabilities of each material are

identical:
"1

�1
=
"2

�2
: (3.30)

Importantly, this result, trivially expanded to a system comprising more homogeneous

media, holds independently of the geometric properties of the homogeneous domains 
i.

An important implication of this conclusion is that in the piecewise-homogeneous medium

ful�lling the generalized condition formulated in Eq. (3.30), the response of the system

(or, equivalently, Maxwell’s equations and the boundary conditions describing the sys-

tem) is invariant with respect to the dual transformation D�. Furthermore, since this

helicity is the generator of the dual transformation, the system preserves the helicity of

the �eld with which it interacts.

A convenient illustration of this e�ect is given in Fig. 3.1, where we plot the value of scalar

function introduced in Ref. [119] to locally measure the helicity of the electromagnetic

�eld

~�� = jE� ic�0Hj2 : (3.31)

For a helical �eld fE; Hg which follows the helicity eigenvalue equation (Eq. (3.27)) we

get

~�� = jEj2j1� 1j2: (3.32)

The system 
, shown in Fig. 3.1(c), comprises a two-dimensional homogeneous scatterer


1 with material properties: "1 = 2:25 and �1, immersed in vacuum 
2 ("2 = �2 = 1).
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3.2 Helicity preservation in an inhomogeneous medium

panels of Fig. 3.4. For neither of the wavelengths the intensity distribution exhibit a

clear scattering pattern, although in the case of dual spheres (Fig. 3.4(a)) we observe a

predominant scattering in the forward direction. This e�ect is related to the complete

suppression of the backward scattering we expect from a single dual scatterer [119].

On the other hand, the maps of the degree of helical polarization �(’; �) shown in the

bottom plots of right panels in Fig. 3.4 corroborate our analytical modeling, demon-

strating that the scattered light is fully circularly polarized for the dual sphere (Fig.

3.4(a)). In the case of non-dual scatterers (Fig. 3.4(b)), no such property is observed.

3.2.2.5 Scattering in a random medium

We can also extend our considerations to the random medium, modeled as a distribution

of dual scatterers, where each one preserves the helicity in every single scattering event.

By using again the coupled electric and magnetic dipole method [103{105], we illustrate

this conservation principle in Fig. 3.5, where we investigate the scattering of incident

helical light on a distribution of 80 nanoparticles positioned randomly in a cubic volume

of 60 �m edge length. Similarly as in Fig. 3.4, we consider two wavelengths of incident

light: (a) 1844 nm, at which the scatterers are dual, and (b) 1679 nm where they are not.

In the former case, the circular polarization degree � is constant and equal to 1 for any

scattering direction (right bottom panel in (a)), indicating the conservation of helicity in

the multiscattering process. For the non-dual scatterers, the polarization degree shown

in the bottom right panel in (b) does not exhibit preservation of helicity, and function

�(’; �) reveals a speckle pattern similar to that found in the intensity distribution I(’; �)

(top right panels).

It is worth noting that the intensity distribution for dual particles (top right panel

in Fig. 3.5(a)) presents a clear asymmetry between forward and backward scattering.

Due to the conservation of angular momentum and helicity, a complete suppression of

backscattering (at � = 0) is expected [119] for dual and axially symmetric samples. The

partial (statistically averaged) axial symmetry of the particle distribution explains the

observed results. Such an asymmetry is not observed for the non-dual medium (top

right panel in Fig. 3.5(b)).
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Chapter 3. Helicity and random media

Figure 3.5: Light scattering by a random medium. The incident helical (� = �1)
light of (a) 1844 nm or (b) 1679 nm wavelength scatters on an ensemble of 80 randomly
distributed (a) dual and (b) non-dual silicon spheres. The scatterers were randomly
distributed in a cubic box with edges of 60 �m length, centered on the axis of the
beam as shown to the left of the �gure. Panels on the right represent the di�erential
scattering cross-section I(’; �) (upper plots) and of the polarization degree �(’; �) for
each case.

3.2.2.6 Kerker conditions

As a side note, we would like to point out that studies of the relationship between the Mie

coe�cients, or material properties of the scatterers and the emergence of asymmetric

scattering can be traced back to the seminal paper by M. Kerker et al. [141], to whom

we owe two critical observations:

1. The �rst Kerker condition states that the backscattering from a spherical particle

can be completely suppressed if the permittivity and permeability of the particle’s

material are equal (" = �).
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Chapter 4. Quantum plasmonics

However, before we do that, let us rewrite Eq. (4.12) in its �nal, elegant form

d

dt
�S(t) = � i

~
[ĤS(t); �S(t)] + L[�S ]: (4.13)

The �rst term on the right-hand side describes the coherent evolution of the system,

while the second one, L[�S ], called the Lindblad-Kossakowski super-operator describes

the in
uence of the time-independent reservoir on the dynamics of the system. Its exact

form will depend on the interaction we describe in ĤSR, so that it can represent the

decay of the excitation from the system into the reservoir, the incoherent excitation of

the system by a thermal bath, or the dephasing of the system. Either way, we will be

referring to the system S, its coherent dynamics and the interaction with the reservoir

as the open quantum system.

4.1.3 Designing the open quantum system - case study

Let us consider a physical setup in which an atom, modeled as a 2-, 3- or 4-level system,

is placed in an unstructured (non-resonant) large environment (the energy transferred

from the atom to the environment does not signi�cantly a�ect the reservoir’s state)

modeled as a continuous bath of free-space photons. In this case, the choice of the

system and reservoir is rather natural, therefore we will consider the atom as the sole

element of the open quantum system, and the bath as the reservoir (see Fig. 4.1).

In the simplest case of a 2-level atom with the resonant frequency of the atomic transition

!at, the relevant Hamiltonian of the system is de�ned as

ĤS = Ĥatom = ~!at�̂z; (4.14a)

where �̂z is the Pauli matrix. The reservoir is modeled as a collection of free-space

photons with momenta k, the corresponding frequencies !k and governed by the bosonic

creation âyk and annihilation âk operators.

ĤR = ~
Z

k
!kâ

y
kâk (4.14b)

Furthermore, the system-environment interaction is described through a familiar Jaynes-

Cummings Hamiltonian

ĤSR = ~
Z

k
gkâk�̂+ + h.c.; (4.14c)
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4.2 Raman scattering from molecules in plasmonic cavities

Lindblad-Kossakowski operators (denoted by Lĉ[�S ], Lĉy [�S ], L�̂� [�S ] and L�̂+ [�S ] in

the schematic in Fig. 4.2) added to account for the interaction of the cavity and the

atom with the reservoir. If we choose to describe the state of the cavity, resonant at

frequency !c with bosonic operators, the Hamiltonian of the cavity should be given as

Ĥcavity = ~!cĉyĉ; (4.19)

and its coupling to the reservoir should be described by a proper term in the Hamiltonian

ĤSR;cavity = ~
Z

k
gckâkĉ

y + h.c.; (4.20)

with the coupling coe�cients gck. Therefore, we will �nally arrive at the master equation

d

dt
�S(t) = � i

~
[ĤS(t); �S(t)]

+i�at[�S ; �̂z] + i�c[�S ; â
yâ]

+



2
(N(!at) + 1)L�̂� [�S ] +




2
N(!at)L�̂+ [�S ]

+
�

2
(N(!c) + 1)Lâ[�S ] +

�

2
N(!c)Lây [�S ]: (4.21)

The new quantities related to the cavity-reservoir interaction: �c (Lamb shift arising

from the interaction of the cavity with the bath)

�c = P
Z 1
�1

d!
J(!)cN(!)

!c � !
+ P

Z 1
�1

d!
J(!)c
!c � !

(N(!) + 1); (4.22)

where Jc(!) =
R

k jg
c
kj2, as well as � = 2�Jc(!c), and � (decay of the cavity), are de�ned

in a similar way as �at and 
, respectively.

4.2 Raman scattering from molecules in plasmonic cavities

In this section, we apply the framework of open quantum systems to describe the co-

herent interaction between plasmons and molecular vibrations in typical con�gurations

of Surface Enhanced Raman Scattering (SERS). SERS is a spectroscopic technique in

which the inelastic scattering from a molecule is increased by placing it in a hotspot of

a plasmonic cavity, where the electric �elds associated with the incident and the scat-

tered photons are strongly enhanced (see the schematic in Fig. 4.3) [17]. The di�erence
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4.2 Raman scattering from molecules in plasmonic cavities

Figure 4.7: Dependence of the Raman scattering on the excitation power and temper-
ature. (a) Emission intensities of the Stokes (S(!S), blue lines, calculated at T = 300 K)
and anti-Stokes photons (S(!aS), orange dashed and solid lines for T = 0 K and
T = 300 K, respectively) as a function of the driving intensity 
2; (b) populations of
plasmons (red line) and phonons (green lines) in the steady state for T = 0 K (dashed
lines) or T = 300 K (solid lines). All the cases assume � = 0.

Finally, for the largest considered pumping powers ((~
)2 & 0:5 eV2) the Stokes intensity

S(!S) visibly surpasses the expected linear dependence on 
2 (marked with a dotted

gray line in the top-right corner of Fig. 4.7(a)). To understand this e�ect, we have

developed an analytical solution to the dynamics of the system, which we brie
y present

in the following subsection. The detailed derivation can be found in Appendix B.

4.2.5 Linearized Hamiltonian

To design an analytical description of the system, let us take a step back and consider

the Hamiltonian of the system given in Eq. (4.43) with the coherent pumping (Eq. 4.44).

If we decouple the cavity from the molecule (putting g = 0) the plasmonic system will be

driven into a steady coherent state with amplitude �s = 
=(�2 + i�), where � = !c�!l
is the detuning between the frequency of the pumping laser and the resonant frequency

of the cavity. We can therefore rede�ne the cavity operators, excluding the coherent

amplitude:

â! â+ �s; (4.51)

and write

Ĥ=~ = �âyâ+ !mb̂
yb̂� gj�sj2(b̂+ b̂y)� g(�sâ

y + ��sâ)(b̂+ b̂y)� gâyâ(b̂+ b̂y): (4.52)
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4.2 Raman scattering from molecules in plasmonic cavities

Figure 4.9: Dependence of the (a) Stokes and (b) anti-Stokes emission on the fre-
quency of the incident laser !l. In the top panels we show the numerically calculated
intensities (a) S(!S ; � = !c � !l) and (b) S(!aS ; �) for the pumping power from
(~
)2 = 10�3 eV (red lines) to (~
)2 = 0:25 eV (green lines) and environment temper-
ature T = 0 K (dashed lines) and T = 300 K (solid lines). The bottom panels show the
predictions of classical models (Eq. (4.58)) for (a) Sclass(!S ; �) and (b) Sclass(!aS ; �)
(dashed blue lines) and the cavity amplitude in gray.

our calculations performed for various pumping power ((~
)2 = 10�3 eV2 to 0:25 eV2,

depicted in the top spectra from red to green lines) and di�erent temperatures (T = 0 K

and 300 K in dashed and solid lines), as shown in the upper panels of Fig. 4.9(a). We

also note that, as a result of the nonlinearity in Stokes emission, the pro�le of S(!S ; �)

narrows with increasing pumping. On the other hand, Eq. (4.58) fails to explain the

dependence of the anti-Stokes scattering (Fig. 4.9(b)). For the weakest driving powers

(red lines, (~
)2 = 10�3 eV2), the S(!aS ; �) intensity is the largest for the laser on

resonance or red-detuned from the cavity resonance both in the absence or presence of

thermal pumping of phonons (at T = 0 K and T = 300 K), respectively. For stronger

driving powers the intensity plots for T = 0 K and 300 K start to merge and peak at

increasingly blue-shifted frequencies, notably crossing the cavity resonance !c.

This surprising property stems from the transition between the thermal and vibrational

pumping of the vibrational levels. Classical Eq. (4.58) for the anti-Stokes Sclass(!aS ; �)
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4.3 Optomechanical cavities

In a typical optical cavity, formed by two highly re
ective mirrors, the circulating pho-

tons exert a radiation pressure on the mirrors. In optomechanical cavities, this force is

harnessed, by allowing one of the mirrors to move. The mechanical motion then shifts

the resonance frequency of the cavity, modifying the intensity of the circulating light and,

therefore, the radiation pressure force. This backaction [93, 196, 211] can be understood

as a coherent feedback mechanism that provides paths to cool or amplify the vibra-

tions of the mirror. For example, when the cavity is illuminated by a laser red-detuned

from its resonance, the backaction cools the mechanical vibrations by transferring their

energy to the optical cavity (signi�cantly below the thermal population). Conversely,

under a blue-detuned illumination, the ampli�cation or heating of the mirror vibrations

is achieved. A few realizations of optomechanical cavities, exhibiting a range of mechan-

ical frequencies and qualities of the optical cavities, are schematically shown in panels

(a)-(c) of Fig. 4.12.

Figure 4.12: Schematics of typical optomechanical systems: (a) suspended trampoline
mirror [212], (b) cold atoms [213] and toroidal resonator [211]. Optical and mechanical
modes are marked, together with the relevant parameters for each case: the mechanical
frequency (!m) and the quality factors (Q) or �nesse (F) of the optical cavities. (d)
The plasmon-enhanced Raman system exhibits much larger mechanical frequencies and
signi�cantly lower quality factors of the optical plasmonic cavities.

We can therefore consider plasmon-enhanced Raman scattering as a realization of an
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Appendix B. Linearization of the optomechanical Hamiltonian

B.1.1 Quantum Langevin equations of the original Hamiltonian

Consider the optomechanical Hamiltonian in the frame rotating with the frequency of

the laser !l (� = !c � !l):

Ĥ = �âyâ+ !mb̂
yb̂+ i
(ây � â)� gâyâ(b̂+ b̂y); (B.1)

where all the parameters and operators are properly de�ned in Chapter 4. With the

inclusion of a vacuum noise ain and thermal noise bin terms, which are taken to have

zero mean value and arise from �-correlated thermal baths [196]:

hayin(t)ain(t0)i = 0; (B.2a)

hain(t)ayin(t0)i = �(t� t0); (B.2b)

hbyin(t)bin(t0)i = �nth
m�(t� t0); (B.2c)

hbin(t)byin(t0)i = (�nth
m + 1)�(t� t0); (B.2d)

The dynamics equations for operators â and b̂ are:

_̂a = �(�=2 + i�)â+ 
 + igâ(b̂+ b̂y) +
p
�ain(t); (B.3a)

_̂
b = �(
m=2 + i!m)b̂� igâyâ+

p

mbin(t): (B.3b)

B.1.2 Analytical solution to the linearized Hamiltonian

The linearized form of the above Hamiltonian was derived in Section 4.2.5:

Ĥ 0 = �âyâ+ !mb̂
yb̂� gj�sj2(b̂+ b̂y)� g(�sâ

y + ��sâ)(b̂+ b̂y): (B.4)

For reference we remind that to derive it, we have rede�ned the cavity operators

â! â+ �s; (B.5)

removing the coherent amplitude of the cavity �eld �s = 
=(�2 + i�). The third term in

this linearized Hamiltonian can be interpreted as the e�ective coherent driving (/ gj�sj2)

of the phonon mode.

A rede�nition of the phononic operators in a similar manner (by removing the coherent

amplitude of vibrations) leads (via the linear coupling term) to a new linear driving of
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